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Abstract. Multi-dimensional generalizations of the Wiener-Żelazko and Lévy-Żelazko theorems

are obtained.

We shall start with the classical Wiener theorem.

Wiener Theorem (Wiener (1933)). Let f(t) =
∑

n∈Z ane
int, where Z is the set of all

integers, be a periodic function. Suppose that

‖f‖1 =
∑

n∈Z
|an| < +∞. (1)

If f(t) 6= 0 for all t, then the function 1/f can be developed in a trigonometric series

1/f(t) =
∑

n∈Z bne
int such that

∥∥∥∥
1

f

∥∥∥∥
1

=
∑

n∈Z
|bn| < +∞. (2)

A little later the following generalization of the Wiener theorem was given by Lévy.

Lévy Theorem (Lévy (1933), (1934)). Let f(t) =
∑

n∈Z ane
int be a periodic function.

Suppose that (1) holds. Let Φ(z) be an analytic function defined on an open set U con-

taining the image of f . Then the function Φ(f) can be developed in a trigonometric series

Φ(f(t)) =
∑

n∈Z cne
int such that

‖Φ(f)‖1 =
∑

n∈Z
|cn| < +∞. (3)

The method of proof of the above mentioned theorems was simple classical analysis

calculations.
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The new method of proofs of the theorems of Wiener and Lévy was obtained via

Banach algebras. The theory of Banach algebras started from the paper of Mazur (1938)

and the famous paper of Gelfand (1941).

Żelazko (1960), (1962), (1965) extended this theory to locally bounded algebras. We

recall that in locally bounded spaces the topology can be introduced by an equivalent

p-homogeneous norm ‖ · ‖, i.e. such that

(1) ‖x‖ = 0 if and only if x = 0,

(2) ‖x+ y‖ ≤ ‖x‖+ ‖y‖,
(3) there is p, 0 < p ≤ 1 such that ‖tx‖ = |t|p‖x‖

(Aoki (1942), Rolewicz (1957)).

Żelazko introduced a new norm ‖ · ‖Z by the formula

‖x‖Z = sup
y 6=0

‖xy‖
‖y‖ .

It is easy to see that ‖ · ‖Z is a p-homogeneous submultiplicative norm equivalent to the

norm ‖ · ‖ (Żelazko (1960)). Algebras with p-homogeneous norms are called p-normed

algebras. The foundations of the theory of p-normed algebras were laid by Żelazko in his

papers (1960), (1962), (1965).

As an immediate consequence we obtain the Wiener-Żelazko theorem.

Wiener-Żelazko Theorem (Żelazko (1960)). Let f(t) =
∑

n∈Z ane
int be a periodic

function. Suppose that there is p, 0 < p ≤ 1, such that

‖f‖p =
∑

n∈Z
|an|p < +∞. (1)p

If f(t) 6= 0 for all t, then the function 1/f can be developed in a trigonometric series

1/f(t) =
∑

n∈Z bne
int such that

∥∥∥∥
1

f

∥∥∥∥
p

=
∑

n∈Z
|bn|p < +∞. (2)p

More complicated was the extension of the proof of the Lévy theorem. The reason was

that if a space X is not locally convex, then the Riemann integrals of the function with

values in X may not exist. Even more, if such an integral exists for an arbitrary continuous

function, then the space X is locally convex (Mazur and Orlicz (1948)). Nevertheless,

using some per pedes method Żelazko proved

Lévy-Żelazko Theorem (Żelazko (1962)). Let f(t) =
∑

n∈Z ane
int be a periodic func-

tion. Suppose that (1)p holds. Let Φ(z) be an analytic function defined on an open set U

containing the image of f . Then the function Φ(f) can be developed in a trigonometric

series Φ(f(t)) =
∑
n∈Z cne

int such that

‖Φ(f)‖p =
∑

n∈Z
|cn|p < +∞. (3)p

Till now we have considered only n being an integer. The Wiener-Żelazko and Lévy-

Żelazko theorems can be extended to the case of functions of k variables. For this purpose

we need a notion of tensor product of p-normed algebras. Let us recall the basic definitions.
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Let (Xj , ‖·‖j), j = 1, . . . , k, be p-normed spaces. By the tensor product X1⊗ . . .⊗Xk

of those spaces we mean the set of formal sums of elements x1⊗ . . .⊗ xk, i.e. elements of

the form

u =

n∑

i=1

xu,i1 ⊗ . . .⊗ xu,ik , (4)

where xu,ij ∈ Xj , j = 1, . . . , k.

