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FUNCTIONAL ANALYSIS

Topologially Invertible Elements and Topologial SpetrumbyMati ABEL and Wiesªaw �ELAZKOPresented by Stanisªaw KWAPIE�
Summary. Properties of topologially invertible elements and the topologial spetrumof elements in unital semitopologial algebras are studied. It is shown that the inversion
x 7→ x−1 is ontinuous in every invertive Fréhet algebra, and singly generated unitalsemitopologial algebras have ontinuous haraters if and only if the topologial spetrumof the generator is non-empty. Several open problems are presented.

1. Introdution1.1. A semitopologial algebra is a real or omplex linear topologialspae with an assoiative separately ontinuous multipliation. An element xin a semitopologial algebra A with unit element eA is said to be left (respe-tively, right) topologially invertible if eA ∈ Ax (respetively, eA ∈ xA) (1), orequivalently, if there is a net (zα)α∈A in A suh that limα zαx = eA (respe-tively, limα xzα = eA). An element x in A is topologially invertible if it isleft and right topologially invertible. The set of all left (respetively, right)invertible elements in A will be denoted by Gl(A) (respetively, Gr(A)), andthe set of all topologially left (respetively, right) invertible elements in Aby Gt
l(A) (respetively, Gt

r(A)). Hene, the set G(A) of all invertible ele-ments equals Gl(A)∩Gr(A), and the set Gt(A) of all topologially invertibleelements equals Gt
l(A) ∩ Gt

r(A). It is easy to see that G(A) ⊂ Gt(A). In
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(1) Here and later on U denotes the losure of U in A.[257℄
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partiular, when G(A) = Gt(A), A is alled an invertive algebra (2) (see [2,p. 14℄); and a topologially invertible element is said to be proper (see [20,p. 323℄) if it is non-invertible. Properties of topologially invertible elementshave been studied in several papers, for example, in [2℄, [6℄�[9℄, [11℄, [13℄�[16℄and [18℄�[20℄.1.2. Let A be a semitopologial algebra, and m(A) the set of all losedtwo-sided ideals in A whih are maximal as left or right ideals in A. A semi-topologial algebra A over K is alled a Gelfand�Mazur algebra if A/M (inthe quotient topology) is topologially isomorphi to K for eah M ∈ m(A),and a simpliial algebra if every losed regular left (respetively, right) idealof A is ontained in some losed maximal left (respetively, right) ideal of A.Main lasses of Gelfand�Mazur algebras have been desribed in [1℄ or [4℄.It is known (see [5, Corollary 5℄ (3)) that every ommutative unital loally
m-pseudoonvex Hausdor� algebra is simpliial.1.3. Let A be a semitopologial algebra over K with unit element eA,
M(A) the set of all ontinuous K-valued haraters (non-zero multipliativelinear funtionals) on A,

σA(x) = {λ ∈ K : x − λeA 6∈ G(A)}the (algebrai) spetrum of x ∈ A, and
̺A(x) = sup{|λ| : λ ∈ σA(x)}the (algebrai) spetral radius of x. The (algebrai) spetrum σA(x) and thespetral radius ̺A(x) of x play an important role in invertive algebras. Fornon-invertive algebras a similar role is played by the topologial spetrum

σt
A(x) = {λ ∈ K : x − λeA 6∈ Gt(A)}and the topologial spetral radius

̺t(x) = sup{|λ| : λ ∈ σt
A(x)}.Similarly to the spetral radius, we set ̺t

A(x)=0 if σt
A(x)=∅, and ̺t

A(x)=∞if σt
A(x) is unbounded. It is easy to see that σt

A(x) ⊂ σA(x) and ̺t
A(x) ≤

̺A(x) for eah x ∈ A. Moreover, A is invertive if and only if σt
A(x) = σA(x)for eah a 6∈ G(A). Indeed, if A is invertive, then σt

A(x) = σA(x) for eah
a ∈ A. Conversely, let a ∈ A \G(A). Then 0 ∈ σA(a). If now σA(a) = σt

A(a),then a 6∈ Gt(A). Hene, G(A) = Gt(A), and so A is invertive.
(2) It is known (see [2, Corollary 2℄) that every omplete unital loally m-pseudoonvexalgebra is an invertive algebra, but any ommutative unital F -algebra with a disontinuousinverse is not (see [19, Proposition 4℄).
(3) For omplete algebras see [3, Proposition 2℄ or [10, Corollary 7.1.14℄, and for loally

m-onvex Hausdor� algebras see [12, pp. 321�322℄.
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Let x ∈ A, ϕ ∈ M(A) and x − ϕ(x)eA ∈ Gt(A). Then there are nets

(xα)α∈A and (yµ)µ∈M in A suh that both ((x − ϕ(x)eA)xα)α∈A and
(yµ(x − ϕ(x)eA))µ∈M onverge to eA. Sine ϕ is ontinuous, the nets
(ϕ(x−ϕ(x)eA)ϕ(xα))α∈A and (ϕ(x−ϕ(x)eA)ϕ(yµ))µ∈M then onverge to 1,but this is not possible, beause ϕ(x − ϕ(x)eA) = 0. Hene, x − ϕ(x)eA 6∈
Gt(A) for eah ϕ ∈ M(A). Consequently,

