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Laurent series expansion
for solutions of hypoelliptic equations

M. LANGENBRUCH (Oldenburg)

Abstract. We prove that any zero solution of a hypoelliptic partial differential oper-
ator can be expanded in a generalized Laurent series near a point singularity if and only
if the operator is semielliptic. Moreover, the coefficients may be calculated by means of a
Cauchy integral type formula. In particular, we obtain explicit expansions for the solutions
of the heat equation near a point singularity. To prove the necessity of semiellipticity, we
additionally assume that the index of hypoellipticity with respect to some variable is 1.

This paper is concerned with expansions of zero solutions of hypoellip-
tic partial differential operators near isolated singularities. For holomorphic
functions, such an expansion is provided by the well known Laurent series.
This has been extended to zero solutions of elliptic partial differential op-
erators by several authors (see Harvey and Polking [3], Wachman [15]; for
solutions of elliptic systems see Tarkhanov [12, 13]). For solutions of hypoel-
liptic operators, such expansions apparently are not known (see Ligocka [10,
Problem 4.5]), and they will be discussed in the present paper.

To be more specific, we start with an appropriate extension of the Lau-
rent series expansion for holomorphic functions to the case of solutions of
partial differential operators (see Hormander [4] and the next section for the
relevant notations):

Let P(D) be a hypoelliptic partial differential operator with constant
coefficients in n variables and with deg P =: m. Let

Cp(U):={feC™U)|P(D)f =0}

denote the zero solutions of P(D) on an open set U C R™. Without loss of
generality we can assume that the canonical nth unit vector is noncharac-
teristic for P(D). We fix an elementary solution E for P(D) and consider
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series of the form

(0.1) > cad"E

acl

where ¢, € C and
I'={aeNj|0<a,<m-—1}.

(0.1) can be considered as a (generalized) Laurent series for solutions of
P(D): in fact, in the case of holomorphic functions, P(D) is the Cauchy—Rie-
mann operator 9 := (01 +id2), m := deg P =1 and I = {(a,0) | a € No}.
We can take the canonical elementary solution E(z) := 1/(7(x1 + ix2)) for
0 and (0.1) then turns into

~1
(0.2) > enlwr +ix)F,
k=—o00
which is the principal part of a general Laurent series.
Let 0 = (01,..-,0n) € [1,00[" be the index of hypoellipticity of P(D).
Then Elgn\ oy is in the Gevrey class I'?(R™ \ {0}), and therefore, the series
(0.1) uniformly converges on compact subsets of R \ {0} if

(0.3)  (ca)aer € Ar(0) :={(ca)acr | sup |ca|C'|“‘a9“ < oo for any C' > 1}.
acl

In the case of holomorphic functions, ¢ = (1, 1) since 9 is elliptic. (0.3) then
just means that in (0.2), ¢, = O(e¥/k!) for any € > 0, which is equivalent
to the convergence of (0.2) on R?\ {0}.

An appropriate version of a theorem on Laurent series expansion for
zero solutions of P(D) near an isolated singularity is thus provided by the
following property (P): Let I and p be as above. Let U C R™ be open and
0eU.

(P) For any f € C¥(U\{0}), there are (¢q)aecr € Ar(p) and g € CF(U)
such that
[= anaaE + glv\ {0y
acl

Let 9, = 1. We will show that then P(D) satisfies (P) for some U iff P(D)
satisfies (P) for any U iff P(D) is semielliptic. Moreover, the coefficients
(ca)acr can be calculated from f by means of a generalized Cauchy type
integral formula (see Remark 2.1).

The proofs are based on the results of Langenbruch [7, 8], especially on
a Grothendieck type duality for zero solutions of hypoelliptic operators.

We finally discuss the classification of poles and removable singularities
for solutions of hypoelliptic equations.
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1. Preliminaries. In this section, some material is provided which is
needed to prove the main results in Section 2.

In this paper, P(D) always denotes a partial differential operator with
constant coefficients in n variables. Let C%°(U) denote the C* zero solutions
of P(D) on U.

