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On local-in-time existence for the Dirichlet problem
for equations of compressible viscous fluids

by Piotr Bogusław Mucha and
Wojciech Zajączkowski (Warszawa)

Abstract. The local existence of solutions for the compressible Navier–Stokes equa-
tions with the Dirichlet boundary conditions in the Lp-framework is proved. Next an
almost-global-in-time existence of small solutions is shown. The considerations are made
in Lagrangian coordinates. The result is sharp in the Lp-approach, because the velocity
belongs to W 2,1

r with r > 3.

1. Introduction. In this paper we consider the motion of viscous com-
pressible fluids in a bounded domain Ω ⊂ R3 described by the Navier–Stokes
equations

(1.1)

%(vt + v · ∇v) + µ∆v − ν∇div v +∇p = %f in ΩT ,

%t + div(%v) = 0 in ΩT ,

v = α on ST ,

v|t=0 = v0, %|t=0 = %0 in Ω,

where ΩT = Ω× [0, T ], S = ∂Ω, ST = S× [0, T ], v(x, t) is the velocity of the
fluid, %(x, t) the density, p = p(%) the pressure, f(x, t) the external force, µ
and ν the constant viscosity coefficients which satisfy the thermodynamic
restrictions

(1.2) µ > 0, ν > 1
3µ,

and the dot denotes the scalar product in R3.
To prove the existence of solutions to (1.1) we introduce the Lagrangian

coordinates as the initial data for the Cauchy problem

(1.3)
dx

dt
= v(x, t), x|t=0 = ξ ∈ Ω.
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Solving (1.3) we obtain

(1.4) x = ξ +
t�

0

u(ξ, τ) dτ ≡ x(ξ, t)

which is the relation between the Eulerian x and Lagrangian ξ coordinates
and u(ξ, t)=v(x(ξ, t), t). Here we need to add an extra condition v ·n|ST =0
(n is the normal vector to S) which ensures that this transformation pre-
serves the domain ({x 7→ ξ} : Ω → Ω).

In Lagrangian coordinates, (1.1) reads

(1.5)

ηut − µ∆uu− ν∇u divu u+∇uq = ηg in ΩT ,

ηt + η divu u = 0 in ΩT ,

u = α on ST ,

u|t=0 = v0, η|t=0 = %0 in Ω,

where η(ξ, t) = %(x(ξ, t), t), q = p(η), g(ξ, t) = f(x(ξ, t), t), ∇u = ∂ξi
∂x ∂ξi ,

∆u = ∇2
u, divu = ∇u· and the summation convention over repeated indices

is used.
The first result of the paper is the following.

Theorem 1.1. Let r > 3, S ∈ W
2−1/r
r , f ∈ Lr(0, T ;W 1

∞(Ω)), α ∈
C3(ST ), v0 ∈W 2−2/r

r (Ω), %0 ∈W 1
r (Ω), α · n = 0 and moreover

0 < 2a ≤ %0(x) ≤ b <∞.
Then there exists T0 > 0 such that for T ≤ T0 there exists a unique solution
of (1.5) such that u ∈W 2,1

r (ΩT ), η ∈W 1,0
r (ΩT ), ηt ∈W 1,0

r (ΩT ) and

(1.6) ‖u‖W 2,1
r (ΩT ) + ‖η‖W 1,0

r (ΩT ) + ‖ηt‖W 1,0
r (ΩT )

≤ c(‖f‖Lr(ΩT ) + ‖α‖
W

2−1/r,1−1(2r)
r (ST ) + ‖v0‖W 2−2/r

r (Ω) + ‖%0‖W 1
r (Ω)

+ ‖f‖Lr(0,T ;W 1
∞(Ω)) + ‖α‖C3(ST ))

and

(1.7) 0 < a ≤ η(x, t) ≤ 2b <∞
for (x, t) ∈ ΩT .

