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Abstrat. We onsider a generi salar model for the Oseen equations in an exterior three-dimensional domain. We assume the ase of a non-onstant oe�ient funtion. Using a vari-ational approah we prove new regularity properties of a weak solution whose existene anduniqueness in anisotropially weighted Sobolev spaes were proved in [10℄. Beause we use somefats and tehnial tools proved in the above mentioned paper, we give also a brief review of itsresults and methods.1. Introdution. The lassial Oseen equations desribe the veloity �eld and the as-soiated pressure of �ow of a visous �uid past a body by a linearized version of theinompressible Navier-Stokes equations around the veloity at in�nity, see [12℄. For aompat body Ωc and the exterior domain Ω = R

3 \ Ωc the system of the Oseen equa-tions an be written in the steady ase as
−ν ∆v + k ∂1v + ∇p = F in Ω,(1.1)

∇ · v = G in Ω,(1.2)with the boundary onditions
v = 0 on ∂Ωc,(1.3)

v → 0 as |x| → ∞.(1.4)2000 Mathematis Subjet Classi�ation: 35B40, 35D10, 35J20.The paper is in �nal form and no version of it will be published elsewhere.
[139]



140 S. KRAČMAR AND P. PENEL

F and G are given funtions, ν and k are some positive onstants, respetively for thekinemati visosity and k = |v∞| assuming the onstant veloity at in�nity v∞ = |v∞| e1given in the same diretion as the �rst oordinate axis. It is well known that the Oseenfundamental tensor exhibits various deay properties in various diretions in R
3. A om-mon approah to study the asymptoti properties of the solutions to the Dirihlet problemof the lassial steady Oseen �ow is to use onvolutions with Oseen fundamental tensorand its �rst and seond gradients for the veloity (or with the fundamental solution ofLaplae equation for the pressure), see e.g. [4, 3, 8, 9, 7℄.Various examples of �ows around various obstales lead us to an interesting variantof equation (1.1):(1.5) −ν ∆v + k ∂1v + (a · ∇)v + ∇p = F in Ω.The additional term here is (a · ∇)v, a is a onrete non-onstant vetor funtion, in theform ω × x for a rotating obstale, see e.g. [5, 11℄; in the form of a given �experimental�veloity �eld for industrial appliations [6℄ when it is impossible to ignore the nonlinearterm of the initial Navier-Stokes equations.Let us introdue a generi salar model of the equation (1.5) with a given non-onstantvetor funtion a:

−ν ∆u + k ∂1u + a · ∇u = f in Ω,(1.6)
u = 0 on ∂Ωc,(1.7)

u → 0 as |x| → ∞.(1.8)As it is well known, in exterior domains, both onvetive operators k ∂1 and a · ∇ annotbe treated as perturbations of lower order of the Laplaian. The study of this model takesalso its motivation from the work of Farwig [2℄. In the ase of a non-onstant a(· ) weannot follow it beause we have no expression of the fundamental solution. So, in [10℄we hoose an alternative i.e. a pure variational approah to prove the weak solvabilityand uniqueness of a solution; this approah works under some appropriate onditions onfuntion a.It is ruial to understand the anisotropi struture of the solutions near the in�nity.As a guide, to re�et the deay properties of the fundamental solution in the ase a ≡ 0,Farwig in [2, 3℄ onsiders the weight funtion
ηα

β (x) = (1 + |x|)α(1 + |x| − x1)
β.

β is the anisotropy exponent. We an always resale the isotropi and anisotropi partsof ηα
β in the form

ηα
β ≡ ηα

β (· ; δ, ε) = (1 + δ r)α(1 + ε s)β,

δ, ε > 0, r ≡ r(x) = |x|, s ≡ s(x) = |x| − x1.The natural funtional framework for studying the model (1.6)-(1.8) is the orrespondingweighted Sobolev spaes. The main results of this paper onern the regularity propertiesof the weak solution.The paper is organized as follows. Our notation is standard and requires little explana-tions in Setion 2. Setion 3 is devoted to a review of results about existene and unique-



REGULARITY RESULTS FOR A GENERIC MODEL EQUATION 141ness of a weak solution to the problem (1.6)-(1.8) in anisotropially weighted Sobolevspaes, and also to a brief desription of the method used in the proof. The main resultsabout regularity properties of these solutions are proved using the variational method inSetion 4. The last Setion 5 gives some additional regularity results for a wider rangeof parameters α, β, oming bak to the ase a ≡ 0 and using potential theory. Three ap-pendies omplete the paper, Appendix A to summarize elementary formulas and someknown results used in Setions 4 and 5, Appendix B to reall some known fats (see [2, 3℄)we need in Setion 5, Appendix C to disuss some open questions.2. Basi notations. The domain Ω is exterior to a body Ωc, i.e. Ω = R
3 \ Ωc, weassume Ωc to be ompat, with non-empty interior ontaining the origin of the Cartesianoordinate system and with a Lipshitz boundary ∂Ωc; we denote by m > 0 the distaneof ∂Ωc to the origin dist(0, ∂Ωc). Let M > 0 be a real number suh that BM ⊂ Ω.We need to denote the speial sets: ΩR = Ω∩BR, ΩR = Ω∩BR and ΩR0

R = ΩR∩ΩR0 ,where BR =
{
x ∈ R

3, |x| > R
}

, BR =
{
x ∈ R

3; |x| < R
} and BR0

R = BR0 ∩ BR, forpositive numbers R0 < R.Let L2(Ω; w) be the set of measurable funtions f(·) on Ω suh that
‖f‖2,Ω; w =