For a compact set K C U, the quotient space C%(U\ K)/C% (U) may be
considered as the space of singularities on K of zero solutions of P(D). We
first show that this space is independent of U. As a consequence, property
(P) from our introduction is independent of U (see Corollary 1.2).

1.1. REMARK. Let K C U be compact. The canonical mapping

i:BVg(P)=CyFR"\K)/CFRR") - CF(U\K)/CFU)
is an isomorphism.

Proof. Obviously, i is well defined and injective. Let g € C¥(U \ K).
Choose ¢ € C§°(U) such that ¢ = 1 near K. Then P(D)(pg) can trivially be
extended to a function h € C§°(U\ K). Let E be a distributional elementary
solution for P(D). Then f :=gp — Exh € C*°(R"\ K) and

P(D)f = P(D)(gg) —h =0 on R"\ K
by the definition of h. Similarly, f —g=g(p — 1) — Exh € C*(U) and
PD)(f—9g)=0 onU.
Thus, i([f]) = [g], and i is surjective. m

Let o be the index of hypoellipticity of P(D) (see Hérmander [4, Sec-

tion 11]) and let

(a)
rew):= {fECOO(U)‘VKCCUEIC'zlz sup 172 @) <oo}.
z€K, aeNY Clalgea
1.2. COROLLARY. The following are equivalent:
(i) P(D) satisfies (P) for some U.
(ii) P(D) satisfies (P) for any U.

(iii) P(D) satisfies (P) for U :=R".

Proof. (i)=-(iii). Let f € C¥(R™\ {0}) and choose (cq)acr and g €
CE(U) for flin oy by (P) for U. Since E' € I'*(R™\ {0}) (by Hérmander [4,
Theorem 11.4.12]) and (cq)acr € Ar(0) (see (0.3)), the series Y, ;ca0*E
converges on R™ \ {0}. Since

g=f- anaaE € CP(R"\ {0}) and gl 0y = 9lv\{o}
acl

by (P) for U, we have g € C%(R").
(iii)=(ii). Let f € C(U \ {0}). Choose f € CF(R™\ {0}) and g1 €
CZ(U) by Remark 1.1 such that f = (f + g1)[t\(oy- With (ca)aer € 41(0)
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and g € CP(R™) chosen for f by (P) for R", we get
[= anaaE + (91 + 9o\ {03-

acl
This proves (P) for U. =

We now briefly introduce the duality theory for germs of zero solutions of
hypoelliptic operators (see Langenbruch [8] for more details): Let K C R"
be compact. The space of germs of C'*° zero solutions of P(D) near K is

CF(K) = limind CF (U).

It is endowed with the locally convex inductive limit topology 7x . If P is not
elliptic, then 7x is not separated (see Langenbruch [8, Bemerkung 1.1]). Let
Np(K) :=kertg and Jy g : CF(U) — CF(K) be the canonical mapping.
Then Np(U, K) := (Jux) ' (Np(K)) is closed in C%(U) and

CP(K) == CF(K)/Np(K) = lim ind(CF(U) /Np (U, K))

topologically. The canonical (restriction) mappings jU,v :C¥(U)/Np(U,K)
— CP(V)/Np(V, K) are well defined, compact and injective if V' is relatively
compact in U. Therefore,

(1.1) C¥(K) is a (DFS)-space.
Let P(D) := P(=D). A bilinear form (, ) : CF(R"\ K) x C¥(K) — C
is defined in the following way: Let g € C’I%O(K ) be defined on U DD K.
Choose ¢ € C§°(U) such that ¢ =1 near K. Then

(1.2) (f,9) = (f,P(=D)(¢g)), [eCpER"\K),
is defined and is independent of the choice of .

For a locally convex space F, let E; denote the dual space endowed with
the strong topology. A central tool for the considerations in this paper is
provided by the following generalization of the Grothendieck duality:

1.3. THEOREM (Langenbruch [8, Satz 2.4]). Let P(D) be hypoelliptic
and let K C R™ be compact. The bilinear form (1.2) provides aNtopologi-
cal isomorphism between BV (P) := CF(R"\ K)/CF(R") and (CF(K))j,.

