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Summary. General nonlinear Volterra difference equations with infinite delay are con-
sidered. A new explicit criterion for global exponential stability is given. Furthermore, we
present a stability bound for equations subject to nonlinear perturbations. Two examples
are given to illustrate the results obtained.

1. Introduction. Volterra difference equations are widely used in the
modeling of processes in continuous mechanics and biomechanics, problems
of control and estimations, and some schemes of numerical solutions of in-
tegral and integro-differential equations (see e.g. [BH], [E05], [L], [MW]).

In particular, problems of stability of Volterra difference equations have
attracted much attention during the last twenty years (see e.g. [ACF]-[ES],
[KCT], [M97], [NNSM]-[SB] and references therein).

In the literature, various methods have been used to investigate stability
of Volterra difference equations, such as Lyapunov functions, comparison
theorems, Bohl-Perron type theorems, topological methods, etc. (see e.g.
[BK12], [CKRV9S], [CKRV0Q], [E05], [E09], [KCT]). Recently, E. Braverman
and I. M. Karabash [BK12| gave some Bohl-Perron-type stability theorems
which show relations between exponential stability and (I, [7)-stability of
Volterra difference equations with infinite delay. Using Lyapunov function-
als, Y. N. Raffoul and Y. M. Dib [RD] derived conditions for asymptotic
stability and exponential stability of Volterra discrete-time equations with
finite delay subject to nonlinear perturbations. For a nice survey, see [KCT].
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To the best of our knowledge, there are not many explicit criteria for
exponential stability of nonlinear Volterra difference equations with infinite
delay (see [BK12], [EQ9], [KCT]). In this paper, we present a new approach to
global exponential stability of Volterra difference equations with infinite de-
lay. Our approach is based on the celebrated Perron—Frobenius theorem and
the comparison principle. Consequently, we get a new explicit criterion for
global exponential stability of the zero solution of the general time-varying
Volterra difference equation with infinite delay. Furthermore, we derive an
explicit stability bound for equations subject to nonlinear time-varying per-
turbations. Two examples are given to illustrate the results obtained.

We now present some notation and preliminary results. For a natural

number k, denote k := {1,...,k}. Write Z, = {k € Z : k > 0} and

Z_ :=1{k € Z : k < 0}. For l,q € Z, let RI*? be the set of all real
[ X g-matrices and leq be the set of all [ X ¢g-matrices with nonnegative
entries. Inequalities between real matrices or vectors will be understood
componentwise, i.e. A > B if and only if a;; > b5, ¢ € [, j € ¢, where
A = (aij), B = (b;;) € R4, Furthermore, A > B means that a;; > b;;
foralli €l,j € q Ifx= (x1,...,2,)7 € R™ and P = (p;;) € R*4
we define |z| = (|z;]) and |P| = (|pij|). For any matrix A € R™*™  the
spectral radius of A is denoted by p(A) = max{|z| : z € 0(A)}, where
0(A) :={z € C:det(zl,, — A) = 0} is the set of all eigenvalues of A.

A norm || || on R™ is said to be monotonic if |x| < |y| implies ||z| < ||y||
for all x,y € R™. Throughout the paper, the norm of vectors is assumed to
be monotonic and the norm || M || of a matrix M € R!*Y is always understood
as the operator norm defined by ||M|| = max,=; [|Myl|, where R! and R?
are provided with some monotonic vector norms. The operator norm || - ||
has the following property (see e.g. [HS)):

1P| < ||IPl]| < QI whenever |P| <@, for PeR™? QeRY
Finally, for given o > 1, set

[H(R™™) = {(U(k))k :U(k) e R™™ (k € Z), Z U () || < oo}.
k=0
The next theorem summarizes some basic properties of nonnegative ma-
trices which will be used in what follows.
THEOREM 1.1 ([HS]). Let M € R?*™ andt € R. Then

(i) (Perron—Frobenius) p(M) is an eigenvalue of M and there ezists a
nonnegative eigenvector x € R™, x # 0, such that Mx = p(M)x.
(i) (tI,, — M)~ emists and is nonnegative if and only if t > p(M).

The following is immediate from Theorem



Stability of Volterra Difference Equations 127

THEOREM 1.2 ([NH]). Let M € RI'*™. Then the following statements
are equivalent:
(i) p(M) < 1.
(i) peR™, p>0: Mp < p.
(iii) (I, — M)~t>0.