(∫

Ω

|f |2 w dx

)1/2

< ∞.We will use the notation L2
α,β(Ω) instead of L2(Ω; ηα

β ) and ‖ · ‖α,β or ‖ · |Ω ‖α,βinstead of ‖ · ‖L2(Ω; ηα
β ). Let us de�ne the weighted Sobolev spae H1(Ω; ηα0

β0
, ηα1

β1
) as theset of funtions u ∈ L2

α0,β0
(Ω) with the weak derivatives ∂iu ∈ L2

α1,β1
(Ω). The norm of

u ∈ H1(Ω; ηα0

β0
, ηα1

β1
) is given by

‖u‖H1(Ω; η
α0

β0
,η

α1

β1
) =

(∫

Ω

|u|2 ηα0

β0
dx +

∫

Ω

|∇u|2 ηα1

β1
dx

)1/2

.As usual, H
◦ 1

(Ω; ηα0

β0
, ηα1

β1
) will be the losure of C∞

0 (Ω) in H1(Ω; ηα0

β0
, ηα1

β1
).For simpliity, we shall use the following abbreviations:

L2
α,β(Ω) instead of L2(Ω; ηα

β ),
‖ · ‖α,β instead of ‖ · ‖L2(Ω; ηα

β ),
H
◦ 1
α,β (Ω) instead of H

◦ 1
(Ω; ηα−1

β−1 , ηα
β ),

Vα,β(Ω) instead of H
◦ 1

(Ω; ηα−1
β , ηα

β ).The notations H
◦ 1

(ΩR), Hk(ΩR) are standard without weight. Conerning Vα,β(Ω)the weight funtions will be taken with appropriate values for resaling parameters δ, ε.In formulation of Theorem 3.2: δ = ε = 1 .3. Bakground. The weak solvability of the problem (1.6)�(1.8) in Vα,β(Ω) is es-tablished in [10℄. The starting point is a usual variational formulation restrited to abounded domain ΩR. An arbitrary funtion Φ ∈ H
◦ 1(ΩR) an be expressed in the form

φ η0
β0

where φ ∈H
◦ 1(ΩR); we onsider the following oerive ontinuous bilinear form on
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H
◦ 1

(ΩR)×H
◦ 1

(ΩR) for β0 > 0:
Q1(u, φ) =

∫

ΩR

ν · ∇u · ∇(φ · η0
β0

) · dx + k

∫

ΩR

∂1u · (φ · η0
β0

) · dx(3.1)
+

∫

ΩR

(a · ∇u) (φ · η0
β0

) · dx.The oerivity holds under appropriate onditions on div(η0
β0

a) to ontrol a smallnegative ontribution of the third term in Q1(u, u), but the main tool is the Friedrihs-Poinaré type inequality: For β > 0 there are positive onstants R0, c0, c1 depending on
α, β, δ, ε suh that c0 = O(ε−2 + δ−2) and c1 = O(ε−1δ−1) for δ and ε tending to zerosuh that

‖u‖2
α−1,β−1 ≤ c0 ‖∇u | ΩR0

‖2
α,β + c1 ‖∇u

∣∣ΩR0 ‖2
α,βfor u ∈H

◦ 1
α,β (Ω). In partiular, for δ = 2 ε we get ‖u‖α−1, β−1 ≤ c3 ‖∇u‖α, β , where

c3 = α+β
ββ∗ε , β∗ = min(1, β). For the detailed proof and expliit expressions of onstants

c0, c1 see [10, Lemma 2.3℄. We have the following auxiliary result:Lemma 3.1. Let 0 < β0 ≤ 1, f ∈ L2
1,β0

(ΩR) and a ∈ (C(1)(ΩR))3. Under appropriateonditions on div(η0
β0

a), there exists uR ∈H
◦ 1

(ΩR) , the unique weak solution of(3.2) Q(uR, Φ) = Q1(uR, φ η0
β0

) =

∫

ΩR

f Φ dx,for all Φ ∈ H
◦ 1

(ΩR) .For the proof see [10, Lem. 3.2, Rem. 3.3℄. Funtion uR satis�es
−ν · ∆uR + k · ∂1uR + a · ∇uR = f in ΩR,(3.3)

uR = 0 on ∂ΩR ≡ ∂Ωc ∪ ∂BR.(3.4)We an extend uR by zero on Ω\ΩR, say ũR. Uniform estimates as R → ∞ are neessaryto justify the limit ase and to �nd a weak solution to the problem (1.6)-(1.8). To get theuniform boundedness of ũR in Vα,β(Ω) as R → ∞ we need some additional asymptotionditions on funtion a. It is also neessary to restrit the values of α/β by some onstant
y1 ∈ (0, 1). We get the existene and uniqueness theorem. In partiular, we proved in [10,Thm. 3.5, Lem. 3.7, Lem. 3.8, Thm. 3.9 i)℄:Theorem 3.2. Let 0 < β ≤ 1, 0 ≤ α < y1 · β, f ∈ L2

α+1,β(Ω) and a ∈ (C(1)(Ω̄))3.Let γ0 = γ0(r) be a nonnegative non-inreasing ontinuous funtion de�ned on interval
[m, +∞) with the limit limr→+∞ γ0(r) = 0. Further, let K > 0, d > 0, 0 < ν0 < ν and
c ∈ R suh that in Ω:

a ·
∇s

|∇s|
≤ K η

−3/4−d
−1/4+d , div a ≤

ν0

24−β

1

r2
, c ≤ a · ∇r ≤ γ0(r) η0

−1.Then there exists a unique weak solution u ∈ Vα,β(Ω) of the problem (1.6)-(1.8) suhthat(3.5) ‖u‖2
α−1,β + ‖∇u‖2

α,β ≤ C ‖f‖2
α+1,β .