The next result concerns the time continuity of solutions which are close
to equilibrium states

(1.8) ∇p(%(x)) = %(x)f(x),

where
0 < %∗ ≤ %(x) ≤ %∗ <∞

for each x ∈ Ω, f = ∇ϕ and %∗, %
∗ are given constants.
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From (1.1) with α = 0, f = ∇ϕ and (1.8) we obtain the following system
for perturbations in Eulerian coordinates:

(1.9)

%(vt + v · ∇v) + µ∆v − ν∇div v + γ∇σ = σf − σ∇γ in ΩT ,

σt + div(%v) = 0 in ΩT ,

v = 0 on ST ,

v|t=0 = v0, σ|t=0 = %0 − % in Ω,

where
σ(x, t) = %(x, t)− %(x)

and γ is defined by the relation

p(%)− p(%) = σ

1�

0

p′(%+ s(%− %)) ds = σγ.

System (1.9) in Lagrangian coordinates reads

(1.10)

ηut − µ∆uu− ν∇u divu u+ γ∇uχ = χg − χ∇uγ in ΩT ,

χt + η divu u = −ηt in ΩT ,

u = 0 on ST ,

u|t=0 = v0, η|t=0 = %0 − % in Ω,

where
χ(ξ, t) = η(ξ, t)− η(ξ, t)

and η(ξ, t) = %(x(ξ, t)).
We prove the almost-global-in-time existence of solutions to (1.10).

Theorem 1.2. Let r > 3, f = ∇ϕ ∈ W 1
∞(Ω), %0 − % ∈ W 1

r (Ω), u0 ∈
W

2−2/r
r (Ω), p(%) = a%κ with a > 0, κ > 1 and %0 ≥ %∗/2. Let T > 0 be

given. Then there exist M1(T ) and M2(T,M1), where M2(T,M1) → 0 as
T →∞ and M1 → 0, such that for M1 ≤M1(T ), if

‖v0‖W 2−2/r
r (Ω) + ‖%0 − %‖W 1

r (Ω) ≤M2(T,M1),

then there exist solutions of (1.10) such that u ∈ W 2,1
r (Ω × [0, T ]), χ ∈

Vr(Ω × [0, T ]) and

‖u‖W 2,1
r (Ω×[0,T ]) + ‖η‖Vr(Ω×[0,T ]) ≤M1.

Moreover ,
η(ξ, t) ≥ %∗/4

for each (ξ, t) ∈ Ω × [0, T ].
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To prove these results we need solvability of the following linear problem
in the Lr-framework:

(1.11)

Cut − µ∆u− ν∇divu+A∇η = F,

ηt +B div u = H,

u|ST = G,

u|t=0 = u0, η|t=0 = η0,

where A(x, t), B(x, t), C(x, t) are positive functions which belong to Cα(Ω×
[0, T ]).

For system (1.11) we have proved the following result (see [3]).

Theorem 1.3. Let r > 3, S ∈ W 2−1/r
r , F ∈ Lr(ΩT ), H ∈ W 1,0

r (ΩT ),
G ∈W 2−1/r,1−1/(2r)

r (ST ), u0 ∈W 2−2/r
r (Ω), η0 ∈W 1

r (Ω) and

0 < C∗ ≤ A(x, t), B(x, t), C(x, t) ≤ C∗ <∞.
Moreover , A,B,C belong to Cα(ΩT ), α > 0. Then there exists a unique
solution of problem (1.11) such that u ∈ W 2,1

r (ΩT ), η ∈ W 1,0
r (ΩT ), ηt ∈

W 1,0
r (ΩT ) and

(1.12) ‖u‖W 2,1
r (ΩT ) + ‖η‖W 1,0

r (ΩT ) + ‖ηt‖W 1,0
r (ΩT )

≤ c(T,C∗, C∗)[‖f‖Lr(ΩT ) + ‖H‖W 1,0
r (ΩT ) + ‖G‖

W
2−1/r,1−1(2r)
r (ST )

+ ‖u0‖W 2−2/r
r (Ω) + ‖η0‖W 1,0

r (Ω)],

where c(T, ·, ·) is an increasing function of T .