2. Isolated singularities. The main results on Laurent series expan-
sion of zero solutions of hypoelliptic operators are proved in this section.
We have seen in Corollary 1.2 that we may restrict our considerations to
f e CF(R™\{0}). We will first show that such expansions are unique under
mild assumptions (see Remark 2.1).

In the following, P(D) will always denote a hypoelliptic operator with
deg P =: m and index of hypoellipticity o such that the canonical nth unit
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vector e, is noncharacteristic for P. Let
I:={aeNy|0<a,<m-—1}.
2.1. REMARK. Let f € CF(R™\{0}). Assume that for some compact set

K and some open set U with 0 € K C U, there are (cq)ac1 € Cl, g € CX(U)
and elementary solutions E, of P(D) such that

(2.1) Z ca0"Ey converges in C(U \ K)
acl
and
(2:2) flone =D €adEa + glink
acl

Then (cq)acr and g are uniquely determined. For a := (b, j) € I we have

(23) Caq = (f; X(z)

where (, ) is the bilinear form from (1.2) and X, = X3 ;) is the (unique)
solution of the Cauchy problem

(2.4) P(—D)X(bJ) =0 on Rn, aﬁX(bhj)(:E/, O) = x’békj/b! on Rn_l.

Proof. X3 ;) exists by the Cauchy—Kovalevskaya theorem since e, is non-
characteristic. We choose ¢ € C§°(U) in (1.2) such that ¢ = 1 near K. Since
the series in (2.1) converges in CF (U \ K), we then have

(f, X)) = Z C(d,k)(a(d’k)E(d,k)7X(b,j))
(d,k)el

d.k _
= Y can(@P8 X 5) = -
(d,k)el

Thus, (¢q)aer is uniquely determined, and g is therefore also unique on U\ K,
hence also on U, since zero solutions with compact support vanish. =

Formula (2.3) can be considered as a generalized Cauchy type integral
formula. In fact, the bilinear form (, ) from (1.2) can also be calculated using
XV, the characteristic function of an open zero neighbourhood V', instead of
o € C(RY).

Thus

Ca = (f,Xa) = (f, P(-D)(Xaxv)) = > _(fP®(=D)Xq, (—D)"xv) /b
0£b

(—D)’xy is a distribution with support in OV and the right-hand side is a
sum of integrals over OV if V' has smooth boundary. In this way, (2.3) pro-
vides an explicit integral formula for concrete operators (e.g. the Laplacian
or the heat equation), if V' is chosen suitably.
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Using X, from (2.4) for a € I, we define the mapping

(2.5) L:CF®R"\{0}) = C',  L(f) = ((f. Xa))aer.
Let
11(0,0) = {(Gacr | e llo += (X fealPaee /) < oo,
acl

I1(0,0) = {(eadaet | ealle = (X leaP %l fa2e) " < oo}

acl

We now prove a useful necessary condition for a weaker form of property (P).
Let

(2:6) R:CP({0) = C R(f) = (f(0)aer.
Let Bo:={z e R" | |z| < C}.
2.2. THEOREM. Let P(D) have the following property:
(P1)  for any f € CF(R™\ {0}) there are C > 1, (ca)act, g € CF(R")
and elementary solutions E, of P(D) such that

(cadact € A1(0,C) and  flemp, = (Y clEa+ g)

ael

R™\Bc

Then there is C > 1 such that

(2.7) L:CZR"\ {0}) — Ar(o,C) is continuous
and
(2.8) Ro 'L =id: I'1(p,C) — C.

Proof. (a) Since (cq)acr € Ar(0,C), the sum ) ;c,0°E converges on
R™ \ Bg, for some C7 > 1 (see Tréves [14, Chap. 7] or Langenbruch [7,
Section 2]).

By (P1) and Remark 2.1,

L(CF R\ {0})) € Ax(0,o0) = indlim 410, C).

By the closed graph theorem, L : C%(R"\{0}) — A; (0, 00) is continuous. By
Grothendieck’s lemma (Meise-Vogt [11, 24.33]), L(C (R"\{0})) C A;(o,C)
for some C' > 1, and (2.7) follows.