2. An explicit criterion for global exponential stability. Consider
a nonlinear Volterra difference equation with infinite delay of the form

n
(2.1) z(n+1)= F(n,x(n), Z G(n,k,x(k))), n > no,
k=—00
where F(-,-,-) : Z4 X R™ xR™ — R™ and G(-,-,-) : Zy x ZxR™ — R™ are
given functions such that F(n,0,0) = 0 for all n € Z; and G(n,k,0) =0
forme€Zy, keZ,n>k (ie. £ =0 is an equilibrium point of the equation

ED).

For given v > 1, denote
By = {p(): 2. = B™: sup [lp(k)7* < oof,
€7 _

the phase space, a Banach space with the norm |||, = supyez_ [lo(k)|7*
(see e.g. [ACE]). With fixed ng € Z and given ¢ € By, consider for (2.1))
an initial condition of the form

(2.2) x(no+k)=¢(k), keZ_.

Equation (2.1]) can be written as a functional difference equation of the
form

(2.3) z(n+1)=N(n,z,), n>ng,
where x, € B, is defined by zn(k) := z(n + k), k € Z_, and N(-,-) :
Zy x By — R™ is given by

n

N(n, @) := F(n,go(O), Z G(n, k,o(k — n))), (n, @) € Zy X By.

k=—00
Throughout we assume that
(Hy) There exist A, B € R"™™ such that
|F(n,z,y)| < Alz| + Bly|, Vn€Z4, Va,y e R™.
(Hz) There exists C(-) : Zq — R*™ such that
{ |IG(n,k,z)| < C(n—k)|z|, Vn€Zi, VkeZ, n>k Vr,yecR™;
(C(n))n € IY(R™*™)  for some v > 1.
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By virtue of (H;) and (Hsz), N(-,-) is well-defined on Z4 x B,. Further-
more, the initial value problem (2.1)—(2.2) always has a unique solution,
denoted by (-, ng, ).

DEFINITION 2.1. The zero solution of ({2.1)) is said to be globally expo-
nentially stable (briefly, GES) in B, if there exist K > 0 and A € (0,1) such
that

(2.4) [z (n, no, )| < KX"|glly,  Vn > no, Yo € By

We are now in a position to state the first result of this paper; its proof
is given in the Appendix.

THEOREM 2.2. Suppose (Hy) and (Hg) hold. If p(A+ B> ;2 ,C(k)) <1
then the zero solution of (2.1)) is GES in B, for some vy € (1,7].

REMARK 2.3. Roughly speaking, (H;)-(H2) means that the nonlinear
time-varying equation is “bounded above” by the linear time-invariant
equation

n
(2.5) y(n+1)=Ay(n)+ > BC(n—k)z(k), ne L.
k=—o00
Then Theorem says that if is GES in B,, for some 79 € (1,7]
((C(n))n € D(R™™) 4 > 1 and p(A+ B3 32, C(k)) < 1), then the zero
solution of is GES in B,,, too.

In particular, for the time-varying Volterra difference equation with in-
finite delay

n

(2.6) yn+1)=A(n)y(n) + Z B(n, k:,y(k:)), nely,

k=—00

the following is immediate from Theorem

COROLLARY 2.4. Suppose there exist A € R?*™ and C(-) : Zy — R}
such that

|A(n)| < A and |B(n,k,z)| < C(n —k)|z|, VYn,k € Zy, n>k, VYreR™

If (C(n))n € D(R™*™) for somey > 1 and p(A+ > 32, C(k)) < 1 then
(2.6) is GES in B, for some yo € (1,7].

REMARK 2.5. In particular, when A(-) = A € R™*™ and B(n, k,x) :=
C(n—k)x,n >k, x € R™, (2.6) reduces to a linear time-invariant equation
of convolution type

(2.7) y(n+1)=Ay(n) + > Cln—k)y(k), neZy.

k=—00



Stability of Volterra Difference Equations 129

Assume that (C(n)), € [}(R™*™). It is well-known that is uniformly
asymptotically stable if and only if det (Imz —A-Y2,27C (z)) 2# 0 for all
z € C with |z] > 1 (see e.g. [E09, Theorem 3.2]). Note that this condition
holds if p(|A|+ 2, 1C(i)]) < 1 (see e.g. INNSM, Theorem 3.10]). Moreover,
if is uniformly asymptotically stable then it is GES if and only if
((C(n))n € 1Y(R™*™) for some v > 1 (see e.g. [ES]). Therefore, Corollary
can be seen as a “generalization” of [ES, Theorem 5| to semilinear time-
varying equations of the form .

