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Abstract. We study the noncompact solution sequences to the mean field equation for arbitrarily
signed vortices and observe the quantization of the mass of concentration, using the rescaling
argument.

1. Introduction. We continue the study [34] on the noncompact solution sequences
to the mean field equation for arbitrarily signed vortices on a two-dimensional compact
orientable Riemannian manifold (M, g) without boundary:

e’ 1 e’ 1
e ) )
g [y et dvg | M| Sy e v dvg | M|

/M vdu, =0, (1)

where Ay, dvg, and |M| are the Laplace-Beltrami operator, the volume form, and the
volume of M, respectively, and A1, A2 are nonnegative constants.

This equation is derived by Joyce and Montgomery [20] and Pointin and Lundgren
[35] from different statistical arguments for describing the mean field of the equilibrium
turbulence with arbitrarily signed vortices, see also [28, 12, 25, 30]. Here, these vortices
are composed of positive and negative intensities with the same absolute value, and v and
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A1/Ag are associated with the stream function of the fluid and the ratio of the numbers
of the signed vortices, respectively.
The equation (1) is the Euler-Lagrange equation of the functional

1
Ixng (V) = 3 /M |ng|2 dvg — M\ log/ e’ dvg — Az log /M e " dy,

M
defined on
E= {weHl(M) | [ wdvy, :o},
M

which forms a Hilbert space with the inner product (u,v) = fM Vgu - Vgvdvg. When
(A1, A2) = (A, 0) or (A1, A2) = (0, N), this Jy, », is reduced to

1
Iy(v) = —/ |ng|2 dvg — )\log/ e’ dvg,
2J/m M
and it is associated with the Trudinger-Moser inequality [16] given by

inf,ep In(v) > —c0  if A € [0, 8],
infyep In(v) = —o0 if A > 8.

We have
1 )\1 )\2 2 )\1 )‘2
=s\1l-=- < 1sr < Lsr(—v),
T =5 (1= 32 = 32 )0l + 3 Ian(0) + 2 Far(—0)
and therefore,
inf J (v) > —oc0 ifl—ﬁ—£>0
vel T2 8r 8w

In our previous work [34] we improve this trivial inequality to the following optimal
one:

THEOREM 1.1.
inf Ty, 2a(0) > —00 if (s, \a) € [0, 87 x [0, 87, (2)
v

and in particular Jx, », has a global minimizer on E if 0 < Ay, Ay < 87 and

122 I ae (V) = =00 if Ay > 8w, or Ay > 8.

We note that similar results for H}(2) on a bounded domain 2 C R? follow from the
above theorem by a simple extension argument, see [34].

Although Shafrir and Wolansky [37] obtained a related result that leads to (2), we
proved the above result by a completely different method. We developed blow-up analysis
for the solution sequence to (1), and apply the argument of Jost and Wang [18] concerning
SU(3) Toda system. The purpose of this paper is to develop further the blow-up analysis
and clarify the possible singular limits of the solution sequence to (1) to some extent.

First, we recall the following result on the blow-up analysis from [34]:

THEOREM 1.2. Let {\1,n} and {A2,} be sequences of nonnegative constants satisfying
Aim = Ai(>0) asn— oo fori=1,2, (3)

and {v,} C E be a sequence of solutions to (1) corresponding to (A n, A2n). Then, up to
a subsequence, the following alternatives hold:



(1)
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(compactness) There exist v € E and a subsequence of {v,} (denoted by the same
symbol, also hereafter) such that
v, = v in kK,

where this v is a solution to (1) for those A1 and As.
(one-sided concentration) Let S; and Sy be the blow-up set of (this subsequence
of ) {vn} and {—v,}, respectively, that is,

S ={x € M|3z, — z s.t. vy () — +00},

Sy = {z € M|3z, — x s.t. v,(z,) — —00}.
Then there exists i € {1,2} such that S; # 0 and S; = 0 for j € {1,2}\{i}.
Moreover, put

evn e—’L)n

Hin = )‘1,7L fM

e H2n = Azn
e’ dvg’ Jur

e~ du,’
and identify them with py ,dvgy (k = 1,2) in the space of measures M(M) =
C(M)*. Then
Win — Hi = Z 80z, weakly x in M(M),

ToES;
and

in — 0 in L*(w)
for every w € M\S;. On the other hand, there exists u; € E and a subsequence
of {ujn} such that