(b) Since CF(R™) C ker L and since A;(p,C)" = I'1(0,C), by (1.1) and
the duality in Theorem 1.3 we see that 'L : I'7(o,C) — 5’1%0({0}) is defined
and continuous. Since Ro ‘L and id are continuous, (2.8) has to be checked
only on the canonical orthonormal basis {e, | a € I'}. Notice that R([X,]) =
eq for a € I. To prove (2.8), it thus suffices to show that

(2.9) (f, 'L(eq)) = (f, Xa) fora el and f e CFR™\{0}).
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This is seen as follows: for b € I we have
(°F, 'L(eq)) = (L(O°E), eq) = (ep, q) = (0°F, X,).

Thus, (2.9) holds for f € F := span{d°F | b € I}, and thus for any f €
C®(R™ \ {0}) since, by assumption, f is contained in the closure of F' in
C®(R™\ Be) for some C > 1. =

By (2.8), 'L((c4)acr) can be interpreted as the solution of a pointwise
Cauchy problem for P(—D) with data in I'7(o,C). Thus (2.8) is an E. Borel
type theorem for C2°({0}).

For m := (my,...,my,) € N*" and a € Nj let |a : m| := > ax/my.
A polynomial P is called semielliptic (With index m) if
Z bor® and Py Z bor® #£0 if 0#£xeR".
|| <1 |a:m|=1

2.3. THEOREM. Let o, = 1. If P(D) satisfies (P1), then P(D) is semi-
elliptic.

Proof. (a) Let
P2, zy) ZQk fo and Hp(x Z |Qk(x 1/(m k),
k<m k<m
It is easily seen that
(2.10) P2, zp)| < C1(Hp(a') + |2n])™

On the other hand, since g is the index of hypoellipticity of P and ¢, = 1,
we have

@1 (D2 fale + fanl)” (Dml/%) < O+ [P 2,)))

k<n—1

(see Hormander [4, Chap. 11, especially Lemma 11.1.4 and Theorem 11.4.1}).
(b) We have Hp(x') < Co(1+) 3cp 4 |z| /%) for any 2’ € R"!. Indeed,
by Langenbruch [9, (5.9)] there is C5 > 1 such that

1/03 < Hp(f)/Dp(f) <(C3 for¢e Rn_l,

where Dp(&) := sup{|A| | P(—=&,—A) = 0}. To show (b), we thus have to
estimate Dp(¢). By (2.7) and Theorem 1.3, the mapping 'L Ty(p,C) —
C2({0}) is continuous. Let

I'p :={(cx) € CV | sup |ex|/(K'B¥) < 00}
k
For g € C%({0}), let J(g) := (9%g(0))k=0- Since g, = 1,
J:CX{0}) = Ii= ind lim I’
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is continuous. Hence, S := Jo 'L : I'1(p,C) — I is continuous, and Gro-
thendieck’s lemma (Meise—Vogt [11, 24.33]) implies that for some B > 1,

(2.12) S :It(e,C) — I'p is continuous.

Let ¢ € R"! and choose A € C such that P(—¢&, —)\) = 0. Then 9N =
exp(i((§,A),) € CF(R"), and (2.12) can be applied to R(g( ). Since
P(=D)ge,n = 0, for any j € Ng there are finitely many d,, a € I, such

that /g ) = D dad%g(e 5y Since R('L(R(ge n)))) = R(g(en)) by (2.8) we
deduce that

S(R(gen)) = J(gen)-

The estimate from (2.12) thus implies: there is Cy > 1 such that for any
(&, A) as above,

exp(|Al/(2B)) < 2sup(|A/BI* /k1) = 2sup [0 gie»)(0)]/ (k1 BY)

< 04 ( Z |8ag(§7>\) (0) |202|a\/a29a) 1/2

a€el

= (X (e Ny el ja2en)

acl
<+ ) exp (Y0 Conlénl).
k<n—1

We have thus proved that

Dp() < Co(1+ 3 lalV/®).

