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Abstrat. We study deformations of the free onvolution arising via invertible transformationsof probability measures on the real line T : µ 7→ Tµ. We de�ne new assoiative onvolutions ofmeasures by

µ ⊞T ν = T
−1(T µ ⊞ T ν).We disuss in�nite divisibility with respet to these onvolutions, and we establish a Lévy�Khinthine formula. We onlude the paper by proving that for any suh deformation of freeprobability all probability measures µ have the Nia�Speiher property, that is, one an �ndtheir onvolution power µ⊞T s for all s ≥ 1. This behaviour is similar to the free ase, as in theoriginal paper of Nia and Speiher [NS℄.1. Introdution. For every invertible transformation of probability measures on thereal line T : µ 7→ Tµ, we are able to de�ne a new assoiative onvolution of measures bythe requirement
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310 Ł. J. WOJAKOWSKIproperty, that is, for any number s ≥ 1 there exists a probability measure µs suh that
µs = µ⊞T s.In Setion 2 we reall the notion of the free onvolution of probability measures onthe real line together with the moment�umulant formula for the free onvolution.In Setion 3 we de�ne deformations of the free onvolution.In Setion 4 we prove an analogue of the free Lévy�Khinthine formula for the de-formed free onvolution. Namely, we show that a probability measure µ on R is ⊞T -in�nitely divisible if and only if there exists an α ∈ R and a �nite positive measure ρsuh that for all z ∈ C+

ϕ⊞T
µ (z) = α +

∫ ∞

−∞

1 + z x

z − x
dρ(x),where ϕ⊞T

µ (z) is the T -deformed ounterpart of the ϕ⊞
µ (z)-transform of Voiulesu. Bothtransforms linearize the respetive onvolutions.In Setion 5 we prove that for any deformation of free probability that we onsiderall probability measures µ have the Nia�Speiher property.2. Free onvolution of measures. A nonommutative probability spae is a pair

(A, ϕ) where A is a unital omplex ⋆-algebra and ϕ a linear positive funtional suhthat ϕ(1) = 1. A nonommutative random variable is simply an element X ∈ A. In thesequel we will be interested by self-adjoint random variables X = X⋆. By the distributionof X we understand the moments ϕ(Xn), n = 0, 1, . . .. Sine the sequene of momentsis positive de�nite, there exists a measure µ ∈ Prob(R) suh that ϕ(Xn) =
∫

xndµ(x),moreover, if A is a C⋆-algebra, the measure µ has ompat support, hene is uniquelydetermined by its moments. A family of subalgebras Ai ⊂ A is alled free if
ϕ(a1 a2 · · · an) = ϕ(a1) ϕ(a2) · · ·ϕ(an) = 0whenever ϕ(aj) = 0, aj ∈ Aij

, j = 1, 2, . . . , n and i1 6= i2 6= · · · 6= in. (1)Two random variables are alled free if they belong to two distint free subalgebras.For measures µ and ν with ompat support, their free onvolution µ ⊞ ν is de�nedas the distribution of X + Y ∈ A where X, Y ∈ A are free and have distributions µand ν respetively. To this onept there orresponds the notion of the free produt ofnonommutative probability spaes. Given (A1, ϕ1) and (A2, ϕ2) we de�ne A = A1⋆A2 asthe free produt with amalgamation of units, that is, the ⋆-algebra generated by the unitand words of the form ai1
1 b

j1
1 . . . ain

n bjn
n where ak ∈ A1, bk ∈ A2, k, ik, jk ∈ N, ik, jk > 0,

i1, jn ≥ 0. The state ϕ = ϕ1 ⋆ϕ2 is de�ned so as to satisfy the relation (1). Then we have
ϕ|Ai

= ϕi, the algebras Ai naturally embedded into A are free and if X ∈ A1, Y ∈ A2then mµX⊞µY
(n) = ϕ((X + Y )n).Sine the measure µ ⊞ ν depends only on the measures µ and ν, it is essential tobe able to desribe it only in terms of µ and ν. This is done with the use of the R-transforms R⊞
µ (z), R⊞

ν (z), the analogues of the logarithm of the Fourier transform inlassial probability. If we de�ne
R⊞

µ (z) = G−1
µ (z) −

1

z
, (2)
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µ (z) is the right inverse of the Cauhy transform of the measure µ with respetto omposition of funtions, we have

R⊞

µ⊞ν(z) = R⊞

µ (z) + R⊞

ν (z). (3)Reall that the Cauhy transform of a probability measure µ for z ∈ C
+ = {z ∈ C :

Im z > 0} is de�ned as follows:
Gµ(z) =

∫ +∞

−∞

dµ(x)

z − x
.

G−1
µ (z) and R⊞

ν (z) are well de�ned in some neighbourhood of zero. We an thus writeequation (2) in an alternative form
Gµ(z) =

1

z − R⊞
µ (Gµ(z))

. (4)Moreover, sine R⊞
µ (z) is analyti, it an be written as the series ∑∞

k=0 R⊞
µ (k + 1) zk. Theoe�ients R⊞

µ (k) an be alulated by the results of Speiher [Sp℄ from the ombinatorialmoment�umulant formula
mµ(n) =

∑

π∈NC(n)
π=(π1,...,πk)

k
∏

i=1

R⊞
µ (|πi|), (5)

where NC(n) is the set of nonrossing partitions of the ordered set {1, 2, . . . , n}, πi, i =

1, . . . , k are bloks of the partition π and |πi| is the ardinality of the blok. Equivalently,one an start with reiproals instead of Cauhy transforms
Fµ(z) =