REGULARITY RESULTS FOR A GENERIC MODEL EQUATION 143Remark 3.3. It follows from the proof of Theorem 3.2 that without the ondition c ≤

a·∇r it is still possible to prove the existene of a weak solution u ∈ Vα, β(Ω) to (1.6)-(1.8).The additional assumption of the mentioned ondition gives the uniqueness of a weaksolution in V0, β(Ω) ⊃ Vα, β(Ω).4. First regularity properties of solutions. In this setion we derive some regularityproperties of the weak solution given by Theorem 3.2. First we would like to onentrateon the regularity of the solutions near the boundary of the body Ωc.Our bilinear form Q(·, ·) is a partiular ase of general strongly ellipti form on a losedsubspae of H1(ΩR). So, the smoothness of every weak solution of uR to the equation(3.2) follows from a general result (see e.g. [14, Thm. 6.C℄), we have:Remark 4.1. uR0
belongs to H2+k(ΩR0

) if f ∈ Hk(ΩR0
) assuming the boundary ∂ΩR0to be a C2+k-manifold, and the given funtion a ∈ C1+k(ΩR0

), k ∈ N0. Moreover, thereis a onstant C > 0 depending on R0 and on a(·), not depending on f , suh that(4.1) ‖u‖2, 2+k ≤ C ‖f‖2, k,(‖v‖2, k means here the norm in Hk(ΩR)). Let us mention that we will use inequality(4.1) only for �xed bounded domains ΩR0
, e.g. R0 := 4M .We assume the following situation: Let ∂Ωc be of lass C2+k, a ∈ C1+k(ΩR) and

f ∈ Hk(ΩR) for some R ≥ M, k ∈ N0. Further let f ∈ L2
α+1,β(Ω) and all the otheronditions of Theorem 3.2 be satis�ed, suh that there exists a weak solution u1 ∈ Vα,β(Ω)of the problem (1.6)-(1.8).Let t > 0 be given suh that BR−2 t ⊂ Ω, and χR be the funtion from C∞

0 (R3) suhthat χR ≡ 1 in ΩR−2 t, and χR ≡ 0 in ΩR−t. For an arbitrary φ ∈ C∞

0 (Ω) we have:
Q(u1, φ) =

∫

Ω

f φ dx.So, we also have:
Q(u1, χR φ) =

∫

Ω

f χR φ dx.Adding to both sides −2ν
∫
Ω
∇u1 · ∇χR φ dx −ν

∫
Ω

u1 φ △ χR dx +k
∫
Ω

u1 ∂1χR φ dx

+
∫
Ω

a · ∇χR φ u1 dx, we get:
Q(χR u1, φ) =

∫

Ω

(f χR − 2 ν ∇u1 · ∇χR − ν u1 △ χR) φ dx

+

∫

Ω

(k u1 ∂1χR + a · ∇χR u1) φ dx,for an arbitrary φ ∈ C∞

0 (Ω), and so also for arbitrary φ ∈ C∞

0 (ΩR). It is lear that
χR u1 ∈ H

◦ 1
(ΩR) is a weak solution of the problem with the right-hand side F = f χR

−2 ν ∇u1 · ∇χR −ν u1 △χR +k u1 ∂1χR +a · ∇χR u1. From χR u1 ∈ H
◦ 1

(ΩR) we an seethat F ∈ L2(ΩR), and by Remark 4.1 χR u1 ∈ H2(ΩR). Then, using repeatedly Remark4.1 we get χR u1 ∈ Hk+2(ΩR). So, we proved the following theorem:Theorem 4.2. Let all the onditions of Theorem 3.2 be satis�ed. Further let ∂Ωc be oflass C2+k, a ∈ C1+k(ΩR) and f ∈ Hk(ΩR) for some k ∈ N0 and R ≥ M. Then the weak



144 S. KRAČMAR AND P. PENELsolution u of the problem (1.6)-(1.8) belongs to Hk+2(ΩR−τ ), for arbitrary τ > 0 suhthat BM−τ ⊂ Ω.Therefore the loal regularity near the boundary of the body depends only on loalproperties of the right-hand side and on the loal behavior of the funtion a.The next theorem improves the estimate (3.5) from Theorem 3.2 for ∂1u if funtion
a(·) has some additional properties. We now will study properties of the solution sep-arately in the diretion of axis x1 and the diretions of axes x2, x3, we introdue thefollowing notation: a∗(x) = (a2(x), a3(x)), ∇∗v = (∂2v, ∂3v).Theorem 4.3. Let all the onditions of Theorem 3.2 be satis�ed (the ondition whihensures the uniqueness is not neessary here). Moreover, let a1 ≥ −k +κ, |a∗| ≤ c∗ η

−1/2
0in Ω for some κ > 0, c∗ > 0. Then for every weak solution u of the problem (1.6)-(1.8)we have ∂1u ∈ L2

α+1, β(Ω), and there exists a onstant C > 0 suh that(4.2) ‖∂1u‖
2
α+1,β ≤ C ‖f‖2

α+1,β .If additionally |a1| ≤ c1 for some c1 > 0, then we have a · ∇u ∈ L2
α+1, β(Ω), △u ∈

L2
α+1, β(Ω), and there exists a onstant always denoted by C > 0 suh that(4.3) ‖a · ∇u, △u‖2

α+1,β ≤ C ‖f‖2
α+1,β .Proof. Let R > 8 M , φR = φR(r) ∈ C∞

0 ([m, +∞)) be a ut-o� funtion suh that
φR(r) ≡ 0 for r ≤ 2M or r ≥ R , (BM ⊂ Ω), φR(r) ≡ 1 for r ∈ [3M, R/2] and non-inreasing in [R/2, R]. The ut-o� funtion an be hosen suh that −3/R ≤ φ′