k<n—1
(c) By (2.10), (2.11) and (b) there is C7 > 1 such that for x € R,

(2.13) ( 3 Jal Ve + |a:n|> e

k<n-—1
§|P($>|SC7( > Imkll/9k+|a:ny) if 2| > C.
k<n—1

With fixed £ € R", we now apply this to £, = (A&, ..., AE,) for large .
By the right-hand side of (2.13),

P(x) = Z Cqx®
jasm|<1
for m = (m/o1,...,m/on), while the left-hand side of (2.13) implies that
Ps(z) #0 if0#x € R"™
Py, also satisfies (2.13). We apply this to the monomials Py (tey) for the

canonical unit vectors ey, and conclude that m/or € N. Thus, P is semi-
elliptic with index m. =
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2.4. THEOREM. Let P be semielliptic with index m = (mq,...,my) and
let m,, = m. Then P(D) satisfies (P) for any U with (cq)acr given by (2.3).

Proof. (a) We will show that
(2.14) R:C¥({0}) — (o) := indlim I’y (¢, C) is bijective,

where R is given by (2.6). Assuming this for a moment, we conclude that
Lo 'R(eq) = ey for any a € I (with L defined in (2.5)). Hence range L C
Ag(o) = projlimg_y Ar(o,C), and L = ('R)™!, since ‘R is bijective and
Ar(0) = I'7(o). For f € CF(R™\{0}), we thus have (cq)qaer := L(f) € Ar(0).
Hence ), .;ca0*E converges in C(R" \ {0}) since E € I'°(R" \ {0}). By

Remark 2.1 we have
L(f _ anaaE) —0,
acl

hence f — > -;c,0°E can be extended to a zero solution on R" since L =
(*R)~! is injective. Thus, (P) is proved for U := R™ and therefore for any U
by Corollary 1.2.

Proof of (2.14). Let Ry be the restriction mapping defined by

Ri(f) = (93£(,0))j<m—1.

(i) Ry : C2(K) — (I'*(K))™ is a topological isomorphism. This follows
from Langenbruch [7]. In fact, since P is semielliptic, P satisfies the assump-
tions of [7, Satz 4.4] by [7, Bemerkung 3.4(a)] and the claim follows by using
also [7, Satz 5.1], since the assumption “v > 1”7 is redundant.

(ii) Let Ra(f) := (8bf(0))b€Ng_1. Then Ry : I'°({0}) — I'(p) is surjective
by E. Borel’s theorem in Gevrey classes (this can be proved as in the case
of rotationally invariant Gevrey classes; see e.g. Bonet—Meise-Taylor [2]).
Since R = Ry o Ry by natural identifications, it is left to show that the
kernel N2({0}) of the topology of I'?({0}) coincides with the kernel of Rs,
i.e. with the functions in I'?({0}) which are flat at 0.

N¢({0}) is clearly contained in ker Ry. To show the opposite inclusion,
we notice that I"?({0})} is isomorphic to

H? .= {f € H(C" 1| |f(2)] < Cyexp (%v(z)) for any N > 1}

by Fourier transformation, where v(2) := > ;. 4 | 2|/, In fact, if T €
re({0}), then clearly T is in

2= { e 1@ |15 < Oy enp (0(2) + =)

for any N > 1},
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which coincides with H?¢ (this is proved by induction using Komatsu [6,
Theorem 1.1]). On the other hand, if f € H?, then there are (¢;) € I'(p)
such that f(2) = 3 ¢p2®, hence f = T for T := S e D6,

We have also shown that {D% | b€ Ny ~'} is total in I"?({0});, and this
implies that ker Ry is contained in N¢({0}). m

The most important example of a semielliptic operator is the heat op-
erator P(D) := 01 — 03 — ... — 92 (x1 is the time variable). Then P(x) =
iry + 23+ ...+ 22 and P is semielliptic with m = (1,2,...,2) and index of
hypoellipticity ¢ = (2,1,...,1) (see Hormander [4, Example 11.4.15]). The
canonical elementary solution for P(D) is given by

1
(47rm1)(”_1)/2
and E(z) =0 if 1 <0 (Hérmander [4, Theorem 3.3.3]).