{ϕ(x) : ϕ ∈ M(A)} ⊂ σt
A(x)for eah x ∈ A. In partiular, if M(A) is not empty and

σt
A(x) = {ϕ(x) : ϕ ∈ M(A)}for eah x ∈ A, we will say that x has funtional topologial spetrum.1.4. In this paper, we will study the properties of topologially invert-ible elements and of the topologial spetrum of elements in unital semi-topologial algebras. Among other results, it is shown that (a) the set ofall topologially invertible elements in any unital Fréhet (that is, ompleteand metrizable) algebra is a Gδ-set; (b) if the inversion in a unital Fréhetalgebra A is disontinuous, then A has left and right dense ideals; () if A isa ommutative omplex unital semitopologial algebra, then the topologialspetrum has the spetral mapping property; (d) every element of a om-mutative unital simpliial Gelfand�Mazur algebra has funtional topologialspetrum; and (e) if every element in a unital semitopologial algebra Ahas funtional topologial spetrum, then the topologial spetral radius isa submultipliative seminorm on A. Several open problems are presented atthe end of paper.2. Properties of Gt(A) for a Fréhet algebra A. Let A be a unital(real or omplex) non-ommutative Fréhet algebra with F -norm ‖ · ‖, i.e.with a funtion x 7→ ‖x‖ on A suh that(i) ‖x‖ ≥ 0 for eah x ∈ A, and ‖x‖ = 0 if and only if x = θA (4);(ii) ‖x + y‖ ≤ ‖x‖ + ‖y‖ for all x, y ∈ A;(iii) (λ, x) 7→ ‖λx‖ is a jointly ontinuous map from K × A to R+.Let ‖eA‖ = 1, and

gl(x) = inf
u∈A

‖ux − eA‖ and gr(x) = inf
u∈A

‖xu − eA‖for eah x ∈ A. Then
Gt

l(A) = {x ∈ A : gl(x) = 0} and Gt
r(A) = {x ∈ A : gr(x) = 0}.

(4) Here and below, θA denotes the null element of A.
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Lemma 1. Let A be a unital non-ommutative Fréhet algebra. Then thesets

Sl,λ = {x ∈ A : gl(x) < λ} and Sr,λ = {x ∈ A : gr(x) < λ}are open in A for any λ > 0.Proof. The proof is similar to the proof of Lemma 1 in [19℄.Corollary 1. The funtion gl is ontinuous at all points of Gt
l(A), and

gr is ontinuous at all points of Gt
r(A).It is known (see [19, Proposition 3℄) that Gt(A) is a Gδ-set for any om-mutative unital F -algebra A. In the non-ommutative ase, we haveProposition 1. Let A be a non-ommutative unital F -algebra. Then

Gt
l(A), Gt

r(A) and Gt(A) are Gδ-sets.Proof. Sine
Gt

l(A) =
⋂

n∈N

{x ∈ A : gl(x) < 1/n}, Gt
r(A) =

⋂

n∈N

{x ∈ A : gr(x) < 1/n},

Gt
l(A) and Gt

r(A) are Gδ-sets by Lemma 1. Therefore so is Gt(A) as theintersetion of two Gδ-sets.Corollary 2. Let A be a unital F -algebra. If the inversion x 7→ x−1 isdisontinuous in A, then Gt(A) \ G(A) 6= ∅.Proof. It is known (see, for example, [17, Theorem 1.6℄) that the inversionis ontinuous in A if and only if G(A) is a Gδ-set and G(A) ⊂ Gt(A). If theinversion is disontinuous, then Gt(A) \ G(A) 6= ∅ by Proposition 1.Corollary 3. In every invertive Fréhet algebra the inversion is on-tinuous.Corollary 4. If the inversion is disontinuous in a unital F -algebra A,then A has a dense left and a dense right ideal.Proof. By Corollary 2 there is an element
x ∈ (Gt

l(A) ∩ Gt
r(A)) \ G(A).Suppose that x ∈ Gl(A). Then there exists a ∈ A suh that ax = eA. Sine

x ∈ Gt
r(A) as well, there is a sequene (xn) ⊂ A suh that (xxn) onvergesto eA. This implies that (xn) onverges to a and xa = eA. Thus x ∈ G(A),whih is not the ase. Similarly, from x ∈ Gr(A) it follows that x ∈ G(A),whih is again impossible. Consequently,

x ∈ (Gt
l(A) \ Gl(A)) ∩ (Gt

r(A) \ Gr(A)).This means that the left ideal Ax and the right ideal xA are dense in A.
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3. Singly generated topologial algebras. We say that a semitopo-logial algebra A is singly generated by an element x0 ∈ A (the generator)if the set of all polynomials in x0 (with real oe�ients in the ase of a realalgebra) is dense in A. We now show how the topologial spetrum an beused to deide when a unital singly generated semitopologial algebra A hasontinuous haraters (5). In this ase A is ommutative.Proposition 2. Let A be a unital singly generated (real or omplex )semitopologial algebra and x0 the generator of A. Then there is a one-to-oneorrespondene between the elements in M(A) and the salars in σt