The global existence of small regular solutions for problem (1.9) has
been shown in [2, 5] for the case when the norms of ϕ (f = ∇ϕ) are suf-
ficiently small. These results base on energy estimates. In our paper we
show existence and almost-global-in-time existence of regular solutions in
the Lp-framework. The theorems enable us to prove in [4] the global ex-
istence of small solutions to problem (1.9) with “large” ϕ. Moreover this
result is sharp in the Lp-framework.

2. Notation. In our considerations we will need the anisotropic Sobolev–
Slobodetskĭı spaces Wm,n

r (QT ) where m,n ∈ R+ ∪ {0}, r ≥ 1 and QT =
Q× (0, T ) with the norm

(2.1) ‖u‖rWm,n
r (QT ) =

T�

0

�

Q

|u(x, t)|r dx dt

+
∑

0≤|m′|≤[|m|]

T�

0

�

Q

|Dm′
x u(x, t)|r dx dt
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+
∑

|m′|=[|m|]

T�

0

dt
�

Q

�

Q

|Dm′
x u(x, t)−Dm′

x′ u(x′, t)|r
|x− x′|s+r(|m|−[|m|]) dx dx

+
∑

0≤|n′|≤[|n|]

T�

0

�

Q

|Dn′
t u(x, t)|r dx dt

+
�

Q

dx

T�

0

T�

0

|D[n]
t u(x, t)−D[n]

t′ (x, t′)|r
|t− t′|1+r(n−[n])

dt dt′.

where s = dimQ, [α] is the integral part of α, Dl
x = ∂l1x1

. . . ∂lsxs , where
l = (l1, . . . , ls) is a multiindex and |l| = l1 + . . .+ ls, li ≥ 0, i = 1, . . . , s. For
m and n integers, the corresponding terms with differences vanish.

We define the space V (ΩT ) as the closure

V (ΩT ) = C∞(ΩT )
‖·‖V (ΩT ) ,

where

(2.2) ‖f‖V (ΩT ) = ‖f‖W 1,0
r (ΩT ) + ‖ft‖W 1,0

r (ΩT ).

In the proof we will use the following results.

Proposition 2.1 (see [1]). Let u ∈Wm,n
r (ΩT ), m,n ∈ R+. If

κ =
3∑

i=1

(
αi +

1
r
− 1
q

)
1
m

+
(
β +

1
r
− 1
q

)
1
n
< 1

then
‖Dβ

t D
α
xu‖Lq(ΩT ) ≤ ε‖u‖Wm,n

r (ΩT ) + c(ε)‖u‖L2(ΩT ),

where q ≥ r ≥ 2, ε ∈ (0, 1) and c(ε)→∞ as ε→ 0.

Proposition 2.2. Let r > 3. Then V (ΩT ) ⊂ Cα(ΩT ), where 0 < α <
1− 3/r, and

‖f‖Cα(ΩT ) ≤ c‖f‖V (ΩT ).

Proof. We have r > 3, 0 < α < 1− 3/r and the following imbeddings:

f ∈ Lr(0, T ;W 1
r (Ω)) ⊂ Lr(0, T ;Cα(Ω)),

ft ∈ Lr(0, T ;W 1
r (Ω)) ⊂ Lr(0, T ;Cα(Ω)).