R ≤ 2/M .Let ΦR ≡ ΦR(x) ≡ φR(|x|). We have |∇ΦR(x)| ≤ 3/R and |∂1ΦR| ≤ 3/R for x ∈ Ω,

R/2 ≤ |x| ≤ R.Beause f ∈ L2
loc(Ω), we have u ∈ H2

loc(Ω), and we may test the equation (1.6) by thefuntion (∂1u)ηα+1
β Φ2

R:(4.4) −ν

∫

Ω

∆u (∂1u) ηα+1
β Φ2

R dx + k

∫

Ω

(∂1u)2ηα+1
β Φ2

R dx

+

∫

Ω

a · ∇u (∂1u) ηα+1
β Φ2

R dx =

∫

Ω

f (∂1u) ηα+1
β Φ2

R dx.Writing equation (4.4) in the form Iν + Ik + Ia = If we will estimate the �rst and thethird terms on the left-hand side from below and the right-hand side from above:
Iν = − ν

∫

Ω

∆u (∂1u) ηα+1
β Φ2

R dx = ν

∫

Ω

∇u ∇(∂1u ηα+1
β Φ2

R) dx

= −
ν

2

∫

Ω

|∇u|2 ∂1(η
α+1
β Φ2

R) dx + ν

∫

Ω

∇u ∇(ηα+1
β Φ2

R) ∂1u dx

≥ −
ν

2

∫

Ω

|∇u|2 ∂1(η
α+1
β Φ2

R) dx − c4

∫

Ω

|∇u| η
α+1/2
β−1/2 |∂1u| Φ2

R dx

− 6 ν

∫

Ω
R/2

R

|∇u| ·
1

r
|∂1u| ηα+1

β ΦR dx −
2 ν

M

∫

Ω2M
3M

∇u ∂1u ηα+1
β ΦR dx

≥ − c5

∫

Ω

|∇u|
2

ηα
β dx −

κ

4

∫

Ω

|∂1u|
2
ηα+1

β Φ2
R dx,
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Ia =

∫

Ω

a · ∇u ∂1u ηα+1
β Φ2

R dx

=

∫

Ω

a1 (∂1u)2 ηα+1
β Φ2

R dx +

∫

Ω

(a∗∇
∗u) (∂1u) ηα+1

β Φ2
R dx

≥ (−k + κ)

∫

Ω

(∂1u)2 ηα+1
β Φ2

R dx −
κ

4

∫

Ω

(∂1u)2 ηα+1
β Φ2

R dx

−
1

κ

∫

Ω

|∇∗u|2 ηα
β

[
(a∗)

2η1
0

]
Φ2

R dx

≥

(
−k +

3 κ

4

) ∫

Ω

(∂1u)2 ηα+1
β Φ2

R dx −
c2
∗

κ

∫

Ω

|∇∗u|2 ηα
β Φ2

R dx,

If =

∫

Ω

f (∂1u) ηα+1
β Φ2

R dx ≤
1

κ

∫

Ω

f2 ηα+1
β Φ2

R dx +
κ

4

∫

Ω

(∂1u)2 ηα+1
β Φ2

R dx.The terms ontaining ∂1u an be absorbed by the seond term Ik in (4.4), other termsan be estimated by the integral ∫
Ω

f2 ηα+1
β dx. So, we get:

κ

4

∫

Ω

(∂1u)2 ηα+1
β Φ2

R dx ≤
c6

κ

∫

Ω

f2 ηα+1
β dx.Using Fatou's lemma, we get for some c7 > 0 :

∫

Ω3M

(∂1u)2 ηα+1
β dx ≤ c7

∫

Ω

f2 ηα+1
β dx.In a bounded domain e.g. Ω4M , the estimate of ∫

Ω4M
(∂1u)2 ηα+1

β dx is evident with(3.5). Hene, we get (4.2).We now an observe that a · ∇u is bounded in L2
α+1, β(Ω). Indeed:

∫

Ω

(a · ∇u)2 ηα+1
β dx ≤ 2

∫

Ω

a2
1 |∂1u|

2
ηα+1

β dx + 2

∫

Ω

(a2
∗

η1
0) |∇∗u|

2
ηα

β dx

≤ c8

∫

Ω

f2 ηα+1
β dx.Diretly from the equation (1.6), we obtain the same property for △u. Therefore weproved the estimates in (4.3).As a orollary of the previous theorem we get the estimate of the seond order deriva-tives:Corollary 4.4. Let all onditions of Theorem 4.3 be satis�ed. Then the following esti-mate holds for some onstant C > 0:(4.5) ‖χ0∇

2u‖2
α+1,β ≤ C ‖f‖2

α+1,β ,where χ0 is the harateristi funtion of any exterior domain BS with S > 0, suh that
BS ⊂ Ω.Proof. As in the proof of the theorem, we will use the same ut-o� funtion ΦR ≡

ΦR(x) ≡ φR(|x|). It is enough to estimate χ0∇
2u in Ω3M . Following Farwig we observethat for α, β ∈ R(4.6) ‖χ0∇

2u‖α+1, β ≤ C (‖ △ u‖α+1, β + ‖∇u‖α, β−1).