Ujp — Uj in I,

where this u; is a solution to

K(x)e" 1 ) /
—A v:)\<——— , vdv, =0, (4)
! Jar K(@)ev dvg  |M] Mo
with K (z) = e~ Z=0es: 3720 gore G = G(x,y) indicates the Green function
of =Ay, that is,

1
—AG(y) =6, —— M, / G(-,y)dvg = 0.
| M| M

(concentration) For each i = 1,2, we have S; # 0 and there erists a positive
constant
m;(xg) > 4w for each xy € S;. (5)
We have, furthermore, a nonnegative function
ri(x) € LY(M) N LS. (M\S;)

such that
Min — Tn + Z mi(x0)0z, weakly x in M(M),

To€ES;
and
Win — 15 in LP(w)

for every p € [1,00) and every w @ M\S;. Finally, the following facts hold:
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3-1) If there exists xg € S;\S; for i # j, then we have m;(z9) = 87 and r; = 0.
3-ii) For every xg € S NSy, we have
(ma(xo) — ma(w0))? = 8m(ma(wo) + ma(w0)). (6)
Moreover, if §; C S; and there exists xg € S; salisfying
mi(zo) —mj(zo) > 4,
then r; = 0, see Figure 1.
In this paper, we improve the minimum mass (5) as follows:
THEOREM 1.3 (Main Result). In the conclusion of Theorem 1.2, (5) is improved as fol-

lows, see Figure 1:
m;(xg) > 8w  for each xg € ;.
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Fig. 1. The mass of concentration at g € S1 N Sa

The conclusion follows from Theorem 1.2 3-i) when zy € S;\S; for some i # j. Thus we

only consider the case xg € S1 NSy to prove Theorem 1.3.
The above result guarantees the following compactness result for solution sequences

to (1):
COROLLARY 1.4. Let {\1,,} and {\a,,} be sequences of nonnegative constants satisfying

(3) for some
(A1, A2) € {[0,247)\87N} x {[0, 247)\87N},

and {vn,} C E be a sequence of solutions to (1) corresponding to (A n,Aon). Then {v,}

is relatively compact in E.
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The possible values of (mq(xg), ma(xg)) for zo € S; NSy will be more restrictive and

we expect that
(mﬂamnm@@):87<@2;V744;D>, &(éwglx(e;ne)

for £ =1,2,3,---, see [34]. To describe the background of this conjecture, let us define
(u1,u2) € E x E by

ui(x) = /M G(x,y)pi(y) dvg  fori=1,2. (7)

Then, the function v = u; — us satisfies (1). A basic idea is obtained by regarding these
uy and ug as the positive and the negative parts of v, respectively, and in this case (1)
becomes the Liouville system

ed11u1t+al2uz 1
—Agju; = A _
gl 1 )
fM eanuitazuz gy, | M|
ed21u1t+a2uz 1
_Agu2 =Xz az1u1+a22u2 - Wik
Juce vy |M|

/ uy dvg = 0, / ug dvg = 0, (8)
M M

with a;; (4,7 = 1,2) constituting

A:WW:(EJ?)

a=(27)

in (8), it comprises the SU(3) Toda system (in the simplest form without the vortex
term) arising in nonabelian relativistic self-dual gauge theory [22, 15, 41] studied by
several authors mathematically [18, 19, 26, 7, 32, 17].

Each equation of the general Liouville system (8) is regarded as (4) by putting

U= aiui, A= agh;, K =e"(j#£i),

When this matrix is given by

for ¢ = 1,2 and, especially, to

e 1
A=A dv, =
gV <fM o dv, M|)’ /Mv vy =0, (9)

if Ay or A2 = 0. Here, the equation (9) and its generalization (4) with the inhomogeneous
coefficient K (x) > 0 appear also in the self-dual gauge field theory [41], stationary system
of chemotaxis or self-interacting particles [40], and the prescribing Gaussian curvature
problem [1]. Tt has been studied in recent years [29, 39, 4, 24, 23, 5, 6, 21, 38, 14, 36, 31,
33, 2, 13, 8, 9], and especially, we have the quantization phenomenon [23] of

A € 87N

for the noncompact sequence of solutions (v, A,,) with A, — A\ (based on [4, 24], see also
[29, 39, 36] for another method) and the classification of the singular limit using the Green
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function [29, 27, 33]. We note that these results are provided with fundamental tools or

motivations for the variational method [38, 14], the singular perturbation of the solution

(see [2] for bounded domain), and the calculation of the topological degree [23, 9].
Similar problems are also considered for SU(3) Toda systems. Putting