From these two relations we conclude

f ∈W 1
r (0, T ;Cα(Ω)) ⊂ Cα′(0, T ;Cα(Ω)),

where 0 < α′ < 1− 1/r. Thus we obtain f ∈ Cα(ΩT ).
In our considerations we will treat all imbedding theorems for Sobolev

spaces as well known results. All constants are denoted by c.
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3. Proof of Theorem 1.1. We prove the existence of solutions of
(1.5) by the method of successive approximations. We construct a sequence
{um, ηm}∞m=0 by the relations

(3.1)

ηmum+1,t − µ∆umum+1 − ν∇um divum um+1

+ p′(ηm)∇umηm+1 = ηmf(xm, t) in ΩT ,

ηm+1,t + ηm divum um+1 = 0 in ΩT ,

um+1 = α(xm, t) on ST ,

um+1|t=0 = v0, ηm+1|t=0 = %0 in Ω,

where xm = ξ + � t0 um(x, t′) dt′ and u0, η0 are defined by

(3.2)

%0u0,t − µ∆u0 − ν∇divu0 + p′(%0)∇η0 = %0f(ξ, t) in ΩT ,

η0,t + %0 div u0 = 0 in ΩT ,

u0 = α(x(ξ, t), t) on ST ,

u0|t=0 = v0, η0|t=0 = %0 in Ω.

From Theorem 1.3 we get a solution of (3.2) with the estimate

(3.3) ‖u0‖W 2,1
r (ΩT ) + ‖η0‖V (ΩT )

≤ c(T )(‖f‖Lr(ΩT ) + ‖α‖
W

2−1/r,1−1/(2r)
r (ST ) + ‖v0‖W 2−2/r

r (Ω) + ‖%0‖W 1
r (Ω)).

First we show that {um, ηm}∞m=0 is uniformly bounded on ΩT for some
T > 0. By induction we show that

Xk = ‖uk‖W 2,1
r (ΩT ) + ‖ηk‖V (ΩT ) ≤ 4M,

where

M = c(T )(‖f‖Lr(ΩT ) +‖α‖
W

2−1/r,1−1/(2r)
r (ST ) +‖v0‖W 2−2/r

r (Ω) +‖%0‖W 1
r (Ω)).

For fixed 4M we can define T so small that the Jacobian of the transforma-
tion (1.4) (with um) is bounded.

System (3.1) is examined in the form

(3.4)

ηmum+1,t − µ∆um+1 − ν∇div um+1 + p′(ηm)∇ηm+1

= ηmf(xm, t) + p′(ηm)(∇−∇um)ηm+1

+ µ(∆um−∆)um+1 + ν(∇um divum−∇div)um+1 ≡ K in ΩT ,

ηm+1,t + ηm div um+1 = ηm(div−divum)um+1 ≡ L in ΩT ,

um+1 = α(xm, t), on ST ,

um+1|t=0 = v0, ηm+1|t=0 in Ω.
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By Proposition 2.2 we see that ηm, p′(ηm) ∈ Cα(ΩT ), thus we can apply
Theorem 1.3 with T = 1, C∗ = a and C∗ = 2b, to get

(3.5) ‖um+1‖W 2,1
r (ΩT ) + ‖ηm+1‖V (ΩT )

≤ c0(‖f‖Lr(ΩT ) + ‖α‖
W

2−1/r,1−1/(2r)
r (ST ) + ‖v0‖W 2−2/r

r (Ω) + ‖%0‖W 1
r (ΩT )

+ ‖K‖Lr(ΩT ) + ‖L‖W 1,0
r (ΩT )).

To obtain (3.5) we have used the following estimates:

‖α(xm(ξ, t), t)‖Lr(S;W 1
r (0,T ))

≤
( �

ST

(|α|r + |αxm |r|um|r + |αt|r)|ξxm | dxm dt
)1/r

≤ φ(am)
( �

ST

(|α|r + |αxm |r|um|r + |αt|r) dxm dt
)1/r

,

where φ(am) is a positive increasing function such that φ(0) > 0 and am =
T (r−1)/r‖um‖W 2,1

r (ΩT ). To finish estimating the above term we note

( �

ST

|αx|r|u|r dx dt
)1/r

≤
( T�

0

|αx|rL∞(S) dt
)1/r(

sup
t

�

S

|u|r dx
)1/r

≤
( T�

0

‖α‖rW 2
r (S) dt

)1/r( �

S

dx
∣∣∣
T�

0

ut dt+ v0(x)
∣∣∣
r)1/r

≤ ‖α‖W 2,1
r (ST )(T

(r−1)/r‖um‖W 2,1
r (ΩT ) + ‖v0‖W 2−2/r

r (Ω)).

