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Relations between Elements r
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Summary. We prove that generating relations between the elements [r] = r
2
− r of aommutative ring are the following: [r + s] = [r] + [s] + rs[2] and [rs] = r

2[s] + s[r].1. Introdution. Let R be a ommutative ring with 1. In [2℄, the authorintrodued the ideal I(R) = I2(R) generated by all elements of the form
r2 − r, where r ∈ R, and proved that it is preisely the intersetion of allmaximal ideals of index 2 in R [2, Proposition 5.5℄. This ideal is permanentlyused in all onsiderations onerning relations satis�ed by mappings of higherdegrees (see [2℄�[5℄). The motivation for this paper is also similar: the mainresult will be used in [1℄ to �nd generating relations for mappings of degree 5;however, it is fully independent of the theory of higher degree mappings. Theresult is the following
Theorem. Let C(R) be the R-module generated by the elements [r],

r ∈ R, with relations
[r + s] = [r] + [s] + rs[2], r, s ∈ R,(1)

[rs] = r2[s] + s[r], r, s ∈ R.(2)Then there exists an R-isomorphism P : C(R) → I(R) suh that P ([r]) =
r2 − r for r ∈ R.First of all, observe that elements r2 − r satisfy relations (1)�(2). There-fore there exists an R-epimorphism P : C(R) → I(R) de�ned by the aboveformula and we must prove that it is injetive. Moreover, note some onse-quenes of (1) and (2), pointed out in [5, Corollary 5.1.4℄:2000 Mathematis Subjet Classi�ation: 13C13, 13C05, 11E76.Key words and phrases: ideals of ommutative rings, generators and relations, higherdegree mappings. [317℄ © Instytut Matematyzny PAN, 2007
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Lemma 1. For any r, s ∈ R we have

(3) (r2
− r)[s] = (s2

− s)[r],

(4) 2[r] = (r2
− r)[2], [2r] = (2r2

− r)[2],

(5) [r] = [1 − r], [0] = [1] = 0, [2] = [−1],

(6) if r2 − r = 2s then [r] = s[2],

(7) if s is invertible then [s−1] = −s−3[s].Proof. Relation (3) follows from the two symmetri versions of (2). The�rst equality in (4) is obtained from (3), and gives the other one using (1).(5) The equalities [0] = [1] = 0 follow from (2) for r, s = 0 or 1. Heneby (1) and (3) we obtain
0 = [1] = [r] + [1 − r] + (r − r2)[2] = [r] + [1 − r] − 2[r] = [1 − r] − [r].This also gives [2] = [−1].(6) Using (1) and (5) we get

[r − r2] = r2[1 − r] + (1 − r)[r] = (r2
− r + 1)[r] = (2s + 1)[r].On the other hand, [r − r2] = [2(−s)] = (2s2 + s)[2] by (4), and hene

[r] = (2s2 + s)[2] − 2s[r] = (2s2 + s)[2] − s(r2
− r)[2] = s[2]beause of (4).(7) It follows from (5) and (2) that 0 = [1] = [ss−1] = s2[s−1] + s−1[s]and so [s−1] = −s−3[s].2. The funtor C and C-funtions. Any unitary ring homomorphism

i : R → R′ indues the module homomorphism C(i) : C(R) → C(R′) over
i suh that C(i)([r]) = [i(r)]. Then C is obviously a funtor. We prove thatit ommutes with loalizations. First of all, de�ne C-funtions over R asfuntions f : R → M , where M is an R-module, satisfying the onditions

f(r + s) = f(r) + f(s) + rsf(2), r, s ∈ R,(1′)

f(rs) = r2f(s) + sf(r), r, s ∈ R,(2′)and onsequently, the analogs of (3)�(7). Observe that C(R) is a universalobjet with respet to C-funtions over R; this means that any C-funtionan be uniquely expressed as a omposition of the anonial C-funtion
c : R → C(R), c(r) = [r], and an R-homomorphism de�ned on C(R).
Example. The analog of (6) shows that any C-funtion f over the ring