On the tensor product X1 ⊗ . . .⊗Xk we can introduce a p-homogeneous norm ‖ · ‖⊗
in the following way:

‖u‖⊗ = inf

n∑

i=1

‖xu,i1 ‖1 . . . ‖xu,ik ‖k, (5)

where the infimum is taken over all representations u =
∑n
i=1 x

u,i
1 ⊗ . . .⊗xu,ik (see Mallios

(1986), for normed spaces Schatten (1950), Köthe (1979)).

It is not difficult to check that the above norm is also p-homogeneous. Thus X1⊗ . . .⊗
Xk is a p-normed space. This space need not be complete. We shall denote its completion

by X1⊗̂ . . . ⊗̂Xk.

Suppose now that (Xj , ‖ · ‖j), j = 1, . . . , k, are p-normed algebras. Then we can

introduce multiplication in the following way:

u ∗ w =
( n∑

i=1

xu,i1 ⊗ . . .⊗ xu,ik
)
∗
( m∑

j=1

xw,j1 ⊗ . . .⊗ xw,jk

)

:=
n∑

i=1

m∑

j=1

xu,i1 xw,j1 ⊗ . . .⊗ xu,ik xw,jk . (6)

It is not difficult to observe that with this multiplication X1⊗ . . .⊗Xk and X1⊗̂ . . . ⊗̂Xk

are p-normed algebras. If all the algebras Xj , j = 1, . . . , k, are commutative, then the

algebras X1 ⊗ . . .⊗Xk and X1⊗̂ . . . ⊗̂Xk are commutative, too.

Let 0 < p ≤ 1 and let

`p = {x = {xn} : n = 0,±1,±2, . . .}
with p-homogeneous norm

‖x‖p =
∑

n∈Z
|xn|p.

It is not difficult to show that `p is a complete locally bounded space.

In `p we can introduce convolution multiplication

a ∗ b =
{∑

i∈Z
aibn−i

}
(7)

and the norm ‖ · ‖p is submultiplicative.

The algebra `p can be considered also as an algebra Fp of periodic (with period 2π)

functions fa(t) =
∑
n∈Z ane

int. In this case multiplication is just the classical pointwise

multiplication, fa∗b(t) = fa(t)f b(t).

It can be shown that all multiplicative linear functionals F(·) on the algebra `p are

of the form F(a) = fa(t0), where 0 ≤ t0 < 2π (Żelazko (1960)).
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Now we shall consider the tensor product of k algebras `p, Ap,k = `p ⊗ . . . ⊗ `p. It

is the algebra of all sequences a = {an} = {an1,n2,...,nk}, where ni = 0,±1,±2, . . . for

i = 1, 2, . . . , k, with convolution multiplication

a ∗ b =
{∑

i∈Zk
aibn−i

}
. (8)

It is easy to observe that the algebras Ap,k can also be interpreted as algebras Fp,k

of continuous functions of k variables defined on Rk, which are periodic with period 2π

with respect to each variable.

Observe that the convolution multiplication in the algebra Ap,k gives pointwise mul-

tiplication of functions in the algebra Fp,k,

fa∗b(t) = fa(t)f b(t).

From the general form of multiplicative linear functionals in the algebra `p and the

representation of this algebra as an algebra of functions with pointwise multiplication we

immediately obtain

Theorem 1. All multiplicative linear functionals F(·) on the algebra Ap,k are of the

form F(a) = fa(t0) = fa(t01, . . . , t
0
k), where 0 ≤ t0i < 2π, i = 1, . . . , k.