But

K = ηmf(xm, t) + p′(ηm)(∇−∇um)ηm+1 + µ(∆um −∆)um+1

− ν(∇div−∇um divum)um+1

= K1 +K2 +K3 +K4.

Since f ∈ Lr(0, T ;Lr(Ω)) we have

‖K1‖Lr(ΩT ) = ‖ηmf(xm, t)‖Lr(ΩT ) ≤ ‖ηm‖L∞(ΩT )‖f(xm(ξ, t), t)‖Lr(ΩT )

≤ ‖ηm‖L∞(0,T ;W 1
r (Ω))φ(am)‖f‖Lr(ΩT )

and

‖ηm‖L∞(0,T ;W 1
r (Ω)) ≤

∥∥∥
T�

0

ηm,t(t) dt+ %0

∥∥∥
W 1
r (Ω)

≤ T (r−1)/r‖ηm‖V (ΩT ) + ‖%0‖W 1
r (Ω).
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Because r > 3, by Proposition 2.1 and the Hölder inequality we have
∥∥∥
t�

0

|∇um(x, t′)| dt′
∥∥∥
L∞(ΩT )

≤ cT (r−1)/r‖um‖W 2,1
r (ΩT ),

which gives

‖K2‖Lr(ΩT ) = ‖p′(ηm)(∇−∇um)ηm+1‖Lr(ΩT )

≤ cT (r−1)/r‖um‖W 2,1
r (ΩT )‖ηm+1‖V (ΩT ),

‖K3‖Lr(ΩT ) = ‖µ(∆um −∆)um+1‖Lr(ΩT )

≤ ‖µdiv(∇−∇um)um+1‖Lr(ΩT ) + ‖µ(div−divum)∇umum+1‖Lr(ΩT )

≤ cT (r−1)/r‖um‖W 2,1
r (ΩT )(1 + T (r−1)/r‖um‖W 2,1

r (ΩT ))‖um+1‖W 2,1
r (ΩT )

and the same for K4:

‖K4‖Lr(ΩT ) ≤ cT (r−1)/r‖um‖W 2,1
r (ΩT )

× (1 + T (r−1)/r‖um‖W 2,1
r (ΩT ))‖um+1‖W 2,1

r (ΩT ),

‖L‖W 1,0
r (ΩT ) ≤ ‖ηm(div−divum)um+1‖W 1,0

r (ΩT )

≤ cT (r−1)/r‖um‖W 2,1
r (ΩT )‖ηm‖V (ΩT )‖um+1‖W 2,1

r (ΩT ).

Then by (3.5), and the estimates on K and L, we obtain

Xm+1 ≤ c1T (r−1)/rX2
mXm+1 + c2T

1/rXmM + c3T
2(r−1)/rX2

mXm+1 +M.

Since r > 3 we have

Xm+1 ≤ c4T 1/r(Xm +X2
m)Xm+1 + c5T

1/rXmM +M.

But we assume that Xm ≤ 4M (X0 satisfies (3.3)). Taking T so small that

c4T
1/r((4M) + (4M)2) < 1/2,

we get
Xm+1 ≤ 2c5T 1/rXmM + 2M

and if c5T 1/r4M < 1 we get Xm+1 ≤ 4M . By induction we have proved
that

(3.6) Xk ≤ 4M

for all k ∈ N. Finally, we choose T ∗ so small that (1.7) is satisfied for all ηk.
Let Um = um+1 − um and Em = ηm+1 − ηm. Then from (3.4) we obtain

(3.7)

ηmUm,t − µ∆Um − ν∇divUm + p′(ηm)∇Em = M in ΩT ,

Em,t + ηm divUm = N in ΩT ,

Um = α(xm, t)− α(xm−1, t) on ST ,

Um|t=0 = 0, Em|t=0 = 0 on Ω,
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where