A(x0).Proof. Suppose that σt
A(x0) 6= ∅ and �x λ ∈ σt

A(x0). Let A0 be thesubalgebra of A onsisting of all polynomials p in x0 (then A0 is a densesubalgebra of A) and let
(a) fλ(p(x0)) = p(λ).We show that fλ is a harater on A0. To this end, we �rst have to showthat fλ is well de�ned, i.e. if p1(x0) = p2(x0), then p1(λ) = p2(λ), or that
p(x) = 0 implies p(λ) = 0. If this is not so, i.e. if p(x0) = 0 but p(λ) 6= 0,then the relation

p(x0) − p(λ)eA = (x0 − λeA)q(x0, λ)for some polynomial q in two variables implies that
eA = −[p(λ)]−1(x0 − λeA)q(x0, λ),i.e. λ is not in the (algebrai) spetrum σA(x0). So, λ annot be in the(smaller) spetrum σt
A(x0), whih gives a ontradition. Hene, the formula(a) de�nes a multipliative linear funtional on A0.We now show that fλ is ontinuous. Indeed, if not, then f−1

λ (0) is densein A0, and so there is a net (pα)α∈A ⊂ f−1
λ (0) suh that (pα(x0))α∈A tendsto eA. Sine

pα(x0) = (x0 − λeA)qα(x0, λ) = rα(x0, λ)(x0 − λeA)for some polynomials qα and rα in two variables, x0−λeA is topologially in-vertible, whih is a ontradition, sine λ ∈ σt
A(x0). Thus, fλ is a ontinuousharater on A0 and extends by ontinuity to an element of M(A), whih wealso denote by fλ. Then

(b) fλ(x0) = λ,so that to di�erent salars λ orrespond di�erent funtionals in M(A).Conversely, assume that M(A) 6= ∅, let f ∈ M(A), and put λ = f(x0).Then x = x0 − λeA ∈ f−1(0) and x is not topologially invertible, as other-
(5) This result has been extended by the seond author to �nitely generated ommu-tative topologial algebras (see [21℄).
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wise there is a net (uα)α∈A with (uαx)α∈A → eA, whih is impossible (be-ause then 0 = f(uαx) → f(eA) = 1 for eah α ∈ A). Thus λ ∈ σt

A(x0) andthe onlusion follows (the announed one-to-one orrespondene is givenby (b)).Thus we have a situation somewhat similar to that of singly generated(unital) Banah algebras, where the spetrum of the generator an be iden-ti�ed with the maximal ideal spae (equipped with the Gelfand topology)both as a set and as a ompat spae. The example below shows that thetwo sets may not be homeomorphi in general.
Example. Let A be the Cartesian produt of ontinuum many opies ofthe �eld of salars, provided with the oordinatewise algebra operations andthe produt topology. We an identify A with the algebra of all salar-valuedfuntions on the omplex plane C with the topology of pointwise onvergene.This topology is given by the seminorms ‖x‖S = maxζ∈S |x(ζ)| for eah

x ∈ A, where S runs over the family F of all �nite subsets of C. Clearly,
A is a omplete multipliatively onvex algebra, and all its multipliativelinear funtionals are ontinuous and are of the form fζ(x) = x(ζ), where
ζ ∈ C (see, e.g., [14℄). The algebra A is singly generated by the fution
x0 de�ned by x0(ζ) = ζ. In fat, for any x in A and S in F , there isa polynomial p with salar oe�ients suh that p(x)(ζ) = x(ζ) for all ζin S. Thus ‖p(x) − x‖S = 0 and x an be approximated by polynomialsof x. We an identify M(A) with C as a set, but, as shown below, not asa topologial spae, beause the Gelfand topology of M(A) is disrete. Toshow this, onsider the element x1 of A given by

x1(ζ) =

{
1 if ζ = 0,
0 otherwise,and the harater f0(x) = x(0). Its neighbourhood

U(f ; x1, 1/2) = {f ∈ M(A) : |f(x1) − f0(x1)| < 1/2}in the Gelfand topology onsists of f0 only, and our laim follows.As a orollary to Proposition 2 we obtain the followingProposition 3. A singly generated unital semitopologial (real or om-plex ) algebra has a ontinuous harater if and only if the topologial spe-trum of its generator is non-empty.
Remark. The above result fails to be true if we replae the topologialspetrum by the algebrai spetrum. The B0-algebra Lω[0, 1] of Arens (see[8℄ or [20, Example 10.5℄), equal to ⋂