Thus by the Żelazko theorem (Żelazko 1960) we get that the spectrum of an element a

belonging to the algebra Ap,k is nothing other than the set of values of the corresponding

function fa ∈ Fp,k. As an obvious consequence we get the following multi-dimensional

generalization of the Wiener-Żelazko theorem.

Corollary 2. Let f(t) = f(t1, . . . , tk) be a 2π-periodic function with respect to each

variable, represented by a series

f(t) =
∑

n∈Zk
ane

i(n,t).

Suppose that for a certain p, 0 < p ≤ 1,
∑

n∈Zk
|an|p < +∞.

If f(t) 6= 0 on the whole set Rk then 1/f can be represented as a series

1

f(t)
=
∑

n∈Zk
bne

i(n,t), where
∑

n∈Zk
|bn|p < +∞.

The following corollary is the multi-dimensional generalization of the Lévy-Żelazko

theorem.

Corollary 3. Let f(t) = f(t1, . . . , tk) be a 2π-periodic function with respect to each

variable, represented by a series

f(t) =
∑

n∈Zk
ane

i(n,t).

Suppose that for a certain p, 0 < p ≤ 1,
∑

n∈Zk
|an|p < +∞.
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Let Φ(z) be an analytic function defined on an open set U containing the image of the

function f . Then Φ(f) is a periodic function with respect to each variable, defined on Rk
of the form

Φ(f(t)) =
∑

n∈Zk
cne

i(n,t), where
∑

n∈Zk
|cn|p < +∞.

There are several possibilities of generalizing Theorem 1 and Corollaries 2 and 3. The

first one is to replace the function tp by some other function.

Let N(u) : [0,+∞)→ [0,+∞) be a non-decreasing function such that N(u) = 0 only

for u = 0. Suppose that for sufficiently small u, v,

(a) N(u+ v) ≤ N(u) +N(v),

(b) there is C > 0 such that N(uv) ≤ CN(u)N(v),

(c) there are a real number p, 0 < p ≤ 1, and a convex function N0(·) such that N(u) =

N0(up).

In further considerations we shall assume that the function N(·) has properties (a),

(b), (c) mentioned above.

By N(`) (Rolewicz (1985)) we shall denote the algebra of all sequences {a = {an} :

n = 0,±1,±2, . . .} with convolution multiplication

a ∗ b =
{∑

i∈Z
aibn−i

}
. (7)

Now we shall consider the tensor product of k algebras N(`), AN,k = N(`)⊗ . . .⊗N(`).

It is the algebra of all sequences a = {an}, where n = (n1, n2, . . . , nk), ni = 0,±1,±2, . . .

for i = 1, 2, . . . , k, with convolution multiplication

a ∗ b =
{∑

i∈Zk
aibn−i

}
. (8)

The algebra N(`) can also be considered as the algebra FN,k of analytic functions

2π-periodic in each variable.

Observe that the convolution multiplication in AN,k gives pointwise multiplication of

functions in FN,k,

fa∗b(t) = fa(t)f b(t).

From the general form of multiplicative linear functionals in the algebra N(`) and the

representation of this algebra as an algebra of functions with pointwise multiplication we

immediately obtain

Theorem 4. All multiplicative linear functionals F(·) on the algebra AN,k are of the

form F(a) = fa(t0) = fa(t01, . . . , t
0
k), where 0 ≤ t0i < 2π, i = 1, . . . , k.

Thus by the Żelazko theorem (Żelazko 1960) we get that the spectrum of an element a

belonging to the algebra AN,k is just the set of values of the corresponding function fa ∈
FN,k. As an obvious consequence we get the following multi-dimensional generalization

of the Wiener-Żelazko theorem.
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Corollary 5. Let f(t) = f(t1, . . . , tk) be 2π-periodic with respect to each variable and

represented by a series

f(t) =
∑

n∈Zk
ane

i(nt), where
∑

n∈Zk
N(|an|) < +∞.