1

Gµ(z)and de�ne
ϕ⊞

µ (z) = F−1
µ (z) − zgetting a similar linearity relation

ϕ⊞

µ⊞ν(z) = ϕ⊞

µ (z) + ϕ⊞

ν (z).Moreover, this approah extends to measures with unbounded support and with in�nitemoments, one only has to �nd an appropriate domain for z. This has been done byMaassen [Ma℄ for the ase of measures with �nite variane and by Berovii and Voiulesuwithout this assumption in [BV2℄. Berovii and Voiulesu prove that for any probabilitymeasure µ ∈ Prob(R) and any α > 0 there exists β > 0 suh that the funtion ϕµ(z) isanalyti in a domain of the form
{z : |z| > β, Im (z) > 0, Re (z) < α Im (z)}and that suh an analyti funtion determines a orresponding probability measure. Sinethe sum of two suh funtions is again analyti in suh a trunated angle for β big enough,the orresponding measure is determined.



312 Ł. J. WOJAKOWSKI3. Deformations of free onvolution. For every invertible transformation T : µi 7→

Tµi, we are able to de�ne a new deformation of the free onvolution of measures on thereal line by
µ ⊞T ν = T−1 (T µ ⊞ T ν)and the onvolution ⊞T is assoiative, sine ⊞ is.For suh a deformation of free onvolution we an de�ne umulants, deformed R-transforms and deformed ϕ-funtions:Proposition 1. For any positive integer n and z ∈ C+ de�ne

R⊞T
µ (n) := R⊞

Tµ(n),

R⊞T
µ (z) := R⊞

Tµ(z),

ϕ⊞T
µ (z) := ϕ⊞

Tµ(z).Then
R⊞T

µ⊞T ν
(z) = R⊞T

µ (z) + R⊞T
ν (z),

ϕ⊞T

µ⊞T ν
(z) = ϕ⊞T

µ (z) + ϕ⊞T
ν (z).4. In�nite divisibility for deformed free onvolutionDefinition 1. We say that a probability measure µ is in�nitely divisible with respet toa onvolution ⋆ if for every N ∈ N there exists a measure µN suh that µ = µ⋆N

N .This an be rewritten equivalently in terms of R⋆-transforms: a probability measure
µ is in�nitely divisible with respet to a onvolution ⋆ if for every N ∈ N there exists ameasure µN suh that R⋆

µ(z) = N R⋆
µN

(z).In the ase of the deformed free onvolution ⊞T we prefer to use the ϕ⊞T
µ (z) transform,sine it allows to treat measures with unbounded support. We have an analogue of thefree Lévy�Khinthine formula:Theorem 1. A measure µ is ⊞T -in�nitely divisible if and only if there exist α ∈ R anda �nite positive measure ρ suh that for all z ∈ C+

ϕ⊞T
µ (z) = α +

∫ ∞

−∞

1 + z x

z − x
dρ(x).Proof. In the ase of our onvolution a measure µ is ⊞T -in�nitely divisible if for every

N ∈ N there exists a measure µN suh that on some domain
ϕ⊞T

µ (z) = N · ϕ⊞T
µN

(z).By a double appliation of the de�nition of the ϕ⊞T -transform to the left and right handside of the above equation we get
ϕ⊞

Tµ(z) = ϕ⊞T
µ (z) = N · ϕ⊞T

µN
(z) = N · ϕ⊞

TµN
(z),hene, the measure µ is ⊞T -in�nitely divisible if and only if

ϕ⊞
Tµ(z) = N · ϕ⊞

TµN
(z),whih is equivalent to ⊞-in�nite divisibility of Tµ.



DEFORMATIONS OF THE FREE CONVOLUTION 313By the free Lévy�Khinthine formula (see [Ma℄,[BV1℄) we know that the measure Tµis freely in�nitely divisible if and only if there exist α̃ ∈ R and a positive measure ρ̃ suhthat for all z ∈ C+

ϕ⊞

Tµ(z) = α̃ +

∫ ∞

−∞

1 + z x

z − x
dρ̃(x).Hene

ϕ⊞T
µ (z) = ϕ⊞

Tµ(z) = α +

∫ ∞

−∞

1 + z x

z − x
dρ(x),where α = α̃ and ρ = ρ̃.5. Nia�Speiher theorem for the deformation of free probability. By a resultof Nia and Speiher [NS℄, we know that for any probability measure µ, possibly notin�nitely divisible, and any number s ≥ 1 there exists a probability measure µs suh that

µs = µ⊞s, whih is understood as
s ϕ⊞

µ (z) = ϕ⊞

µs(z).For the deformation of the free onvolution we also have the followingTheorem 2. For an arbitrary probability measure µ ∈ Prob(R) there exists a measure
µs ∈ Prob(R) suh that

µs = µ⊞T s for s ≥ 1.Proof. By de�nition
ϕ⊞T

µ (z) = ϕ⊞

T µ(z) = ϕ⊞

ν (z),where T µ = ν ∈ Prob(R). By the Nia and Speiher theorem for all s ≥ 1 there existmeasures νs suh that νs = ν⊞s, whih gives
s ϕ⊞

ν (z) = ϕ⊞

νs(z) = ϕ⊞T

T−1νs(z).Hene
s ϕ⊞T

µ (z) = ϕ⊞T

T−1νs(z).We have therefore found a family of measures T−1νs whih has the required property
(

T−1νs
)

= µ⊞T s for s ≥ 1.It is not possible to prove this theorem for 0 < s < 1, sine that would imply that thefree onvolution version would also hold for 0 < s < 1, whih is known to be false.
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