We illustrate Theorem [2.2] by an example.

EXAMPLE 2.6. Consider equation (2.1)) in R? with F(-,-,-) and G(-,-,")
defined by

2 2
Pl gy = ( Vst n) + 5 -+ gpe
arctan (g 2L~ + % + 3y2)

6(n+1)
and
an— kl
G, k. 7) = In (14 g55 k)+1][3(n “7a)
s vy z1 (@)~ k 3a" kg,
16 \2 2[2(n—k)+3][2(n—k)+5]
where a € (0,1), 7 := (z1,22)T, y:= (y1,2)T €ER ne€Zy, kE€Z, n>k.
Since
2 2 1 1
\/1“114 n2(nas) + % +yle s < ol + f!xz\ + l,
nry 119y
t 3 < - 3
arc an(ﬁ(n+1)+ 5 + y2) < |$1|7L |CU1‘+ Y2l

3¢~ R ank g | 3a" "k
In {1+ <
413(n — k) + 1][3(n — k) + 4] 413(n — k) + 1][3(n — k) + 4]
for all z;,y; e R, i€ {1,2}, n € Zy, k € Z, n > k, it follows that

[F(n,2,9)| < Ale + Blyl,  [G(n,k,2)| < C(n — k)lal,

e (1/12 1/8>’ :< 1 0)7
1/6 0 11/6 3

C(k) = o (3k+1)(3k+4) 0
T 3

|$1|7

where

, keZy.
ok 2(2k+3)(2k+5)
Furthermore, since

1/4 0 >
Z (1/8 1/4) A+BY C(k)<M

k= k=0

i
VY

1/3 1/8
1 3/4)°
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we have

p(A+BkZOC(k:)> < p(M) = i(13+ VOT) < 1.

Let R2*2 be endowed with the 1-norm (see e.g. [E05]), that is, for A =
(ai;) € R, ||A|ly = maxicj<a 7 |aj|. Note that [|[C(k)[1 < ta* for
all k € Zy. Choosing B € (1,a™1), we have > 3%, ||C(k)|[18% < oco. Thus,
(C (k)i € I°(R?*2) and so the zero solution of is GES in Bg, for some

Bo € (1, 5], by Theorem

3. Stability of perturbed systems. Suppose (Hj)-(H2) hold and
p(A+ B> ;2,C(k)) < 1. Thus, the zero solution of (2.1) is GES in B,
for some vy € (1,7], by Theorem Consider a perturbed equation of the
form

31)  z(n+1)

:F(n,x(n), an G(n,k,m(k)))+ﬁ(n,x(n), an é(n,k,m(k))).

k=—00 k=—00
Here F(-,-,-) and G(,-,-) are as in , whereas
F():Zy xR x R™ - R™ and G(-,-,-): Zy x Zx R™ — R™
are unknown. Furthermore, we assume that
|F(n,z,y)| < Atlz| + Asly|, Vn € Zy, Va,y € R™,
(3.2) { |G(n,k,2)| < Ac(n—k)|z|, Vn€Zy, keZ n>k VoeR™,
(Ag(n)), € IP(R™™)  for some 3 > 1.
where Ay € R™, Ay € RP™ Ag(:) : Zy — R,
We are now in a position to state the main result of this section; its proof
is given in the Appendix.
THEOREM 3.1. Assume that holds. If

- 1

then the zero solution of (3.1) remains GES in B, for some w € (1, By] with
Bo := min{y, B}
REMARK 3.2. When v = 3 = 1, a similar result to Theorem 3.1} but for

uniform asymptotical stability of linear time-invariant Volterra difference
equations of convolution type, can be found in [NNSM) Theorem 5.2].