∞

p=1 Lp[0, 1], is singly generated (6) bythe funtion x0, where x0(t) = t for eah t ∈ C (that is, the subalgebra of
(6) All algebrai operations in Lω[0, 1] are de�ned pointwise.
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all polynomials in x0 is dense in Lω[0, 1]). Then σLω[0,1](x0) = [0, 1] 6= ∅. Onthe other hand (see [20, Subsetion 14.2℄), Lω[0, 1] has no haraters and sono ontinuous haraters. It an be easily seen that the translates x0 − λewith 0 ≤ λ ≤ 1 are not invertible and not topologially invertible. Therefore,
σt

Lω[0,1](x0) = ∅ (this also follows from Proposition 3).4. Topologial spetrum4.1. Properties of the topologial spetrum. Let A be a unital semitopo-logial algebra. The topologial spetrum of elements of A has several prop-erties similar to the (algebrai) spetrum. It is easy to see that σt
A(θA) = {0},

σt
A(eA) = {1} and σt

A(e) = {0, 1} for any idempotent e of A with e 6= θAand e 6= eA. Moreover, we haveProposition 4. Let A be a unital semitopologial algebra. For any x, y
∈ A with σt

A(x) 6= ∅ and σt
A(xy) 6= ∅ and µ ∈ K we have(a) σt

A(µx) = µσt
A(x);(b) σt

A(µeA + x) = µ + σt
A(x);() if x ∈ G(A), then σt

A(x−1) = {λ−1 : λ ∈ σt
A(x)};(d) σt

A(xy) ∪ {0} = σt
A(yx) ∪ {0}.Proof. Sine µx − λeA = µ(x − µ−1λeA) for all µ 6= 0 and λ ∈ K, itfollows that λ ∈ σt

A(µx) if and only if µ−1λ ∈ σt
A(x). Therefore

σt
A(µx) ⊂ µσt

A(x) = µσt
A(µ−1(µx)) ⊂ σt

A(µx)for µ 6= 0. Thus, we have (a) for µ 6= 0 (if µ = 0, then (a) also holds).Similarly to (a), the equality (b) follows from the identity
(µeA + x) − λeA = x − (λ − µ)eA,and () follows from

x−1 − λ−1eA = (−λ−1x−1)(x − λeA) = (x − λeA)(−λ−1x−1),beause (−λ−1x−1)(x − λeA) = (x − λeA)(−λ−1x−1) for eah x ∈ G(A).To prove (d), we �rst show that eA−xy ∈ Gt(A) if and only if eA −yx ∈
Gt(A). Let eA − xy ∈ Gt(A). Then there exist nets (uα)α∈A and (vβ)β∈B in
A suh that ((eA − xy)uα)α∈A and (vβ(eA − xy))β∈B onverge to eA. Sine

(yux + eA)(eA − yx) = y[u(eA − xy)]x + eA − yxand
(eA − yx)(yux + eA) = y[(eA − xy)u]x + eA − yxfor all x, y, u ∈ A and the multipliation in A is separately ontinuous, thenets ((yvβx + eA)(eA − yx))β∈B and ((eA − yx)(yuαa + eA))α∈A onvergeto eA. Hene, eA − yx ∈ Gt(A). By symmetry, eA − yx ∈ Gt(A) implies

eA − xy ∈ Gt(A).
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Let now λ ∈ σt

A(xy). Then xy − λeA 6∈ Gt(A). Sine
xy − λeA = −λ(eA − (λ−1x)y)for λ 6= 0, we have eA − (λ−1y)x 6∈ Gt(A). Hene, λ ∈ σt

A(yx). Thus
σt

A(xy) ∪ {0} ⊂ σt
A(yx) ∪ {0}.Interhanging x and y, we get the reverse inlusion.Lemma 2. Let A and B be unital semitopologial algebras and π a on-tinuous homomorphism from A into B suh that π(eA) = eB. Then

σt
B(π(x)) ⊂ σt

A(x)for all x ∈ A.Proof. Let λ ∈ σt
B(π(x)). Then π(x − λeA) = π(x) − λeB 6∈ Gt(B).Therefore x − λeA 6∈ Gt(A). Thus λ ∈ σt

A(x).Proposition 5. Let A and B be unital semitopologial algebras and π aontinuous open homomorphism from A onto B. If there exists a neighbour-hood O of zero in A suh that eA + O + kerπ ⊂ Gt(A), then
σt

B(π(x)) = σt
A(x)for eah x ∈ A.Proof. By Lemma 2, the inlusion σt

B(π(x)) ⊂ σt
A(x) holds. To prove theopposite inlusion, assume that λ 6∈ σt

B(π(x)) and O is as in the statement.Then π(x) − λeB ∈ Gt(B). Therefore there exist nets (xµ)µ∈M and (yν)ν∈Vin A suh that the nets ((π(x)−λeB)π(xµ))µ∈M and (π(yν)(π(x)−λeB))ν∈Vonverge to eB in B. Sine π is open, π(O) is a neighbourhood of zero in B.Hene there exist µ0 ∈ M and ν0 ∈ V suh that
(x − λeA)xµ − eA ∈ π−1(π(O)) = O + ker πwhenever µ > µ0, and
yν(x − λeA) − eA ∈ π−1(π(O)) = O + kerπwhenever ν > ν0. This means that