2U1,n—U2,n e~ U1,nt2uzn

H2n = )\2,71 —
fM e—Ul,n+t2uzn dUg ’

A (&
Hin = Aln —
fM e2u1,n U2 n dfug ’

we obtain a result like the above Theorem 1.2 ([18, 26, 7]). In this case, (since a;; = 2)
the estimate corresponding to (5) is

m;(xzp) > 2w for each zg € ;. (10)

Furthermore, if g € S N Sy, then mq(z¢) and ma(zp) satisfy the relation describing an
ellipse

my(z0)? — my(z0)ma(xo) + ma(x0)? = 4m(my(z0) + ma(zo)),
instead of (6). In fact, in the general form of (8), it holds that
ar1ag1my (20)? + 2a12a91m1 (20)ma(z0) + ageaizma(zo)?
= 8m(a21mi(zo) + arzma(zo)).
For the SU(3) Toda case, the improvement of the estimate (10) to
m;(zg) > 4w for each xg € S;

was obtained in [26], see also [32, 17]. In this case it is expected that

(m1(zo), ma(xo)) € {(4m,8), (8, 4r), (87, 8m)}
for any xp € S1 N Ss.

2. Preliminaries. In this section, we describe several results obtained in [34] to be used
in the proof of the main theorem of this paper.
First, given zg € S; N Sy, we take an isothermal chart (¥, U) satisfying

U(zg) =0, ¥(z)=XeR? g=eX(dX24dX2),
and U N (81 USs) = {xo}. Then, v,(X) = v, o ¥71(X) is a solution of

evr 1 e 1
BV S S
CUT N e M| e Ml

Let us define the functions he by
Ahg = 66 in Q, h§ =0 on 897

where Q = ¥(U) C R% Without loss of generality, we may assume that 92 is smooth.
Putting

w1 (X) = 0, (@7Y(X)) — log/ en — Mn = dony
M |M]

Mo+ Aon
Wy (X) = —v, (P7HX)) — log/ e—tn _ ZMnt A2

he,
M M| ¢
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we obtain
—Awy , = Vi p(x)etr — Vo pe?n,
_Aw2,n - _Vvl,n(x)ewlmL + %,n(x)ewlnv (11)
in Q for
A n—A2.n
Vl,n = )\1,n€§Jr 1M hg’
—Alntran
Vv2,n = >\2,ne£+ 1] h57
satisfying

0<Vin(X)<b, 0<Vo,(X)<b (VX €Q)

/ eV <, / e <, (12)
Q Q

with some constants b, ¢ > 0 independent of n, and

Vim — V= )\165+(z\1—A2)h57

Vo — Vo= )\26€+(*>\1+>\2)h5’ (13)
uniformly on Q. By (5) we have only to consider the case min(A;, A2) > 0, that is,

Vi,Va > 0. We have z;,, — ¢ such that v,(z1,), —vn(22,,) — +o0o. This implies
Xin="(x;n) — 0 and also

’Un(xn> — log /M e’ _’Un(xn> — log /M e’ — +oo

from the proof of [34, Lemma 2.2], or equivalently, w; , — +oo for each ¢ = 1,2. This
means 0 € S?, where
S = {Xo € Q| there exists X,, — X such that w; ,(X,) — +oo}.
We also obtain S = ¥(U N S;) = {0} similarly to the proof of [34, Lemma 2.2].
Next, by Theorem 1.2 we have
Vl,newl’n - ml(SO + 71,
V27ne“’21" —  mgdg + 7o,
in M(Q) with min(mq, ma) > 4, r1,79 € L*(Q) N L2 (Q\ {0}), and
Vineor —r; in LY (Q\ {0})
for any 1 < p < co. These m; coincide with m;(zg) (¢ = 1,2). By Theorem 1.2 we have
r1 = 0 and r3 = 0 in the cases of m; — mo > 47 and —my + my > 4m, respectively, and
(m1 —ms)? = 8m(my + my).

Thus, we obtain (11), (12), and (13) in a bounded domain Q C R?, taking x = (21, 22)
to indicate the standard coordinates in R?. We have to show m; > 87 (i = 1,2) to prove
the main theorem. Here, we recall that Brezis-Merle [4] type theorem for (11) holds by
a similar argument discussed for the SU(3) Toda system [26, Theorem 4.2].

LEMMA 2.1. If {(win,w2n)}, is a solution sequence to (11) and (12), then there is
a subsequence (denoted by the same symbol) satisfying the following alternatives.
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(1) Both {w1,}, and {wz,}, are locally uniformly bounded in €.