We illustrate Theorem by an example.
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ExampLE 3.3. Consider a scalar Volterra difference equation with infi-
nite delay

n

(3.4) x(n+1):F<n,w(n), 3 G(n,k,x(k))), ne’Zs,

k=—o00

where

n
F(n,z,y) = arct ,
(n,z,y) = arc an<4n+ . —i—y)

2a" ke
B(n—k)+1][3(n — k) + 4]’
where a € (0,1),n € Zy, k€ Z,n>k, z,y €R.
Since

arcta na +
rctan
dn +1 y

foralln € Z4, k € Z, x,y € R, it follows that
[F(n,2,9)| < Alal + Blyl and [G(n, k,z)| < C(n — K)lal
forall z,y e R, n € Z4, k € Z, n > k, where
1 2a™

A:Z’ B =1, C(n): (3n+1)(3n+4)7

(3.5)

G(n,k,z) =

1
< Z|x\ + |ly| and |2a"_ke_x2| < 2a"F

n€Z+.

Clearly,

A+ B C < - =_-4+2<1
* nzo (”)4+;0(3n+1)(3n+4) 1t3 S

and C(n) < 1a” for all n € Z,.. Choosing v € (1,a™!), we have ay € (0,1)
and > 2, C(n)y™ < oo. Thus, the zero solution of (3.4)) is GES in B,, for

some 7 € (1,7], by Theorem
Consider a perturbed Volterra difference equation with infinite delay of
the form

(3.6) z(n+1)

:F(n,x(n), Zn: G(n,k,x(k)))-i-ﬁ(n,%(n% Zn: é(n,k,x(kz))),

k=—o00 k=—o00

where F(-,-,-) and G(-,-,-) are as in (3.4)—(3.5)), and ﬁ(, -) and é(, -, ) are
given by

. —sin?(nzx)
F(n,z,y) = 220

G(n,k,z) = coskIn(l + Ag(n — k)|z|),

Ty sin(Aqy),
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wherex,y e Rine€Zy, k€ Z,n>k; A(-): Zy — Rand Ag(+) : Z+ — R4
are unknown functions satisfying sup,,c;, [A1(n)| < oo and (Ag(n)), is in
IA1(R) for some (B > 1; A is a positive real parameter.
It is clear that
|F(n,2,y)| < Ayfa] + Agly| and  |G(n, k w)! < Ag(n —k)lzl,

foralz e RyneZy, keZ,n>k, Where Al = 5 SUDPpez, |A1(n)].
By Theorem. 1} the zero solution of (3.6]) is GES in Bg, for some 2 > 1
provided

1

At day Aalk) < ————= oo =%
0 (1_4_2 (3k+1)(3k+4)>

k=0

or equivalently,

Aq +A22AG(7‘3) <1-p,
k=0
where
ak

1 o0
4*}6220 3k+1 (3k + 4)

€(0,1) and a€(0,1).

4. Appendix: Proofs of Theorems and

4.1. Proof of Theorem We show that the zero solution of
is GES in B,, for some g € (1,7] provided p(A+ B ;2 ,C(k)) < 1.
Since p(A+ B 32, C(k)) < 1 and (C(n)), € I7(R™ ™) with v > 1, it
follows that
o0
p(A + BZC’(/{:)’V{“) <1 for some v € (1,7],
k=0
by continuity of the spectral radius. Furthermore, since A+ B> 7 C(k)y¥
> 0and p(A+BY 3, C(k)¥F) < 1, by Theorem(ii), there exists p € R,
p > 0, such that (A + B> 7, C(k)yf)p < p. By continuity, there exists
2 > 1 such that

<A + BiC(lﬂ)fyf)p <y 'p

k=0

Let 79 := min{vy1,7y2}. Clearly, 79 > 1 and

(4.1) (a+BY Clnb)r<vw'p
k=0

We first show that if 79 > « then the zero solution of (2.1)) is GES in B,.
The proof consists of two steps.
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STEP I. We show that
HCC(TL,T],(),QD)” < KAninO) vnano € Z+,Tl 2> no, V‘P € va ”SDH’Y < 17

for some K >0 and A € (0,1).
Since p > 0, there exists M > 1 (independent of ngy) such that |p(n)|y"
< Mp for all n € Z_ and ¢ € B, with ||¢|l, < 1, or equivalently,

(4.2) lp(n—ng)| < My~ (""™)p Yn € Z, n < ng, Y € By, [loll, < 1.

Set A 1=, ! and u(n) := MA"™p, n € Z. From (2.2) and (£.2), it follows
that

(4.3) |z(n)| < u(n), VneZ,n<ng.