146 S. KRAČMAR AND P. PENELIndeed, we have suessively:
∫

Ω

ηα+1
β Φ2

R

3∑

i,j=1

|∂i∂ju|
2 dx

=

∫

Ω

(ηα+1
β Φ2

R) (△u)2 dx +

∫

Ω

∇(ηα+1
β Φ2

R) · ∇u △ u dx

−

3∑

i,j=1

∫

Ω

∂i(η
α+1
β Φ2

R) ∂ju · ∂i∂ju dx

≤

∫

Ω

(△u)2 ηα+1
β dx + c9

∫

Ω

η
α+1/2
β−1/2 Φ2

R |∇u| |△u| dx

+ 6

∫

Ω
R/2

R

1

r
· |∇u| |△u| ΦR ηα+1

β dx

+
2

M

∫

Ω2M
3M

|∇u| |△u| ΦR ηα+1
β dx

+ c10

∫

Ω

η
α+1/2
β−1/2 Φ2

R |∇u|

3∑

i,j=1

|∂i∂ju| dx

+ 6

∫

Ω
R/2

R

1

r
|∇u|

3∑

i,j=1

|∂i∂ju| ΦR ηα+1
β dx

+
2

M

∫

Ω2M
3M

|∇u|
3∑

i,j=1

|∂i∂ju| ΦR ηα+1
β dx

≤

∫

Ω

(△u)2 ηα+1
β dx + c9

∫

Ω

η
α+1/2
β−1/2 Φ2

R |∇u| |△u| dx + c11

∫

Ω

|∇u| |△u| ΦR ηα
β dx

+ c12

∫

Ω

η
α+1/2
β−1/2 Φ2

R |∇u|
∣∣∇2u

∣∣ dx + c13

∫

Ω

|∇u| ·
∣∣∇2u

∣∣ ΦR ηα
β dx

≤ c14

∫

Ω

(△u)2 ηα+1
β dx +

c15

t

∫

Ω

|∇u|2 ηα
β−1 dx + c16 t

∫

Ω

∣∣∇2u
∣∣2 ηα+1

β Φ2
R dx.Taking t < 1/(2 c16) and subtrating the last term of the right-hand side from left-handside, we get the inequality (4.6).Theorem 4.5. Let the onditions of Theorem 3.2 be satis�ed (the ondition whih ensuresthe uniqueness is not neessary here). Further let ∂Ωc be of lass C2, ∇f ∈ L2

α+2, β+1.Moreover, let a1 < c1 η0
−1 and always |a∗| ≤ c∗ η0

−1/2 in Ω for some c1, c∗ > 0. Thenfor every weak solution u of the problem (1.6)-(1.8) we have ∇u ∈ L2
α, β+1(Ω), ∇2u ∈

L2
α+1, β+1, and there is onstant C > 0 suh that(4.7) ‖∇2u‖α+1,β+1 + ‖∇u‖α,β+1 ≤ C (‖f‖α+1,β + ‖∇f‖α+2,β+1).Proof. We will use the same ut-o� funtion as in Theorem 4.3. Beause f ∈ H1(ΩR)for an arbitrary R > M , and ∂Ωc ∈ C2, we have u ∈ H3

loc(Ω). Then we an multiply theequation (1.6) by −∇(∇u ηα+1
β+1 Φ2

R) and integrate over Ω:
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∫

Ω

∇∆u ∇u ηα+1
β+1Φ2

R dx + k

∫

Ω

∇∂1u ∇u ηα+1
β+1 Φ2

R dx

+

∫

Ω

∇(a · ∇u)∇u ηα+1
β+1 Φ2

R dx =

∫

Ω

∇f ∇u ηα+1
β+1 Φ2

R dx.We estimate the �rst term on the left-hand side, say Iν :
Iν = − ν

∫

Ω

∇∆u ∇u ηα+1
β+1Φ2

R dx

= ν

∫

Ω

(∆u)2 ηα+1
β+1Φ2

R dx + ν

∫

Ω

∆u ∇u ∇(ηα+1
β+1Φ2

R) dx

= ν

∫

Ω

(∆u)2 ηα+1
β+1Φ2

R dx

+ ν

∫

Ω

∆u ∇u ∇ηα+1
β+1 Φ2

R dx + ν

∫

Ω

∆u ∇u ηα+1
β+1 ∇(Φ2

R) dxBy means of the Cauhy-Shwarz inequality, and by the hoie of the funtion ΦR(.), weobtain
Iν ≥

ν

2

∫

Ω

(∆u)2 ηα+1
β+1Φ2

R dx − ν/2

∫

Ω

(∇u)2
(∇ηα+1

β+1 )2

ηα+1
β+1

Φ2
R dx

− 6 ν

∫

Ω
R/2

R

|∆u| |∇u| ηα+1
β+1 2ΦR

1

r
dx −

2

M
ν

∫

Ω2M
3M

|∆u| |∇u| ηα+1
β+1 2ΦR dx.crLet us denote Ik the seond term on the left-hand side of (4.8), we have:

Ik = −
k

2

∫

Ω

(∇u)2 ∂1(η
α+1
β+1 Φ2

R) dx

= −
k

2

∫

Ω

(∇u)2 ∂1η
α+1
β+1 Φ2

R dx −
k

2

∫

Ω

(∇u)2 ηα+1
β+1 ∂1(Φ

2
R) dx

≥ −
k

2

∫

Ω

(∇u)2 ∂1η
α+1
β+1 Φ2

R dx

− 6
k

2

∫

Ω
R/2

R

|∆u| |∇u| ηα+1
β+1 2ΦR

1

r
dx −

2

M

k

2

∫

Ω2M
3M

|∆u| |∇u| ηα+1
β+1 2ΦR dx.As a onsequene of these estimates, using the de�nition (A.6), we get that thereexists a onstant suh that