M = −Em−1um,t − (p′(ηm)− p′(ηm−1))∇ηm + Em−1f(xm, t)

+ (f(xm, t)− f(xm−1, t))ηm−1

+ (p′(ηm)− p′(ηm−1))(∇−∇um)ηm+1

+ p′(ηm)(∇−∇um)Em + p′(ηm)(∇um −∇um−1)ηm
+ µ(∆um −∆)Um + µdivum(∇um −∇um−1)um
+ µ(divum −divum−1)∇um−1um + ν(∇um divum −∇div)Um
+ ν∇um(divum −divum−1)um + ν(∇um −∇um−1) divum−1 um,

N = Em−1(div−divum)um+1 + ηm−1(div−divum)Um
+ ηm−1(divum−1 −divum)um − Em−1 div um.

By Theorem 1.3 we get the estimate on Um and Em:

(3.8) ‖Um‖W 2,1
r (ΩT ) + ‖Em‖V (ΩT )

≤ c(‖M‖Lr(ΩT ) +‖N‖W 1,0
r (ΩT ) +‖α(xm, t)−α(xm−1, t)‖W 2−1/r,1−1/(2r)

r (ST )).

We have to estimate all the terms of the r.h.s. of (3.8). First we consider
M =

∑13
k=1Mk. By Proposition 2.2 and since Em−1|t=0 = 0 we have

‖M1‖Lr(ΩT ) = ‖Em−1um,t‖Lr(ΩT ) ≤ cTα‖Em−1‖V (ΩT ),

and for p′(·) ∈ C2,

‖M2‖Lr(ΩT ) = ‖(p′(ηm)− p′(ηm−1))∇ηm‖Lr(ΩT ) ≤ cTα‖Em−1‖V (ΩT ),

‖M3‖Lr(ΩT ) = ‖Em−1f(xm, t)‖Lr(ΩT ) ≤ cTα‖f‖Lr(ΩT )‖Em−1‖V (ΩT ).

Since f ∈ Lr(0, T ;W 1
∞(Ω)) we have

‖M4‖Lr(ΩT ) = ‖(f(xm, t)− f(xm−1, t))ηm−1‖Lr(ΩT )

≤ cT (r−1)/r‖Um−1‖W 2,1
r (ΩT ),

‖M5‖Lr(ΩT ) = ‖(p(ηm)− p′(ηm−1))(∇−∇um)ηm+1‖Lr(ΩT )

≤ cTα+(r−1)/r‖Em−1‖V (ΩT ),

‖M6‖Lr(ΩT ) = ‖p′(ηm)(∇−∇um)Em‖Lr(ΩT ) ≤ cT (r−1)/r‖Em‖V (ΩT ),

‖M7‖Lr(ΩT ) = ‖p′(ηm)(∇um −∇um−1)ηm‖Lr(ΩT )

≤ cT (r−1)/r‖Um−1‖W 2,1
r (ΩT ).
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As in the case of K3 we estimate

‖M8‖Lr(ΩT ) = ‖µ(∆um −∆)Um‖Lr(ΩT ) ≤ cT (r−1)/r‖Um‖W 2,1
r (ΩT ),

‖M9‖Lr(ΩT ) = + ‖µdivum(∇um −∇um−1)um‖Lr(ΩT ),

‖M10‖Lr(ΩT ) = ‖µ(divum −divum−1)∇um−1um‖Lr(ΩT )

≤ cT (r−1)/r‖Um−1‖W 2,1
r (ΩT ),

‖M11‖Lr(ΩT ) = ‖ν(∇um divum −∇div)Um‖Lr(ΩT )

≤ cT (r−1)/r‖Um‖W 2,1
r (ΩT ),

‖M12‖Lr(ΩT ) = ‖ν∇um(divum −divum−1)um‖Lr(ΩT )

≤ cT (r−1)/r‖Um−1‖W 2,1
r (ΩT ),

‖M13‖Lr(ΩT ) = ‖ν(∇um −∇um−1) divum−1 um‖Lr(ΩT )

≤ cT (r−1)/r‖Um−1‖W 2,1
r (ΩT ).