It is worth noticing that

@-1),(H1),(Hz) 10
|z(ng + 1)| < Alz(no)|+ B Y Clng — k)|a(k)|
k=—00
3

< Au(no) +B EO: C(no — k)u(k)

k=—o00

no
AMp+B > C(ng — k)MX*p

k=—00

M(A +B i C(k)’y{f)p
k=0

. <7 _
< My'p < My T'p

= u(no + 1).
By induction, we can show that |z(n)| = |z(n,no, )] < MA""0p for all
n > ng. By the monotonicity of vector norms, it follows that
[z(n, 0, @) || < M||p[[ A" = KA, ¥n > ny,
where K := M||p||.
STEP II. We show that holds.

Consider the linear Volterra difference equation
n

(4.4) y(n+1)=Ay(n)+ Y BC(n—kyy(k), neZ,.
k=—00
where A, B,C(+) are as in (H;) and (Ha).
By Step I, we have ||y(n, ng, ¢)|| < KX"~"0 for all n > ng and any ¢ € B,
with [l¢]|y < 1. By the linearity of (4.4),

oo 57|
”SDHV

[y(n,no, @)|| < KA, VYn > ng,

H‘PHW
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for all ¢ € By, ¢ # 0. Therefore,
(4.5) 1y(n,n0, @)l < KA lplly,  Yn=>no, Y € B,
For a given ¢ € By, let z(-) := z(-,ng, ) be the solution of (2.1)-(2-2)
and let y(-) := y(-,no, |p|) be the solution of with the initial condi-
tion y(no + k) = |p|(k),Vk € R_, where |¢|(n) := |p(n)|, n € Z. Since
A,B,C(n) > 0 for n € Z4 and |p| > 0, it follows that y(n) > 0 for all
n > ng.

Note that

1), (1), (H2) 0
< Alz(ng)l+ B ) Clng—k)|z(k)]

k=—o00

(o + 1)

A|(p(())‘ + ZO BC(ng — k)|p(k — ng)|

k=—oc0

= y(no+1).
By induction, |z(n)| < y(n) for all n > ny. By the monotonicity of vector
norms,
(4.6) lz(@)[| < [[lz@)I]| < [ly()ll, ¥ > no.
Thus, follows from and . Hence, the zero solution of is
GES in B,.
If 1 < 79 <« then (Hz) holds for 79 € (1,7). Note that B,, C B, for

Y0 € (1,7]. Therefore, N(-, ) is well-defined on Z, x B,,. Then (2.1 is GES
in B,,, by the above result. This completes the proof. =

4.2. Proof of Theorem [3.1] Let

o0
M:= A+ BC(k).
k=0
By the assumption, p(M) < 1. Since M, A, B, Ay, Ag, Ag(k), k € Z4, are
nonnegative, so is M + Ay + Y 2, AsAg(k). We first show that and
imply

po = p<M+ Ay + ZAQAg(k)) < 1.
k=0

Assume on the contrary that pg > 1. By the Perron-Frobenius Theorem
(Theorem 1.1(i)), there exists x € R, x # 0, such that

(M +AEY AQAg(k))a: = poz,
k=0
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or equivalently,

(4.7) (poln = M)z = (A1 + 3 4 A6(k))2.

k=0
Let H(t) := (tI,, — M), t € R. Since p(M) < 1 < po, H(po)~' and H(1)~!
exist and are nonnegative, by Theorem 1.1(ii). From (4.7)), it follows that

Hi(po)™ <A1 +3 AgAg(k))x -
k=0
Taking norms of both sides of the last equation, we have

(18) 1#p0) 1 (181]+ 3 A2 A (B lal > [l
k=0
Since x # 0, (4.8) implies
- 1
4.9 Aqll + A A (k)| > w——-

On the other hand, the resolvent identity gives
H(1)™ = H(po)™" = (po — 1)(H(po) *H(1)"* > 0.

This yields H(1)™* > H(po)~! > 0. Therefore, |H (1)~} > |[H(po) || > 0.
It follows from (|4.9)) that

s 1 1

A A A (k)| > = .

il 2 142460 > yry = 7, = A= By, e
However, this conflicts with . Therefore, pg < 1.

We now show that the zero solution of is GES in B, for some w €
(1, Bol], with By := min{~, 8}. Since (C(n)), € I"(R™*™) and (Ag(n)), €
18(R™ ™) we have (C(n) + Ag(n)), € 1°(R™ ™). The remainder of the
proof is similar to that of Theorem [2.2] and is omitted. m
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