
FUNCTION SPACES VIII

BANACH CENTER PUBLICATIONS, VOLUME 79

INSTITUTE OF MATHEMATICS

POLISH ACADEMY OF SCIENCES

WARSZAWA 2008

THE STRONG UNICITY CONSTANTAND ITS APPLICATIONSW. ODYNIECDepartment of Applied Mathematis, Herzen UniversitySt. Petersburg, RussiaE-mail: W.Odynie�VO13142.spb.eduM. P. PROPHETDepartment of Mathematis, University of Northern IowaCedar Falls, Iowa, U.S.A.E-mail: prophet�math.uni.edu
Abstrat. In this report we disuss the appliations of the strong uniity onstant and highlightits use in the minimal projetion problem.Let X be a Banah spae and let V ⊂ X be a nonempty subset. An element v0 ∈ Vis alled a strongly unique best approximation to x ∈ X if there exists r > 0 suh that forany v ∈ V(1) ‖x − v‖ ≥ ‖x − v0‖ + r‖v − v0‖.The biggest onstant r satisfying (1) is alled the strong uniity onstant. This notationwas introdued by D. J. Newman and H. S. Shapiro (see [20℄ and [21℄).Example 1. Let X = l2∞ with unit ball U (pitured below). Let x = (0, 1), v0 = (1, 0)and

V = {z ∈ X | z = (t, 0), 1 ≤ t ≤ 2}.Then it is easy to see that, in this ase, the strong uniity onstant is equal to 1. Wenote the onstant r from (1) belongs to the interval (0, 1] and our example attains thisgreatest value.There exist two main appliations of the strong uniity onstant:1. the error estimate of the Remez algorithm,2000 Mathematis Subjet Classi�ation: Primary 47A58; Seondary 41A65.Key words and phrases: best approximation, minimal projetions.The paper is in �nal form and no version of it will be published elsewhere.[167℄ © Instytut Matematyzny PAN, 2008
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2. the Lipshitz ontinuity of the best approximation mapping at x0 (if there exists astrongly unique best approximation to x0).The error estimate of the Remez algorithm is based on an iteration proess for �ndingthe onstant r from (1) (see [27℄, [28℄). First this algorithm was used for Chebyshevapproximation ([10℄, [11℄). Now it is used for �lter design in Digital Signal Proessing (see[1℄). Currently, in numerial methods of Chebyshev approximation, the strong uniityonstant is used in onjuntion with the metri projetion with Lipshitz ontinuityproperty (see e.g., [7℄, [2℄, [6℄, [22℄, [8℄, [9℄, [16℄).The aim of this report is to present a third appliation of the strong uniity onstantin the ase of projetions from ln∞ onto some n − k dimensional subspae (n ≥ 3, 1 ≤

k ≤ n − 1). In this ase X = L(ln∞), (equipped with the operator norm),
V = P(ln∞, W ) = {L ∈ L(ln∞, W ) : L|W = idW },the set of all linear projetions from ln∞ onto n − k dimensional subspae W , x = 0 and

v0 = P0 ∈ P(ln∞, W ). Thus in the ase of projetions, (1) redues to(2) ‖P‖ ≥ ‖P0‖ + r‖P − P0‖.The problem onsidered in our report may be treated as a development of the resultsinitiated by G. Lewiki in [15℄.A projetion is alled minimal if(3) ‖P0‖ = λ(Y, X) = inf{‖P‖ | P ∈ P(Y, X)}.It is worth noting that there exist a large number of papers onerning minimal proje-tions. Mainly the problems onern existene (see e.g., [5℄, [13℄), uniqueness (see e.g., [4℄,[23℄) and formulas for minimal projetions (see e.g., [3℄, [24℄).A projetion π0 ∈ P(Y, X) is alled the strongly unique minimal projetion (or SUM-projetion) if there exists a onstant s ∈ (0, 1] suh that the inequality(4) ‖π0‖ + s‖π − π0‖ ≤ ‖π‖holds for eah π ∈ P(Y, X) (see, for example, [12℄ for results involving SUM-projetionsonto hyperplanes).