Now we estimate N =
∑4
k=1 Nk:

‖N1‖W 1,0
r (ΩT ) = ‖Em−1(div−divum)um+1‖W 1,0

r (ΩT )

≤ cT (r−1)/r‖Em−1‖V (ΩT ),

‖N2‖W 1,0
r (ΩT ) = ‖ηm−1(div−divum)Um‖W 1,0

r (ΩT )

≤ cT (r−1)/r‖Um‖W 2,1
r (ΩT ),

‖N3‖W 1,0
r (ΩT ) = ‖ηm−1(divum−1 −divum)um‖W 1,0

r (ΩT )

≤ cT (r−1)/r‖Um−1‖W 2,1
r (ΩT ),

‖N4‖W 1,0
r (ΩT ) = ‖Em−1 div um‖W 1,0

r (ΩT )

≤ cTα‖Em−1‖V (ΩT ) + ‖∇Em−1 div um‖Lr(ΩT ).

To estimate the last term we note that div um ∈W 1,1/2
r (ΩT ) and

‖div um‖L∞(ΩT ) ≤ c sup
t≤T
‖div um‖W 1−2/r

r (ΩT )

≤ c̃(‖um‖W 2,1
r (ΩT ) + ‖u0‖W 2−2/r

r (Ω)),

where c̃ does not depend on T . Hence we get

‖∇Em−1 div um‖Lr(ΩT )

≤ c‖div um‖L∞(ΩT )

∥∥∥
t�

0

|∇Em−1,t| dt′
∥∥∥
Lr(ΩT )

≤ cT (r−1)/r‖Em−1‖V (ΩT ).

Thus
‖N4‖W 1,0

r (ΩT ) ≤ c(Tα + T (r−1)/r)‖Em−1‖V (ΩT ).
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Now we estimate the r.h.s. of (3.7)3. Since α ∈ C3 we have

‖α(xm, t)− α(xm−1, t)‖W 2−2/r,1−1/(2r)
r (ST ) ≤ cT

(r−1)/r‖Um−1‖W 2,1
r (ΩT ).

Let
Yk = ‖Uk‖W 2,1

r (ΩT ) + ‖Ek‖V (ΩT ).

Summing all estimates for the r.h.s. of (3.8) we obtain

(3.9) Ym ≤ c6TαYm−1 + c7T
(r−1)/rYm−1 + c8Ym.

Taking T so small that c8T (r−1)/r < 1/2, from (3.9) we get

Ym ≤ c9(Tα + T (r−1)/r)Ym−1.

If c9(Tα + T (r−1)/r) < 1 we obtain Yk → 0 as k →∞.
Thus we have obtained (as k →∞)

uk → u∗ in W 2,1
r (ΩT ),

ηk → η∗ in V (ΩT ),

p′(ηk)→ p′(η∗) in Cα(ΩT ).

We conclude that (u∗, η∗) is a unique solution of (1.5) and the estimates
(1.6) and (1.7) come from (3.6). We have obtained the local-in-time existence
of solutions.

4. Almost global existence. First we show the boundedness of the
L2-norm of solutions of (1.9).

Lemma 4.1. If ‖σ‖L∞(Ω×[0,t]) is sufficiently small then

(4.1) ‖v(·, t)‖L2(Ω) + ‖σ(·, t)‖L2(Ω) ≤ A(‖v0‖L2(Ω) + ‖%0 − %‖L2(Ω)),

where A is a positive constant.

Proof. Multiplying (1.1)1 by v and integrating over Ω we get

(4.2)
d

dt

�

Ω

[
1
2
%v2 +

a

κ− 1
%κ − %ϕ

]
dx+

�

Ω

[µ|∇v|2 + ν|div v|2] dx = 0.