Z of integers is of the form f(r) = r2
−r
2 a, where a = f(2). Sine I(Z) = (2)is a free Z-module, it follows from the universal property that the element aan be hosen arbitrarily.Let S be a multipliatively losed set in R and let i : R → RS and

i : M → MS be the anonial homomorphisms.
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Lemma 2. For any C-funtion f : R → M there exists a unique C-funtion fS : RS → MS satisfying the ondition fS(i(r)) = i(f(r)) for
r ∈ R. It is given by the formula
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)2
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,whih gives the required formula. This proves the uniqueness of fS .To prove that fS is properly de�ned, it su�es to hek that the righthand side of the formula remains the same if we replae r by rt and s by stfor any t ∈ S. By (2′), we ompute that, in fat,
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.It remains to prove (1′) and (2′) for fS . Let a

s
and b

s
be arbitrary elementsof RS . Then
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by (1′) and the analogue of (4) for f , and
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= 0by (2′) and the analogue of (3) for f . This ompletes the proof.Now we are ready to prove

Proposition. There exists an RS-isomorphism C(R)S ≈ C(RS) suhthat
[r]

s
↔

1

s

[

r

1

]

.Proof. Applying Lemma 2 to the anonial C-funtion c : R → C(R),
c(r) = [r], we obtain a C-funtion cS : RS → C(R)S over RS ,
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On the other hand, we have a homomorphism C(i) : C(R) → C(RS) over
i : R → RS de�ned by C(i)([r]) =

[

r
1

], whih gives an RS-homomorphism
h : C(R)S → C(RS) suh that
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.Hene h is an isomorphism, as required.Finally, note that also I(R)S = I(RS), as follows, for example, from [2,Lemma 5.1℄.3. Some lemmas about the kernel of P . Let us onsider the kernelof the R-homomorphism P : C(R) → I(R), P ([r]) = r2 − r for r ∈ R. Our�rst observation is the followingLemma 3. I(R)Ker(P ) = 0.Proof. Let x =
∑

i ai[ri] ∈ Ker(P ), that is, ∑
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where c =

∑

i<j aiajr
2
i r

2
j , d =

∑

i<j aiajrirj . Sine the above two elementsare equal, we obtain
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This ompletes the proof, beause r2
i + ri and r2

i r
2
j − rirj belong to I(R).The above lemma immediately yields the following

Corollary. Let x =
∑

i ai[ri] ∈ Ker(P ) and let M denote the submod-ule of C(R) generated by all [ri] and [2]. Then x ∈
⋂

∞

k=0 I(R)kM .4. Proof of the theorem: noetherian ase. Suppose that R is noethe-rian. By the Proposition and the remark onluding Setion 2 we an assumethat R is, in fat, loal and noetherian. Then we have the following twoases:
Case 1: I(R) = R (this means that the quotient �eld of R has morethan two elements). Then Lemma 3 gives Ker(P ) = 0.
Case 2: I(R) is the maximal ideal (this means that the quotient �eld of

R has exatly two elements). Let x ∈ Ker(P ). De�ne the submodule M as inthe Corollary and observe that it is a �nitely generated module over a loalnoetherian ring. Then the intersetion in the Corollary is zero by the Krullintersetion theorem, and onsequently x = 0. This proves that Ker(P ) = 0.5. Proof of the theorem: general ase. Let x =
∑

i ai[ri] ∈ Ker(P ).De�ne the subring S of R generated by all the elements ai and ri. Sine S isa �nitely generated ring, it is obviously noetherian, and hene the previouspart of the proof shows that P : C(S) → I(S) is iso. Let i : S → Rdenote the injetion. Then x = (C(i))(y), where y =
∑

i ai[ri] ∈ C(S). Sine
P (y) = P (x) = 0 we onlude that y = 0 and onsequently x = 0. Thisompletes the proof.
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