If f(t) 6= 0 on the whole set Rk then 1/f can be represented by a series

1

f(t)
=
∑

n∈Zk
bne

i(n,t), where
∑

n∈Zk
N(|(bn|) < +∞.

The following corollary is the multi-dimensional generalization of the Lévy-Żelazko

theorem.

Corollary 6. Let f(t) = f(t1, . . . , tk) be 2π-periodic with respect to each variable and

represented by a series

f(t) =
∑

n∈Zk
ane

i(n,t), where
∑

n∈Zk
N(|an|) < +∞.

Let Φ be an analytic function defined on an open set U containing the image of the

function f . Then Φ(f) is a periodic function with respect to each variable defined on Rk
of the form

Φ(f(t)) =
∑

n∈Zk
cne

i(n,t), where
∑

n∈Zk
N(|cn|) < +∞.

The results given above can be extended to the case of analytic functions.

By N+(`) we shall denote the algebra of all sequences {a = {am} : m = 0, 1, 2, . . .}
with convolution multiplication

a ∗ b =
{∑

i∈N
aibm−i

}
, (9)

where N denotes the set of non-negative integers.

With this multiplication N+(`) is a commutative complete p-normed algebra (see

Rolewicz (1985)).

The algebra N+(`) can be considered also as the algebra FN+ of analytic functions

fa(z) =
∑
m∈N amz

m defined on the unit disc D = {z : |z| ≤ 1}. In this case, as in

the previous cases, multiplication is just the classical pointwise multiplication, f a∗b(z) =

fa(z)f b(z).

It can be shown that all multiplicative linear functionals F(·) defined on the algebra

N+(`) are of the form F(a) = fa(z0), where |z0| ≤ 1 (see Rolewicz (1985)).

Now we shall consider the tensor product A′N,k′ = N+(`)⊗ . . .⊗N+(`) of k′ algebras

N+(`). It is an algebra of all sequences a = {am} = {am1,n2,...,mk}, where mi = 0, 1, 2, . . .

for i = 1, 2, . . . , k′, with convolution multiplication

a ∗ b =
{∑

i∈N
aibm−i

}
. (10)

It is easy to observe that the algebras A′N,k′ can be also interpreted as algebras F ′N,k′ of

analytic functions defined on Dk′ .
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From the general form of multiplicative linear functionals on the algebra N+(`) and

the representation of this algebra as an algebra of functions with pointwise multiplication

we immediately obtain

Theorem 7. All multiplicative linear functionals F(·) on the algebra A′N,k′ are of the

form F(a) = fa(z0), where z0 = (z0
1 , . . . , z

0
k′) ∈ Dk

′
.

As an obvious consequence we get

Corollary 8. Let f(z) be an analytic function defined on Dk′ and represented by a

series

f(z) =
∑

m∈Nk′
amzm,

where we denote zm =: zm1
1 . . . z

mk′
k′ . Suppose that
∑

m∈Nk′
N(|am|) < +∞.

If f(z) 6= 0 on the whole set Dk′ , then 1/f can be represented by a series

1

f(z)
=
∑

m∈Nk′
bmzm, where

∑

m∈Nk′
N(|bm|) < +∞.

Corollary 9. Let f(z) be an analytic function defined on Dk′ and represented by a

series

f(z) =
∑

m∈Nk′
amzm, where

∑

m∈Nk′
N(|am|) < +∞.

Let Φ(z) be an analytic function defined on an open set U containing the image of the

function f . Then the function Φ(f) is analytic on Dk′ and it can be represented by a

series

Φ(f(z)) =
∑

m∈Nk′
cmzm, where

∑

m∈Nk′
N(|cm|) < +∞.