(x − λeA)xµ ∈ eA + O + kerπ ⊂ Gt(A)whenever µ > µ0 and
yν(x − λeA) ∈ eA + O + ker π ⊂ Gt(A)whenever ν > ν0.Now we �x µ1 > µ0 and ν1 > ν0. Then there exist nets (uα)α∈A and

(vβ)β∈B in A suh that ((x − λeA)(xµ1
uα))α∈A and ((vβyν1

)(x − λeA))β∈Bonverge to eA in A. Consequently, x − λeA ∈ Gt(A), i.e. λ 6∈ σt
A(x). Thus,

σt
A(x) ⊂ σt

B(π(x)) holds as well.
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Corollary 5. Let A be a unital semitopologial algebra, I a two-sidedideal of A and π the anonial homomorphism from A onto A/I. If thereexists a neighbourhood O of zero in A suh that eA + O + I ⊂ Gt(A), then

σt
A/I(π(x)) = σt

A(x)for eah x ∈ A.Corollary 6. Let A and B be unital semitopologial algebras and π ahomomorphism and homeomorphism from A into B suh that π(eA) = eB.If (a) Gt(A) is open in Aor (b) Gt(π(A)) = Gt(B) ∩ π(A),then
σt

B(π(x)) = σt
A(x)for eah x ∈ A.Proof. The inlusion σt

B(π(x))⊂σt
A(x) holds for eah x∈A, by Lemma 2.If A satis�es ondition (a) and π is one-to-one, then the opposite inlusionalso holds for eah x ∈ A, by Proposition 5. Let now A and π satisfy on-dition (b). Let x ∈ A and λ 6∈ σt

B(π(x)). Then π(x − λeA) ∈ Gt(π(A))by (b). Therefore there exist nets (xµ)µ∈M and (yµ)ν∈V in A suh thatboth (π[(x − λeA)xµ])µ∈M and (π[yν(x − λeA)])ν∈V onverge to π(eA) in
π(A). Sine π−1 is ontinuous, ((x−λeA)xµ)µ∈M and (yν(x−λeA))ν∈V on-verge to eA in A. Hene, x − λeA ∈ Gt(A), i.e. λ 6∈ σt

A(x). Consequently,
σt

A(x) ⊂ σt
B(π(x)).Proposition 6. Let A and B be unital semitopologial algebras and πa ontinuous homomorphism from A into B. If B is a Hausdor� spae and

π(A) is dense in B, then
Gt(π(A)) = Gt(B) ∩ π(A).Proof. It is easy to see that Gt(π(A)) ⊂ Gt(B) ∩ π(A). To prove theopposite inlusion, let O be a neighbourhood of zero in π(A) (then there is aneighbourhood O′ of zero in B with O = O′∩π(A)) and let y ∈ Gt(B)∩π(A).Then there are x ∈ A suh that y = π(x) and a neighbourhood O1 of zeroin B suh that yO1 + O1, O1y + O1 ⊂ O. Sine y ∈ Gt(B), there exist nets

(yµ)µ∈M and (zµ)ν∈V in B suh that (yyµ)µ∈M and (zνy)ν∈V onverge to eB.Therefore, there are µ0 ∈ M and ν0 ∈ V suh that yyµ − eB ∈ O1 whenever
µ > µ0, and zνy − eB ∈ O1 whenever ν > ν0. Let µ1 ∈ M and ν1 ∈ V besuh that µ1 > µ0 and ν1 > ν0. Then yyµ1

− eB ∈ O1 and zν1
y − eB ∈ O1.Sine π(A) is dense in B, there are nets (uα)α∈A and (vβ)β∈B suh that

(π(uα))α∈A onverges to yµ1
and (π(vβ))β∈B onverges to zν1

. Hene, there
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are λ0 ∈ A and β0 ∈ B suh that π(uα) − yµ1

∈ O1 whenever α > α0, and
π(vβ) − zν1

∈ O1 whenever β > β0. Taking this into aount (7),
π(x)π(uα) − π(eA) = π(x)[π(uα) − yµ1

] + π(x)yµ1
− eB ∈ yO1 + O1 ⊂ O′whenever α > α0, and

π(vβ)π(x) − π(eA) = [π(vβ) − zν1
]π(x) + zν1

π(x) − eB ∈ O1y + O1 ⊂ O′whenever β > β0. Consequently, (π(x)π(uα))α∈A and (π(vβ)π(x))β∈B on-verge to π(eA) in π(A). Thus, y ∈ Gt(π(A)).Corollary 7. Let A and B be unital semitopologial algebras and π aontinuous homomorphism from A into B. If B is a Hausdor� spae and
π(A) is dense in B, then

σt
π(A)(π(a)) = σt

B(π(a))for eah a ∈ A.Proof. Let a ∈ A. If λ ∈ σt
π(A)(π(a)), then π(a) − λπ(eA) 6∈ Gt(π(A)).Hene, π(a) − λπ(eA) 6∈ Gt(B), by Proposition 6. Therefore, λ ∈ σt

