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Summary. Let f : V → W be a finite polynomial mapping of algebraic subsets V, W
of kn and km, respectively, with n ≤ m. Kwieciński [J. Pure Appl. Algebra 76 (1991)]
proved that there exists a finite polynomial mapping F : kn → km such that F |V = f. In
this note we prove that, if V, W ⊂ kn are smooth of dimension k with 3k + 2 ≤ n, and
f : V → W is finite, dominated and dominated on every component, then there exists a
finite polynomial mapping F : kn → kn such that F |V = f and gdeg F ≤ (gdeg f)k+1.
This improves earlier results of the author.

1. Introduction. Let k be an algebraically closed field of characteristic
zero, V, W be algebraic subsets of kn, km, respectively, with n ≤ m, and
let f : V → W be a finite mapping. Then there exists a finite mapping
F : kn → km such that F |V = f [10].

For any finite mapping h the number of points in the “generic fiber” is
finite. This number is called the geometric degree of h and denoted gdeg h. It
is natural to ask about relations between gdegF and gdeg f , more precisely,
between gdeg f and min{gdegF | F is a finite extension of f}.

Some examples of such relations are established in [4]–[9]. In particu-
lar, in [7] it was proved that, if V,W are smooth algebraic subsets of kn

with 4k + 2 ≤ n, where k = dimV = dimW and f : V → W is a fi-
nite dominating mapping that is dominating on every irreducible compo-
nent, then there exists a finite mapping F : kn → kn such that F |V = f
and gdegF ≤ (gdeg f)2k+1. Later in [9] it was proved that in that situa-
tion, there exists a finite mapping F : kn → kn such that F |V = f and
gdegF ≤ (gdeg f)k+1.
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In this short note we give a further improvement of the above two results.
Namely we show the following theorem.

Theorem 1. Let V,W ⊂ Cn be smooth algebraic sets of the same dimen-
sion k, and let f : V →W be a finite dominating mapping that is dominating
on every irreducible component. If dimV = dimW = k and 3k+2 ≤ n, then
there exists a finite mapping F : Cn → Cn such that F |V = f and

gdegF ≤ (gdeg f)k+1.

The proof is a modification of the proof given in [9] for the case 4k+2 ≤ n.
In what follows we will work with the complex number field C, but the

results are also valid over an arbitrary algebraically closed field of character-
istic zero.

2. Some useful facts. For the convenience of the reader we collect in
this section all facts that we will need in the proof of Theorem 1.

The first result that we need is the following one.

Theorem 2 ([7, Thm. 3.6]). Let V ⊂ Ck × Cn be an algebraic set , and
let π : V → 0 × Cn be the natural projection. If π : V → π(V ) is finite and
dominating on every component , and π(V ) is normal , then there exists a
finite mapping Π : Ck × Cn → Ck × Cn such that Π|V = π and

gdegΠ ≤ (gdeg π)k.

Recall that a polynomial mapping f : V → W is called dominating on
an irreducible component V ′ ⊂ V if f(V ′) is an irreducible component of
the set W (see [7]).

The next result used in the proof is the following.

Proposition 3 ([9, Corollary 3.4]). Let V ⊂ Cn × Cm be a smooth,
closed algebraic subset of dimension k. Moreover , assume that the projection
π : V 3 (x, y) 7→ (0, y) ∈ 0×Cm is finite. If n > k+ 1, then there is a linear
projection ϕ : Cn → Ck+1 such that ϕ × idCm |V : V → Ck+1 × Cm is an
embedding.

We will also use some results concerning embeddings. Recall that a poly-
nomial mapping f : V → Cn is called an embedding if f : V → f(V ) is an
isomorphism.

Lemma 4 (e.g. [1]). If X⊂Cn is a closed algebraic smooth set , dimX= k
and n > 2k + 1, then we can change coordinates so that the projection

φ : X 3 (x, y) 7→ (0, y) ∈ 0× C2k+1

is an embedding.
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Theorem 5 (e.g. [2], [3] or [11]). Let X ⊂ Cn be a closed algebraic set
which is smooth (not necessarily irreducible) of dimension (not necessarily
pure) k. Let φ : X → Cn be an embedding. If n > 2k + 1 then there exists
an isomorphism Φ : Cn → Cn such that

Φ|X = φ.

3. Proof of the theorem. Since 3k+2 ≤ n, we have n−(k+1) ≥ 2k+1.
Thus, by Lemma 4 we can assume that the projections ϕ1 : V → C2k+1 × 0
and ϕ2 : W → 0×Cn−k−1 are embeddings. For Ṽ = ϕ1(V ), W̃ = ϕ2(W ) the
mapping f̃ = ϕ2 ◦ f ◦ ϕ−1

1 : Ṽ → W̃ is finite with gdeg f̃ = gdeg f.
Consider the sets Ṽ and W̃ as subsets of C2k+1 and Cn−k−1, respectively.

The mapping ψ : Ṽ 3 x 7→ (x, f̃(x)) ∈ C2k+1 × Cn−k−1 = Cn+k gives the
isomorphism between Ṽ and V̂ = ψ(Ṽ ). Since ψ : Ṽ → V̂ is an isomorphism,
for the projection π : V̂ 3 (x, y) 7→ (0, y) ∈ 0 × Cn−k−1 we have f̃ = π ◦ ψ
and gdeg π = gdeg f̃ = gdeg f.

The set V̂ = ψ(ϕ1(V )) is smooth. Thus, by Proposition 3 applied to
the mapping π : V̂ → 0 × Cn−k−1, there is a projection ϕ : C2k+1 →
0× Ck+1 such that ϕ× idCn−k−1 : C2k+1 × Cn−k−1 → (0× Ck+1)× Cn−k−1

restricted to the set V̂ is an embedding. Let us write ϕ̃ for the mapping
(ϕ×idCn−2k−1)|bV . Because V2 = ϕ̃(V̂ ) ⊂ (0×Ck+1)×Cn−k−1 we can consider
this set as a subset of Ck+1 × Cn−k−1 = Cn. Then for the mapping π2 :
V2 3 (x, y) 7→ (0, y) ∈ 0 × Cn−k−1 we have π = π2 ◦ ϕ̃, π2 is finite and
gdeg π2 = gdeg π. Since π2(V2) = W̃ is smooth, by Theorem 2 there is a
finite mapping Π2 : Ck+1×Cn−k−1 → Ck+1×Cn−k−1 such that Π2|V2 = π2

and gdegΠ2 ≤ (gdeg π2)k+1 = (gdeg f)k+1.

Now by Theorem 5 applied to the mappings ϕ1 : V → Ṽ , ϕ̃ ◦ψ : Ṽ → V2

and ϕ2 : W → W̃ there are isomorphisms Φ1, Ψ, Φ2 : Cn → Cn such that
Φ1|V = ϕ1, Ψ |eV = ϕ̃ ◦ ψ and Φ2|W = ϕ2.

Putting F = Φ−1
2 ◦Π2 ◦ Ψ ◦ Φ1 we have a finite extension of f such that

gdegF ≤ (gdeg f)k+1.
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