Iν + Ik ≥
ν

2

∫

Ω

(∆u)2 ηα+1
β+1Φ2

R dx +
1

2

∫

Ω

(∇u)2Fα+1,β+1(s, r; ν) ηα
β Φ2

R dx

− c14

∫

Ω2M
3M∪Ω

R/2

R

|∆u| |∇u| ηα
β+1 ΦR dx.We reall in Appendix A how to use funtion Fα,β(s, r; ν), see Lemma A.2. Hene, if

κ > 1, 0 < ε ≤ 1
2κ · k

ν · β−α
β2 and δ, ν, k > 0, we obtain:

Iν + Ik ≥
ν

2

∫

Ω

(∆u)2 ηα+1
β+1Φ2

R dx − c15

∫

Ω

|∆u| |∇u| ηα
β+1 ΦR dx

+
1

2

∫

Ω

(∇u)2
[(

1 −
1

κ

)
k δ ε (β − α) s − (α + 1) δ k

(
1 +

ν

k
(α + 1) δ

)]
ηα

β Φ2
R dx.



148 S. KRAČMAR AND P. PENELUsing again the Cauhy-Shwarz inequality for the seond integral with the respetiveweight funtions ηα+1
β+1 and ηα−1

β+1 , an appropriate hoie of the onstants and the estimatesof Theorem 4.3 lead us to(4.9) Iν +Ik ≥
ν

4

∫

Ω

(∆u)2 ηα+1
β+1Φ2

R dx +c16

∫

Ω

(∇u)2ηα
β+1 Φ2

R dx−c17

∫

Ω

f2 ηα+1
β dxwhere c16 = 1

2 (1 − 1
κ) k δ (β − α).Coming bak to (4.8), we take into aount this estimate for Iν + Ik and the followingone for the third term in (4.8),

Ia =

∫

Ω

∇(a · ∇u)∇u ηα+1
β+1 Φ2

R dx ≥ −
ν

8

∫

Ω

(∆u)2 ηα+1
β+1Φ2

R dx(4.10)
−

c16

2

∫

Ω

(∇u)2ηα
β+1 Φ2

R dx − c18

∫

Ω

f2 ηα+1
β dx,therefore we get:

ν

8

∫

Ω

(∆u)2ηα+1
β+1Φ2

Rdx+
c6

4

∫

Ω

(∇u)2ηα
β+1Φ2

Rdx ≤ c19

( ∫

Ω

f2ηα+1
β dx+

∫

Ω

(∇f)2ηα+2
β+1 dx

)
.The end of the proof looks like the end of the proof of Theorem 4.3: Using the Fatou'slemma the previous estimate gives(4.11) ∥∥ ∆u

∣∣Ω3M
∥∥2

α+1,β+1
+

∥∥∇u
∣∣Ω3M

∥∥2

α,β+1

≤ c20 (‖ f |Ω ‖2
α+1,β + ‖∇f |Ω ‖2

α+2,β+1),and in the bounded domain it is lear from (3.5), (4.3) that(4.12) ‖∆u |Ω4M ‖2
α+1,β+1 + ‖∇u |Ω4M ‖2

α,β+1 ≤ c21 ‖ f |Ω ‖2
α+1,β .With (4.11), (4.12), (4.6) and Remark 4.1, we get the inequality (4.7).To omplete the proof, it remains to justify the estimate from below of Ia in (4.10):

Ia = −

∫

Ω

(a · ∇u) △ u ηα+1
β+1 Φ2

R dx −

∫

Ω

(a · ∇u)∇u ▽ ηα+1
β+1 Φ2

R dx

− 2

∫

Ω

(a · ∇u)∇u ▽ ΦR ηα+1
β+1 dx

≥ −

∫

Ω

|a1| |∂1u| |△u| ηα+1
β+1 Φ2

R −

∫

Ω

|a∗| |∇
∗u| |△u| ηα+1

β+1 Φ2
R

− c22

( ∫

Ω

|a1| |∂1u| |∇u| η
α+1/2
β+1/2 Φ2

R +

∫

Ω

|a∗| |∇
∗u| |∇u| η

α+1/2
β+1/2 Φ2

R

)

− c23

( ∫

Ω

|a1| |∂1u| |∇u| ΦR ηα
β+1 +

∫

Ω

|a∗| |∇
∗u| |∇u| ΦR ηα

β+1

)
.Using the Cauhy-Shwarz inequality for these six integrals, hoosing appropriate de�ni-tions of the onstants, and beause of the assumptions on a1 and |a∗|, we easily obtainthe announed estimate.gCorollary 4.6. Let the onditions of Theorem 4.5 be satis�ed, let |a1| ≤ c1, |∇a1| ≤

c η
−1/2
−1/2 and |∇a∗| ≤ c η−1

0 . Then for every weak solution u of the problem (1.6)-(1.8) we
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α+2, β+1(Ω), χ0∇

3u ∈ L2
α+2, β+1(Ω) and there is onstant C > 0 suh that(4.13) ‖∇∂1u, χ0∇

3u‖α+2,β+1 ≤ C (‖f‖α+1,β + ‖∇f‖α+2,β+1).Proof. We proeed as in the proofs of Theorem 4.3 and Theorem 4.5: Weakly derivingequation (1.6) by ∇(4.14) −ν ∆∇u + k ∂1∇u + ∇(a · ∇u) = ∇fand testing this equation by ∇∂1u ηα+2
β+1 Φ2

R, we get:(4.15) − ν

∫

Ω

∇∆u ∇∂1u ηα+2
β+1 Φ2

R dx + k

∫

Ω

∇∂1u ∇∂1u ηα+2
β+1 Φ2

R dx

+

∫

Ω

∇(a · ∇u)∇∂1u ηα+2
β+1 Φ2

R dx =

∫

Ω

∇f ∇∂1u ηα+2
β+1 Φ2

R dx.The left-hand side of (4.15) an be written as Jν + Jk + Ja.We have suessively:
Jν = − ν/2