Taking the tensor product AN,k,k′ = AN,k⊗̂A′N,k′ and A′N,k′ and using the method

described above we obtain

Proposition 10. Let f(t, z), where t = (t1, . . . , tk) and z = (z1, . . . , zk′), be a 2π-

periodic function with respect to each of t1, . . . , tk and analytic with respect to z1, . . . , zk′ ,

defined on Rk′ × Dk′ and represented by a series

f(t, z) =
∑

n∈Zk,m∈Nk′
an,me

i(n,t)zm, where
∑

n∈Zk,m∈Nk′
N(|an,m|) < +∞.

If f(t, z) 6= 0 on the whole set Rk′ × Dk′ , then 1/f can be represented by a series

1

f(t, z)
=

∑

n∈Zk ,m∈Nk′
bn,me

i(n,t)zm, where
∑

n∈Zk,m∈Nk′
N(|bn,m|) < +∞.

Proposition 11. Let f(t, z), where t = (t1, . . . , tk) and z = (z1, . . . , zk′), be a 2π-

periodic function with respect to each of t1, . . . , tk and analytic with respect to z1, . . . , zk′ ,
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defined on Rk′ × Dk′ and represented by a series

f(t, z) =
∑

n∈Zk,m∈Nk′
an,me

i(n,t)zm, where
∑

n∈Zk,m∈Nk′
N(|an,m|) < +∞.

Let Φ be an analytic function defined on an open set U containing the image of the

function f . Then Φ(f) is a function periodic with respect to t and analytic with respect

to z, defined on Rk × Dk′ of the form

Φ(f((t, z))) =
∑

n∈Zk,m∈Nk′
cn,me

i(n,t)zm, where
∑

n∈Zk,m∈Nk′
N(|cn,m|) < +∞.

Till now we have considered multidimensional generalizations of the Lévy-Żelazko

theorem for the function Φ of one complex variable.

Using integration of analytic functions with values in p-normed spaces (see Gramsch

(1965), (1967), Przeworska-Rolewicz and Rolewicz (1966)) we can generalize Proposition

11 to the case of analytic functions Φ(z1, . . . , zr) of r complex variables and get

Proposition 12. Let f j(t, z) , j = 1, . . . , r, where t = (t1, . . . , tk) and z = (z1, . . . , zk′),

be 2π-periodic functions with respect to each of t1, . . . , tk and analytic with respect to

z1, . . . , zk′ , defined on Rk′ × Dk′ and represented by a series

f j(t, z) =
∑

n∈Zk,m∈Nk′
ajn,me

i(n,t)zm.

Suppose that for each j = 1, . . . , r,∑

n∈Zk,m∈Nk′
N(|ajn,m|) < +∞.

Let Φ(z1, . . . , zr) be an analytic function defined on an open set U containing the image

of the vector function f = (f1, . . . , fr). Then Φ(f(t, z)) is a function periodic with respect

to t and analytic with respect to z, defined on Rk × Dk′ of the form

Φ(f((t, z))) =
∑

n∈Zk,m∈Nk′
cn,me

i(n,t)zm, where
∑

n∈Zk,m∈Nk′
N(|cn,m|) < +∞.

For N(t) = t Proposition 12 can be easily deduced from the theorems of Shilov

(1951) and Arens-Calderón (1955). For k = 1 and N(t) = tp, 0 < p < 1 it was proved

by Przeworska-Rolewicz and Rolewicz (1966) and Gramsch (1967) (see also Rolewicz

(1985)).

References

T. Aoki (1942), Locally bounded linear topological spaces, Proc. Imp. Acad. Tokyo 18, 588–594.

R. Arens and A. P. Calderón (1955), Analytic functions of several Banach algebra elements,

Annals of Math. 62, 204–216.

I. M. Gelfand (1941), Normierte Ringe, Mat. Sb. 9, 3–24.

B. Gramsch (1965), Integration und holomorphe Funktionen in lokalbeschränkte Räumen, Math.
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G. Köthe (1979), Topological Vector Spaces, Grundlehren Mathematischen Wissenschaften 237,

Springer.
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