(2) There is i € {1,2} such that {w;y}, is uniformly bounded in Q and w;j,, — —oo
locally uniformly in Q for j # i.

(3) Both wq,, — —o0 and wy , — —o0 locally uniformly in 2.

(4) For the blow-up sets SY, SY defined for this subsequence, we have SY U 89 # ()
and §(SY U S9) < +oo. Furthermore, for each i € {1,2}, either {w;}, is locally
uniformly bounded in Q\ (SYUSY) or w; , — —oo locally uniformly in Q\ (SYUSS).
Here, if S?\ (SY NS89 # 0, then w;,, — —oo locally uniformly in Q\ (SY U SY),
and each g € S takes m;(x¢) > 4w such that

Vin(z)e s — Z M (20) 0z, x-weakly in M().

xo ES?

Finally, performing the rescaling argument using the above lemma, we arrive at one
of the following:

(1) (Liouville equation in R?)

—Aw =e¥ in R2, / e¥ < 400, (14)
R2
(2) (singular Liouville equation in R?)
—Aw =¢e¥ — Z m(20)dz,, / eV < +o0, (15)
o ES R?

where S C R? is a finite set and m(zg) > 47 for any zo € S.
LEMMA 2.2 ([10, 11]). We have the following:

(1) For the solution w to (14) we have [g, e* = 8.
(2) For the solution w to (15) we have [, € > 4w + 3 sm(zo).

REMARK 2.3. Lemma 2.2 (2) follows from [11, Theorem 2.3], but the statement there
assumes 0 > m(xg) > —4r for each z¢ € S, which seems not to cover our cases m(zqg) >
47. Nevertheless Lemma 2.2 (2) holds because the proof of [11, Theorem 2.3] is applicable
to our cases. Indeed, it is necessary to show

v(z) == w(x) + %ﬁo) log |z — 20| ™' £ C + Oy log(|z| + 1) (16)
for some constants C' and C; in each sufficiently small neighbourhood of zy € S, say
B.(x9), in the course of the proof. Here we note that v(x) satisfies

—Av =V(z)e’" in B.(xo)
with

m(zq)
= |l‘*1’0‘ 2 ’

% log \zfrg\_l

V(z)=e"

which belongs to L (Bc(xo)) if m(zg) > 0 (and to LP(B.(x0)) for some p € (1,00) if
0 > m(xzg) > —4n). Now taking smaller & > 0 if necessary, we get (16) with C; = 0 from
[4, Corollary 4].
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3. Proof of Theorem 1.3. We have S} = 8y = {0}, and there are 1, — 0 and
Z2,, — 0 such that

w1 (T1,n) = SUpwi , — +00 and Wa n(T2,n) = SUp Wa, — +00.
Q Q

We take the rescaling of w; ,, around zy, ,, by

Wi (%) = Wi (Thp + EknT) — Whn(Thn),

where i,k = 1,2 and e, = e~k (*kn)/2 Then
k k
_Awlf,n = Vin(Trn + eun@)etn — Vo (Ton + epnw)en,
k k

_Awlzg,n = _Vl,n(xk,n + gk,nx)ewl,n + Vg,n(xk,n + Ek,nx)ew2’"
. — . ke . . .
in OF = {z e R? | % € Q} with fQ;ﬂn eVin = [ e¥in < b. Without loss of generality,
we may suppose

€1,n < €2.n

forn=1,2,---,1e., w1 ,(x1,,) > wan(T2,). Then, we take the rescaled solution around
. 1 1 .
T1p, ie., (wy,,ws,). Since

wi,(z) < wi,(0) =0,

Ton — L1,
wy,(z) < wy, <7n€1 n) < wapn(T2n) —wWin(T1n) <0
n

on 2! Lemma 2.1 assures the following alternatives:

(1) Both {wi, } and {w},, } are locally uniformly bounded in R?.

(2) {w})n} is locally uniformly bounded in R?, while w%’n — —o0 locally uniformly
in R2.