∫

Ω

(∆u)2 ∂1(η
α+2
β+1 Φ2

R) dx + ν

∫

Ω

∆u ∇∂1u ∇(ηα+2
β+1Φ2

R) dx

= − ν/2

∫

Ω

(∆u)2 ∂1η
α+2
β+1 Φ2

R dx − ν/2

∫

Ω

(∆u)2 ηα+2
β+1 ∂1(Φ

2
R) dx

+ ν

∫

Ω

△u ∇∂1u ∇ηα+2
β+1 Φ2

R dx + ν

∫

Ω

△u ∇∂1u ηα+2
β+1 ∇Φ2

R dx

≥ − c24

∫

Ω

(∆u)2 ηα+1
β+1Φ2

R dx − c25

∫

Ω

|△u| |∇∂1u| η
α+3/2
β+1/2 ΦR dx

≥ − c24

∫

Ω

(∆u)2 ηα+1
β+1Φ2

R dx −
c25 t

2

∫

Ω

|∇∂1u|
2

ηα+2
β+1 Φ2

R dx

−
c25

2 t

∫

Ω

(△u)2 ηα+1
β ΦR dx

≥ − c26 (‖f‖2
α+1,β + ‖∇f‖2

α+2,β+1) −
κ

2

∫

Ω

|∇∂1u|
2 ηα+2

β+1 Φ2
R dx,

Ja =

∫

Ω

∇(a1∂1u + a∗∇
∗u)∇∂1u ηα+2

β+1 Φ2
R dx

≥

∫

Ω

a1 (∇∂1u)2 ηα+2
β+1 Φ2

R dx −

∫

Ω

|a∗|
∣∣∇2u

∣∣ |∇∂1u| ηα+2
β+1 Φ2

R dx

−

∫

Ω

|∇a1| |∂1u| |∇∂1u| ηα+2
β+1 Φ2

R dx −

∫

Ω

|∇a∗| |∇
∗u| |∇∂1u| ηα+2

β+1 Φ2
R dx.Using the assumptions on a1, |a∗| , |∇a1| and |∇a∗| , we easily obtain

Jν + Jk + Ja ≥
κ

2

∫

Ω

|∇∂1u|
2

ηα+2
β+1 Φ2

R dx − c27 (‖f‖2
α+1,β + ‖∇f‖2

α+2,β+1)and then
κ

4

∫

Ω

|∇∂1u|
2

ηα+2
β+1 Φ2

R dx ≤ c28 (‖f‖2
α+1,β + ‖∇f‖2

α+2,β+1).



150 S. KRAČMAR AND P. PENELWe have also
∇(a · ∇u) = ∂ja1 ∂1u + ∂jak ∂ku + a1 ∂j∂1u + ak ∂j∂ku,where i, j ∈ {1, 2, 3} , k ∈ {2, 3} . Then ∇(a · ∇u) ∈ L2

α+2, β+1(Ω). So, from the equation(4.14), we get also ∆∇u ∈ L2
α+2, β+1(Ω).Use of relation (4.6) and Remark 4.1 ompletes the proof of (4.13).5. Other regularity properties. To get other regularity properties of solutions wemust refer to the results about strong solutions of the equation (1.6) with a ≡ 0 derivedby the potential theory (see Farwig in [2, 3℄ and Appendix B with b ≡ 0 on ∂Ωc). Usingthis approah we an extend the regularity results also on the ase α ≥ y1β, and thisgives us the possibility to ompare the regularity results derived by variational approahand orresponding onditions on funtion a with results and onditions derived now.Let the onditions of Theorem 3.2 and Theorem 4.3 be satis�ed for the vetor funtion

a(.) and let us denote by ua the unique weak solution in Vα, β of our problem. Then
a·∇ua ∈ L2

α+1, β(Ω) : This fat is ensured by the onditions on a(.) in Ω, |a1| ≤ c1, |a∗| ≤

c∗ η
−1/2
0 , and for all f ∈ L2

α+1, β(Ω) with α, β suh that 0 < β ≤ 1, 0 ≤ α < y1 · β.With F = f − a · ∇ua ∈ L2
α+1, β(Ω), equation (1.6) looks like −ν ∆u + k ∂1u = F :Its solvability and uniqueness follow from Appendix B, Theorem B.1, let u0, a be thestrong solution. This solution u0, a is at the same time the weak solution of our problemin Vα, β(Ω). Using the uniqueness argument, we get ua = u0, a. So, we have a strongerresult for the seond order derivatives of u = ua = u0, a than in Theorem 4.3, we get:
‖∇2u‖2

α+1,β ≤ C ‖f‖2
α+1,β .Assuming one more our problem with a 6≡ 0 in Ω. Let f ∈ L2

α+1, β with α, β suhthat 0 ≤ α < β < 1, i.e. as in Appendix B, Theorem B.1, but with non-negative α;when α ≥ y1β, for all t ∈ (0, y1β) , we have f ∈ L2
α+1, β ⊂ L2

y1β+1−t, β . Further letthe onditions of Theorem 3.2 and Theorem 4.3 be satis�ed for a(.), and let us denotealways by ua the unique weak solution in Vy1β−t, β(Ω). From Theorem 4.3 it follows that
∂1ua ∈ L2

y1β+1−t, β (Ω) and ∇ua ∈ L2
y1β−t, β (Ω). Assuming stronger additional onditionson a(.) in Ω

|a1| ≤ c1η
−q
0 , |a∗| ≤ c∗∗ η

−1/2−q
0 ,where q = α − y1β + t, we get a · ∇ua ∈ L2

α+1, β(Ω).Let us onsider again F = f − a · ∇ua, and u0, a the strong solution of the problemrewritten in the previous form, see Appendix B, Theorem B.1. This solution u0, a is atthe same time the weak solution of our problem in Vy1β−t, β(Ω). Using the uniquenessargument, we get ua = u0, a. So, also in this ase we have for the seond order derivativesof u = ua = u0, a:
‖∇2u‖2