B(π(a)).Thus,
σt

π(A)(π(a)) ⊂ σt
B(π(a)).The opposite inlusion holds similarly, by Proposition 6.Corollary 8. Let A be a unital semitopologial Hausdor� algebra, Ã theompletion of A and τ the homeomorphism from A into Ã de�ned by theompletion of A. Then

σt
Ã
(τ(a)) = σt

A(a)for eah a ∈ A (8).Proof. Sine τ(A) is dense in Ã, the assertion holds by Corollary 6.4.2. Spetral mapping property for the topologial spetrum. To provethe spetral mapping theorem for the topologial spetrum, we need thefollowingLemma 3. Let A be a ommutative unital semitopologial algebra, n ∈ Nand x1, . . . , xn ∈ A. Then x1 · · ·xn ∈ Gt(A) if and only if xi ∈ Gt(A) foreah i ∈ Nn (9).
(7) Sine B is a Hausdor� spae and π is ontinuous, and π(A) is dense in B, we have

π(eA) = eB .
(8) For unital omplex metrizable algebras this result is known (see [19, Proposi-tion 16℄).
(9) Here and below, Nn = {1, 2, . . . , n} for eah n ∈ N.
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Proof. Let x = x1 · · ·xn ∈ Gt(A). Then there exists a net (zα)α∈A in Asuh that (xzα)α∈A onverges to eA. Therefore

(xi(x1 · · ·xi−1 · xi+1 · · ·xnzα))α∈Aonverges to eA for eah i ∈ Nn. Now for eah �xed α ∈ A we put w1
α =

x2 · · ·xnzα, wi
α = x1 · · ·xi−1 · xi+1 · · ·xnzα for eah i with 2 ≤ i ≤ n− 2 and

wn
α = x1 · · ·xn−1zα. Then for any i ∈ Nn the net (xiw

i
α)α∈A onverges to eA.Hene, xi ∈ Gt(A) for 1 ≤ i ≤ n.Conversely, let xi ∈ Gt(A) for any 1 ≤ i ≤ n. Using indution, it issu�ient to onsider the ase n = 2. Sine x1 ∈ Gt(A), there exists a net

(zα)α∈A in A suh that (x1zα)α∈A onverges to eA, so for any (open) neigh-bourhood U of zero in A there is α0 ∈ A suh that x1zα ∈ eA + U whenever
α ≥ α0. Moreover, sine x2 ∈ Gt(A), there exists a net (vβ)β∈B in A suh that
(vβx2)β∈B onverges to eA. Now (vβx2(x1zα))β∈B onverges to x1zα for eah�xed α ∈ A. Sine eA +U is a neighbourhood of x1zα for eah α ≥ α0, thereexists β0 ∈ B suh that (vβzα)x1x2 ∈ eA + U for eah α ≥ α0 and β ≥ β0.Hene, there is a net (vβzα)(β,α)∈B×A in A suh that ((vβzα)(x1x2))(β,α)∈B×Aonverges to eA. Consequently, x1x2 ∈ Gt(A).Proposition 7. Let A be a ommutative omplex unital semitopologialalgebra. Then

σt
A(p(x)) = p(σt

A(x))for any omplex non-onstant polynomial p and element x ∈ A.Proof. Fix a polynomial p of degree n > 0 and x ∈ A. If λ ∈ σt
A(x),then x− λeA 6∈ Gt(A). Sine p(x)− p(λ)eA = (x− λeA)r(x, λ) (where r is apolynomial in two variables), we have p(x) − p(λ)eA 6∈ Gt(A) by Lemma 3,i.e. p(λ) ∈ σt

A(p(x)). Thus, p(σt
A(x)) ⊂ σt

A(p(x)).Conversely, let µ ∈ σt
A(p(x)). Then g(t) = p(t)−µ = α(t−µ1) · · · (t−µn),where α, µ1, . . . , µn ∈ C, α 6= 0 and µ1, . . . , µn are the zeros of g. It followsthat p(µi) = µ for eah 1 ≤ i ≤ n. Now we have the fatorization g(x) =

p(x) − µeA = α(x − µ1eA) · · · (x − µneA). Sine µ ∈ σt
A(p(x)), it followsthat g(x) 6∈ Gt(A). Hene, x − µkeA 6∈ Gt(A) for some k by Lemma 3, i.e.

µk ∈ σt
A(x). Therefore, µ = p(µk) ∈ p(σt

A(x)). Thus σt
A(p(x)) ⊂ p(σt

A(x)).4.3. Funtional topologial spetrum. Next we desribe the lass of semi-topologial algebras, all elements of whih have funtional topologial spe-trum.Proposition 8. Let A be a ommutative unital simpliial Gelfand�Ma-zur algebra. If ϕ(a) 6= 0 for eah ϕ ∈ M(A) (10), then a ∈ Gt(A).
(10) Sine A is a ommutative unital simpliial Gelfand�Mazur algebra, M(A) is notempty.