Next we examine

I(σ) =
�

Ω

(
a

κ− 1
(%+ σ)κ − (%+ σ)ϕ

)
dx−

�

Ω

(
a

κ− 1
%κ − %ϕ

)
dx.

It is easy to see that if ‖σ‖L∞ is sufficiently small then

(4.3) a1‖σ‖L2(Ω) ≤ I(σ) ≤ a2‖σ‖L2(Ω).

From (4.2) and (4.3) we obtain

d

dt

[ �

Ω

1
2
%v2 dx+ I(σ)

]
≤ 0,

which gives (4.1) for σ sufficiently small.
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Proof of Theorem 1.2. We examine (1.10) in the form

(4.4)

ηut − µ∆u− ν∇u+ γ∇χ = P,

χt + η div u = Q,

u|ST = 0,

u|t=0 = v0, χ|t=0 = σ0,

where

P = χf − χ∇uγ − µ(∆−∆u)u− ν(∇divu−∇u divu)u+ γ(∇u −∇)χ,

Q = η(div−divu)u− ηt.
By Theorem 1.3 we get the following estimate for solutions of (4.4):

(4.5) ‖u‖W 2,1
r (Ω×[0,T ]) + ‖η‖Vr(Ω×[0,T ]) ≤ c(T, 4%∗, %∗/4)

× [‖P‖Lr(Ω×[0,T ]) + ‖Q‖W 1,0
r (Ω×[0,T ]) + ‖v0‖W 2−2/r

r (Ω) + ‖σ0‖W 1
r (Ω)].

From interpolation theorems we get

(4.6) ‖χf‖Lr(Ω×[0,T ]) ≤ ε‖χ‖Vr(Ω×[0,T ]) + c(ε)‖σ‖L2(Ω×[0,T ]).

Since
‖χ‖L∞(0,T ;W 1

r (Ω)) ≤ c(‖χ‖Vr(Ω×[0,T ]) + ‖σ0‖W 1
r (Ω)),

we estimate

(4.7) ‖χ∇uγ‖Lr(Ω×[0,T ])

≤ cT 1/r‖σ0‖W 1
r (Ω) + cT 1/rε‖χ‖Vr(Ω×[0,T ]) + T 1/rc(ε)‖σ‖L∞(0,T ;L2(Ω)).

The rest is estimate by

(4.8)

‖(∆−∆u)u‖Lr(Ω×[0,T ]) ≤ cT (r−1)/r‖u‖2
W 2,1
r (Ω×[0,T ])

,

‖(∇divu−∇u divu)u‖Lr(Ω×[0,T ]) ≤ cT (r−1)/r‖u‖2
W 2,1
r (Ω×[0,T ]),

‖γ(∇u−∇)χ‖Lr(Ω×[0,T ])≤cT (r−1)/r‖u‖W 2,1
r (Ω×[0,T ])‖χ‖Vr(Ω×[0,T ]),

‖η(div−divu)u‖W 1,0
r (Ω×[0,T ]) ≤ cT (r−1)/r‖u‖2

W 2,1
r (Ω×[0,T ]).

Set
α = ‖u‖W 2,1

r (Ω×[0,T ]) + ‖χ‖Vr(Ω×[0,T ]).

Taking ε sufficiently small, from (4.5)–(4.8) we get

α ≤ Aα2 + β,

where

A = cT (r−1)/r, β = c(ε, T )(‖v0‖W 2−2/r
r (Ω) + ‖σ0‖W 1

r (Ω)),
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and if the initial data are small enough (so that 1− 4Aβ > 0) then

(4.9) α ≤ 1−√1− 4Aβ
2A

≤ 2β.

Estimate (4.9) gives the boundedness from Theorem 1.2. To end the proof
of Theorem 1.2 we have to note that since we have (4.9), by Theorem 1.1
we can continue the solutions onto the whole interval [0, T ]. Theorem 1.2 is
proved.
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Reçu par la Rédaction le 28.8.2000 (1197)