The first alternative, however, never occurs. Indeed, we have
W5, (2) = W (1,0 + €1,0T) — W10 (T1,0)
= wl,n(xl,n + 51,n$) + w2,n(-r1,n + 51,nx)
— (Wi (T1n +€1,08) — W1 (T10)) — 2W1n(21,0)

= w1 (T10 + E10%) + Won (T + E102) — w1, () — 201 (21,0)

and, from the definition of w; ,, we have also

wy () + wopn(x) = —log/ e’ — log/ e .
M M

Here it follows from the Jensen inequality that

log/ e’ > log | M|, log/ e~ > log |M]|
M M
and consequently we have
w1 pn(2) + won(z) < —2log|M].
From these we obtain
w3, (2) < —2log | M| —wi , (x) — 2wi p(21,0) — —00

for every x € R? if {w} ,, ()} is locally uniformly bounded in R?.
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Henceforth, we consider the second alternative concerning this rescaling around ;.

Then we have a subsequence (denoted by the same symbol) such that wi, — w{ in

CL%(R?) and this w! satisfies
—Awi = Vl(O)ewi, / el < +oo.
R2

Therefore, from the first case of Lemma 2.2 we have

my > / Vl(O)ewi = 8.
R2

Henceforth, we put w} = —oo for simplicity, and therefore, this alternative is referred
to as wl € CL%(R?) and wy = —oco. Furthermore, we have (m,ms) > (87, 47), namely,

my > 8r and mo > 4m.

Now, we use the rescaled solution (w?,,w? ) around zs . In this case, we have
, )

w3, (z) < w3, (0) =0,

Tln — T2,

whali) < wha (I ) < o) = )
€2.n

in Q2. In spite of wy n(71.,) — wan(wa2,) > 0, again by Lemma 2.1 we have the following

alternatives.

(1) Both {w%n} and {w3 ,} are locally uniformly bounded in R?.
2) {w?2 ! is locally uniformly bounded, while w?  — —oo locally uniformly in R2.
2.n 1,n
3) There is a finite blow-up set S? of {w? such that Vi, (zo, + €202 eVin
( p 1 1,n s s s
Zzoesf m3 (20)dz, in M(R?) with m?(zo) > 4r for any z¢ € Sf and wi,, — —o0
locally uniformly in R? \ 2. Moreover, either

3-) {w%n} is locally uniformly bounded in R? \ 8%, or

3-ii) w3, — —oo locally uniformly in R?\ S7.

Here the first alternative is impossible by the preceding argument of the rescaling
around z, and we proceed to the other cases.

The second alternative is indicated by w3 € CL%(R?) and w? = —oc. The former
function satisfies the Liouville equation on R2, and this implies mg > 87. On the other

hand, we have already m > 8w from the former rescaling. Therefore, (mq,ms) > (87, 87).

In the first case of the third alternative, passing to a subsequence, we have w%n — w3

in CL%(R?\ 82) with w? satisfying

loc
—Aw? =15(0)e"  in R?\SY.
Here we note that w3 < 0 since w%n(a:) < 0, which guarantees fR2 €3 < oo. Moreover, it
follows that there exist ¢ € L _(R?) and constants a(zg) > 0 for each g € S? such that

loc

—Aws = — Z a(x0)0z, + ¢ in R?

3;06512
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see [3, Theorem 1]. Tt is easy to see that ¢ = V5(0)e® and a(zg) = m2 (o). Consequently
w3 satisfies the following
—Awg = — Z m%(xo)%o + Vg(O)e“’g in R?,

106312

2
/ e < 400,
RZ

where m?(x) > 4r for each ¢ € S?. In particular,

/ Vg(O)ewg > 4r + Z m3(z)
R2

zoES%
by the second case of Lemma 2.2, and therefore,
me > 4w + Z m3(xg) > 8.
‘TOES%

Finally, the second case of the third alternative does not occur. In fact, we have
w3 ,,(0) = 0, and therefore, 0 € S7. We can choose R > 0 satisfying Br(0) N Sf = {0},
and define h; ,, (i = 1,2) by

—Ahiy =Vip(x2, + sz,n:c)ew?vn in Br(0),
Rim =0 on dBg(0).
Then,
hop = w3, — (ham — hin)
is a harmonic function satisfying

sup hon, < sup hg, — —00.
Br(0) 9BRr(0)

On the other hand, we have 0 < W3 (@) <ed =1 and €Ws.n (z) — 0 locally uniformly in
R?\ 8%, and therefore, e®3n(®) 5 0 in LP(Bg(0)) for every p € [1,00). This implies
han — 0 in CY(Br(0)),
while h; ,, is a nonnegative function. Thus, we obtain
0= w3 ,,(0) = ho,n(0) + h2,n(0) = 71,0 (0) < hon(0) + 2,1 (0)

< sup hop + lhanll po (5 0)) = —00
Br(0 '

a contradiction, and the proof is complete. m
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