268 M. Abel and W. �elazko
Proof. Let a ∈ A be suh that ϕ(a) 6= 0 for eah ϕ ∈ M(A). Supposethat a 6∈ Gt(A). Then there is a losed maximal ideal M in A suh that

aA ⊂ M (beause A is simpliial). Sine A is also a Gelfand�Mazur algebra,there exists ϕ ∈ M(A) suh that M = kerϕ. Hene, ϕ(a) = 0, ontrary toassumption.Corollary 9. Every element of a ommutative unital simpliial Gel-fand�Mazur algebra has funtional topologial spetrum.Proof. Let a ∈ A and λ ∈ σt
A(a). Then a − λeA 6∈ Gt(A). Hene, byProposition 8, there is a ϕ ∈ M(A) suh that ϕ(a) = λ. Thus, σt

A(a) ⊂
{ϕ(x) : ϕ ∈ M(A)}.Corollary 10. Every element of a ommutative unital loally
m-pseudoonvex Hausdor� algebra has funtional topologial spetrum.Proof. Every ommutative unital loally m-pseudoonvex Hausdor� al-gebra is a simpliial algebra (see [5, Corollary 5℄) and a Gelfand�Mazuralgebra (see, for example, [1, Corollary 2℄). Now apply Corollary 9.4.4. Properties of topologial spetral radius. Now we list some propertiesof the topologial spetral radius.Proposition 9. Let A be a semitopologial algebra. The topologial spe-tral radius ̺t

A has the following properties:(a) ̺t
A(µx) = |µ|̺t

A(x) for all x ∈ A and µ ∈ K;(b) ̺t
A(xy) = ̺t

A(yx) for all x, y ∈ A;() if A is ommutative, then ̺t
A(xn) = ̺t

A(x)n for all x ∈ A and n ∈ N.In partiular , if every element in A has funtional topologial spetrum, then(d) ̺t
A(x + y) ≤ ̺t

A(x) + ̺t
A(y) for all x, y ∈ A;(e) ̺t

A(xy) ≤ ̺t
A(x)̺t

A(y) for all x, y ∈ A.Proof. Let x ∈ A be suh that σt
A(x) 6= ∅, and µ ∈ K \ {0} (the asewhen µ = 0 is trivial). Sine σt

A(µx) = µσt
A(x) for eah µ ∈ K by Proposition4(a), we have |λ| ≤ |µ|̺t

A(x) for all λ ∈ σt
A(µa) and µ ∈ K. Therefore, therelations

̺t
A(µx) ≤ |µ|̺t

A(x) = |µ|̺t
A(µ−1(µx)) ≤ ̺t

A(µx)yield (a). Statements (b) and () follow from Proposition 4(d) and Propo-sition 7 respetively. If A has funtional topologial spetrum, then we anrepresent every λ ∈ σt
A(x + y) in the form λ = ϕ0(x) + ϕ0(y) for some

ϕ0 ∈ M(A). Sine
|λ| ≤ |ϕ0(x)| + |ϕ0(y)| ≤ ̺t

A(x) + ̺t
A(y),statement (d) follows. Statement (e) is proved similarly.
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Corollary 11. Let A be a unital semitopologial algebra. If every ele-ment of A has funtional topologial spetrum, then the topologial spetralradius is a submultipliative seminorm on A.Corollary 12. Let A be a ommutative unital loally m-pseudoonvexHausdor� algebra. Then the topologial spetral radius is a submultipliativeseminorm on A.5. Open problems. Now we state several open problems, onnetedwith topologial invertibility of elements.5.1. Let A be a semitopologial algebra and x ∈ Gt(A). Then there existnets (xα)α∈A and (yµ)µ∈M suh that limα xαx = eA and limµ xyµ = eA. Let

Gt
0(A) = {x ∈ Gt(A): there exists a net (xα)α∈A suh that limα xαx = eAand limα xxα = eA}. If A is ommutative, then Gt

0(A) = Gt(A).Problem 1. Does there exist a non-ommutative semitopologial algebra
A for whih Gt

0(A) = Gt(A)?5.2. By Corollary 2, if A is a unital Fréhet algebra with disontinuousinversion x 7→ x−1, then Gt(A) \ G(A) 6= ∅, but the onverse is open so far.Problem 2. Let A be a unital Fréhet algebra. Does the disontinuity ofthe inversion x 7→ x−1 on G(A) follow from Gt(A) \ G(A) 6= ∅?5.3. By [18, Theorem 2℄, there is a semitopologial algebra A with Gt(A)
= A.Problem 3. For whih semitopologial algebras A does Gt(A) = A hold?Problem 4. For whih semitopologial algebras A does G(A) = Gt(A)hold?5.4. We have the following result.Proposition 10. A semitopologial algebra A is a Q-algebra (11) if andonly if Gt(A) is open and σt