Let U be an open neighbourhood of 0 and let P(D)f = 0 on U \ {0}.
Then Theorem 2.4 leads to the following expansion: There is g € C¥(U)
such that

f=duo+ D, alNOE@nw — >, dlf <2$1 ($))

E(z):= exp(—|(z2,...,2,))%/(4z1)) ifz1 >0

beNp ! beNp ! U\{0}
where 2’ = (x1,...,2,-1) and ¢, and d;, are given by (2.3) (or the formula
before (2.5)), i.e

a(f) = (f, X@pp0) and dy:=(f, Xp1)
and X3 ;) solves the Cauchy problem (2.4):
" m/b
(—01—05—...—00)Xp, =0 onR" and 9} X (2',0) = 57 Ok

The solutions X3 ;) can be calculated explicitly as follows:

|b] /b x2k+]

" forj=0,1
ZQ i @kt T

Notice that the Laurent series for f vanishes for 1 < 0 due to the
definition of E(z). This is in contrast to the case of elliptic operators and
implies that f is bounded on V N {x | #1 < 0} if V C U. Therefore, the
classification of the singularity of f at 0 does not depend on the behaviour
of f(x) for z1 < 0 in the case of the heat equation. For general hypoelliptic
operators, the classification of isolated singularities will now be discussed
in analogy with the corresponding results for holomorphic functions: Let
U C R™ be a neighbourhood of zero and let f € C¥ (U \ {0}). We say that
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f has a pole at 0 iff there are ¢, € C and g € C(U) such that
- O E+g)| .
f= (Y cdE+yg o
|a|<k
2.5. THEOREM. For f € C¥(U \ {0}) the following are equivalent:

(i) f can be extended to a distribution f defined on U.
(ii) There is ¢ > 1 such that

(2.15) f(z)] - |z]*<c if 0<]|z|<1/c
(iii) There are 0 #y € R™ and ¢ > 1 such that
[f@)]- Kz, y)*<e if 0<l|z]<1/c
(iv) There are cq € C and g € CF(U) such that
T) = c 0°FE + )‘
fa=( oo
la|<k,a€l
where I := {a € N§ | a, < deg, P}.
(v) f has a pole at 0.

Proof. The implications (iv)=-(v)=-(i) and (ii)=-(iii) are trivial.

(i)=(ii). Since supp(P(D)f) C {0}, there are ¢, € C such that
P(D)f =Y 0.
la|<k
Thus,
f= Z ca0"E +g
for some g € C(U). Now (ii) follows, since the estimate (2.15) is well

known for 0°FE (see e.g. Treves [14, Chap. 7] or Langenbruch [7, Section 2]).
(iii)=-(iv). This holds by Langenbruch [7, Satz 2.4 und Satz 1.2]. =

The analogue of Riemann’s theorem on removable singularities reads as
follows: Let B p(U) denote the hyperfunction zero solutions of P(D) on U.

2.6. THEOREM. Let P(D) be hypoelliptic. For f € C¥ (U \ {0}) the fol-
lowing are equivalent:
(i) f can be extended to f € Bp(U).
(ii) f can be extended to f € oy (U).
(iii) & f is bounded near 0 for 0 < j < deg, P.
Proof. (1)< (ii). This holds for any partial differential operator with con-

stant coefficients by Kaneko [5, Theorem 1].
(ii)=-(iii). This is trivial.
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(ili)=(ii). Let b€ NJ~' and 0 < j < deg, P.If f satisfies (iii), then by
Lebesgue’s theorem on dominated convergence we get

lim § (007 f(',1) = 0" (!, =) p(a’) da’
= lim [ (9L/ (2", 1) = O f (@, =) (=0)'e(a) da' = 0 if p € CF*(R" ™)

since the integrand is uniformly bounded with pointwise limit equal to 0 out-
side {0}. Thus, the relevant distributional boundary values of f all vanish,
hence (ii) follows from Langenbruch [7, Satz 1.2]. =

The equivalence of (i) and (ii) in Theorem 2.6 answers Problem 4.4 of
Ligocka [10]. Removable singularities of solutions of partial differential op-
erators have been studied in several classes of functions by many authors
(see the paper of Kaneko [5] and its references).
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