STRONG UNICITY CONSTANT 169It is easy to prove that the SUM-projetion π0 is the unique minimal projetion in
P(Y, X). The largest possible onstant for whih the inequality in (4) holds is alled thestrongly unique projetion onstant (or SUP-onstant).It is known (see for example [3℄) that if Y = ln∞ and X ⊂ Y is of dimension n − 1(n ≥ 3) with X = f−1(0) where

f = (f1, . . . , fn) ∈ Y ∗, ‖f‖1 =
n∑

i=1

|fi| = 1and(5) 0 < f1 < f2 < · · · < fn−1 <
1

2
, fn ≥

1

2then the minimal projetion π0 from ln∞ onto X has norm one and is unique. Moreover,in this ase, π0 is the SUM-projetion and the SUP-onstant, s0 = s0(π0) is equal to
1 − 2fn−1 ([14℄, Theorem 2.3.1).If a minimal projetion π00 from ln∞ onto f−1(0) has norm u > 1 then π00 is theSUM-projetion and the SUP-onstant is equal to(6) uf1

1 − 2f1

1 − 2f1 − uf1where f = (f1, . . . , fn) and 0 < f1 ≤ f2 ≤ · · · ≤ fn < 1/2 (in this ase we note that as
u → 1 we �nd that (6) approahes f1

1−2f1

1−3f1

, whih in general is not equal to the aboveexpression of 1 − 2f1, [17℄).In our report we onsider subspaes X = Xn−k ⊂ ln∞, 1 ≤ k ≤ n − 1, n ≥ 3, suhthat dimX = n − k. Note that this onsideration is quite general due to the followingproposition.Proposition 1. Let B be an n-dimensional Banah spae with unit ball U . Let U bea polytope with m (n − 1)-dimensional faes. Then B is isometrially isomorphi to an
n-dimensional subspae of ln+m−1

∞ .Proof. This follows immediately from Theorem 1 by G. V. Epifanov in [12℄.Sine we are interested in situations for whih the minimal projetion onto Xn−k isunique, we may assume without loss generality that (see [24℄)(7) X =
k⋂

p=1

(f (p))−1(0)where the hyperplanes {(f (p))−1(0)}k
p=1 are given by the linearly independent funtionals

{f (p)}k
p=1 ∈ (ln∞)∗ suh that, for p = 1, . . . , k, we have(8) ‖f (p)‖1 = 1, f (p) = (f

(p)
1 , . . . , f (p)

n )(9) 0 < f
(p)
1 < f

(p)
2 < · · · < f

(p)
n−k <

1

2
,(10) f

(1)
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1

2
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(2)
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1

2
, . . . , f (k)

n ≥
1

2
,(11) f

(p)
i = 0 if p + i 6= n, i = n − k + 1, . . . , n.



170 W. ODYNIEC AND M. P. PROPHETMoreover, if onditions (8)�(11) hold then the unique minimal projetion from ln∞ onto
Xn−k has norm one (see [3℄, Thm. 1; [26℄, Lemma 2.4.1 and [24℄, Chp. 2).Theorem 1. Let Y = ln∞ (n ≥ 3) and X = Xn−k ⊂ Y be a subspae of dimension n− kgiven by(12) Xn−k =

k⋂

p=1

(f (p))−1(0)where {f (p)}k
p=1 satis�es (8)�(11). Let π0 be the minimal projetion from Y onto X.Then π0 is the SUM-projetion with norm one and for the SUP-onstant s0 = s(π0) wehave the inequality(13) min
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≤ so < 1.Remark 1. This result extends the results of O. M. Martynov ([18℄ and [19℄) regardingtwo and three dimensional subspaes of l4∞ and l6∞ respetively. (see Remark 2 below)Remark 2. In general̂
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is not equal to the SUP-onstant; indeed in the ase k = 1, n ≥ 3 we have
ŝ =

f
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= 1 − 2f
(1)
n−1and, by [14℄ (Thm 2.3.1), 1 − 2f

(1)
n−1 is the SUP-onstant.Corollary 1. If k = n − 1, n ≥ 3, then under the hypotheses of Theorem 1 we have

ŝ = min{f
(1)
2 − f

(1)
1 , . . . , f (n−1)

n − f
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1 }.Conjeture 1. Let f (0), . . . , f (n−k) ∈ (ln∞)∗, where

f (0) = (f1, . . . , fk, 0k+1, . . . , 0n),

f (1) = (01, . . . , 0k, 1, 0k+2, . . . , 0n),

f (2) = (01, . . . , 0k+1, 1, 0k+3, . . . , 0n),...
f (n−k) = (01, . . . , 0n−1, 1)where ∑k

i=1 fi = 1 and 0 < f1 ≤ f2 ≤ · · · ≤ fk−1 < fk. Let f̂ = (f1, . . . , fk) ∈ (lk∞)∗ andlet π
f̂
be the unique minimal projetion onto (f̂)−1(0) from lk∞. Let

H =

n−k⋂

p=0

(f (p))−1(0)and πH be the unique minimal projetion onto H from ln∞. Then the SUP-onstant s(πH)is equal to the SUP-onstant s(π
f̂
).
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