A(a) = σA(a) for eah a ∈ A \ G(A).Proof. If A is a Q-algebra, then Gt(A) = G(A). Therefore, Gt(A) is openin A and σt
A(a) = σA(a) for eah a ∈ A \ G(A).Conversely, let A be a semitopologial algebra suh that Gt(A) is openand σt

A(a) = σA(a) for eah a ∈ A \ G(A). If now a ∈ A \ G(A), then
0 ∈ σA(a). Therefore there exists a sequene (λn) in σt

A(a) whih onvergesto 0. Sine a − λneA ∈ A \ Gt(A) and A \ Gt(A) is losed in A, we have
a ∈ A \ Gt(A). Thus, G(A) = Gt(A). Consequently, A is a Q-algebra.Problem 5. Desribe the elements of a semitopologial algebra A forwhih σt

A(a) = σA(a).
(11) That is, G(A) is open in A.
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5.5. If A is an algebra and B a maximal ommutative subalgebra of A,then σA(a) = σB(a). It is not lear whether a similar result holds for thetopologial spetrum.Problem 6. Let A be a semitopologial algebra. Does there exist a max-imal ommutative subalgebra suh that σt

A(a) 6= σt
B(a) for some a ∈ A?

Referenes[1℄ M. Abel, Gelfand�Mazur algebras, in: Topologial Vetor Spaes, Algebras and Re-lated Areas (Hamilton, ON, 1994), Longman, Harlow, 1994, 116�129.[2℄ �, Advertive topologial algebras, in: General Topologial Algebras (Tartu, 1999),Math. Stud. (Tartu) 1, Est. Math. So., Tartu, 2001, 14�24.[3℄ �, Desriptions of the topologial radial in topologial algebras, ibid., 25�31.[4℄ �, Survey of results on Gelfand�Mazur algebras, in: Non-Normed Topologial Al-gebras (Rabat, 2000), E. N. S. Takaddoum Publ., Rabat, 2004, 14�25.[5℄ �, Indutive limits of Gelfand�Mazur algebras, Int. J. Pure Appl. Math. 16 (2004),363�378.[6℄ M. Akkar, A. Beddaa et M. Oudadess, Sur une lasse d'algèbres topologiques, Bull.Belg. Math. So. Simon Stevin 3 (1996), 13�24.[7℄ �, �, �, Topologially invertible elements in metrizable algebras, Indian J. PureAppl. Math. 27 (1996), 1�5.[8℄ R. F. Arens, The spae Lω and onvex topologial rings, Bull. Amer. Math. So. 52(1946), 931�935.[9℄ H. Arizmendi, A. Carillo and L. Palaios, On Qt-algebras, manusript.[10℄ V. K. Balahandran, Topologial Algebras, North-Holland Math. Stud. 185, North-Holland, Amsterdam, 2000.[11℄ S. J. Batt and A. D. Thatte, On topologial invertibility, Indian J. Pure Appl. Math.15 (1984), 1308�1312.[12℄ B. Bekenstein, L. Narii and Ch. Su�el, Topologial Algebras, North-Holland Math.Stud. 24, North-Holland, Amsterdam, 1977.[13℄ A. Beddaa, Algèbres loalement onvexes advertiblement omplètes et ontinuité au-tomatique de morphismes, Thèse Si. Math., Univ. Mohamed V, Rabat, 1997.[14℄ A. Biaªyniki-Birula and W. �elazko, On the multipliative-linear funtionals onthe Cartesian produt of algebras, Bull. Aad. Polon. Si. Sér. Si. Math. Astronom.Phys. 5 (1957), 201�203.[15℄ R. Choukri, A. El Kinani et M. Oudadess, Inversibilité topologique et problème del'idéal fermé, Bol. So. Mat. Mexiana (3) 9 (2003), 109�117.[16℄ K. Luha, Topologial invertibility in topologial algebras, Tartu Ül. Toimetised 940(1992), 71�74.[17℄ W. �elazko, Seleted Topis in Topologial Algebras, Aarhus Univ. Leture Notes31, Aarhus Univ., Aarhus, 1971.[18℄ �, Topologial simpliity of a ertain LF-algebra, Period. Math. Hungar. 35 (1997),145�148.[19℄ �, When a ommutative unital F -algebra has a dense prinipal ideal, in: Topo-logial Algebras and Their Appliations, Contemp. Math. 341, Amer. Math. So.,Providene, RI, 2004, 133�137.[20℄ �, F -algebras: some results and open problems, in: Funtional Analysis and itsAppliations, North-Holland Math. Stud. 197, Elsevier, Amsterdam, 2004, 317�326.



Topologially Invertible Elements 271
[21℄ W. �elazko, Continuous haraters and joint topologial spetrum, submitted.Mati AbelInstitute of Pure MathematisUniversity of TartuLiivi 2-614, 50409 Tartu, EstoniaE-mail: mati.abel�ut.ee

Wiesªaw �elazkoInstitute of MathematisPolish Aademy of SienesP.O. Box 137, �niadekih 800-956 Warszawa, PolandE-mail: zelazko�impan.gov.plReeived June 30, 2006 (7537)