α+1,β ≤ C ‖f‖2
α+1,βThis implies the following result:Theorem 5.1. Let Ω ⊂ R

3 be an exterior domain with boundary of lass C2. Furtherlet 0 ≤ α < β < 1, f ∈ L2
α+1,β(Ω), and a ∈ (C(1)(Ω̄))3 has all properties formulated in



REGULARITY RESULTS FOR A GENERIC MODEL EQUATION 151Theorem 3.2. Let additionally the following assumptions be satis�ed in Ω:
|a1| ≤ c1η

−q
0 , |a∗| ≤ c∗∗ η

−1/2−q
0 ,where q =

{
α − y1β + t, if α ≥ y1β

0, if α < y1β
for some t ∈ (0, y1β). Then there exists a strongsolution u ∈ Vα,β(Ω) ∩ H2

loc(Ω) of the problem
−ν ∆u + k∂1u + a · ∇u = f in Ω,(5.1)

u = 0 on ∂Ωc,(5.2)
u → 0 as |x| → ∞(5.3)suh that

‖u‖2
α−1,β + ‖∇u‖2

α,β + ‖∂1u, a · ∇u, ∇2u‖2
α+1,β ≤ C ‖f‖2

α+1,β .Analogously, using Theorem B.2 and Theorem B.3 the following results an be derived:Theorem 5.2. Let Ω ⊂ R
3 be an exterior domain with boundary of lass C3. Further let

0 ≤ α < β < 1, f ∈ L2
α+1,β(Ω), ∇f ∈ L2

α+2,β+1(Ω), and a ∈ (C(1)(Ω̄))3 has all propertiesformulated in Theorem 3.2. Let additionally the following assumptions for a(.) be satis�edin Ω:
|a1| ≤ c1 min{η−q

0 , η
−1/2
−1/2}, |a∗(x)| ≤ c∗ min{η

−1/2−q
0 , η

−1/2
−1/2},

|∇a1| ≤ c η
−1/2
−1/2 , |∇a∗| ≤ c η−1

−1/2where q =

{
α − y1 β + t, if α ≥ y1β

0, if α < y1β
for some t ∈ (0, y1β). Then there exists a strongsolution u of the problem (5.1)-(5.3) suh that u ∈ L2

α−1, β(Ω), ∇u ∈ L2
α, β+1(Ω), ∇2u ∈

L2
α+1, β+1(Ω), ∂1∇u ∈ L2

α+2, β+1(Ω), ∇3u ∈ L2
α+2, β+1(Ω). And there is a onstant C > 0suh that

‖u‖2
α−1, β + ‖∇u‖2

α, β+1 + ‖∇2u‖2
α+1, β+1 + ‖∂1∇u, ∇3u‖2

α+2, β+1

≤ C(‖f‖2
α+1, β + ‖∇f‖2

α+2, β+1).Theorem 5.3. Let Ω ⊂ R
3 be an exterior domain with boundary of lass C3. Further let

0 ≤ α < β < 1, f ∈ L2
α+1,β(Ω), ∂1f ∈ L2

α+3,β(Ω), and a ∈ (C(1)(Ω̄))3 has all propertiesformulated in Theorem 3.2. Let additionally the following assumptions for a(.) be satis�edin Ω:
|a1| ≤ c1 η−1

0 , |a∗(x)| ≤ c∗ min{η
−1/2−q
0 , η−1

0 },

|∂1a1| ≤ c η−1
0 , |∂1a∗| ≤ c η

−3/2
0where q =

{
α − y1 β + t, if α ≥ y1β

0, if α < y1β
for some t ∈ (0, y1β). Then there exists a strongsolution u of the problem (5.1)-(5.3) suh that u ∈ L2

α−1, β(Ω), ∇∂1u ∈ L2
α+2, β(Ω),

∂2
1u ∈ L2

α+3, β(Ω), ∇2∂1u ∈ L2
α+3, β(Ω). And there is a onstant C > 0 suh that

‖∇∂1u‖
2
α+2, β + ‖∂2

1u, ∇2∂1u‖
2
α+3, β ≤ C(‖f‖2

α+1, β + ‖∂1f‖
2
α+3, β).Theorem 5.4. Let Ω ⊂ R

3 be an exterior domain with boundary of lass C3. Further let
0 ≤ α < β < 1, f ∈ L2

α+1,β(Ω), ∇f ∈ L2
α+2,β+1(Ω), ∂1f ∈ L2

α+3,β(Ω), and a ∈ (C(1)(Ω̄))3



152 S. KRAČMAR AND P. PENELhas all properties formulated in Theorem 3.2. Let additionally the following assumptionsfor a(.) be satis�ed in Ω:
|a1| ≤ c1 min

{
η−q
0 , η

−1/2
−1/2

}
, |a∗(x)| ≤ c∗ min{η

−1/2−q
0 , η

−1/2
−1/2},

|∂1a1| ≤ c η−1
0 , |∇∗a1| ≤ c η

−1/2
−1/2 ,

|∂1a∗| ≤ c η
−3/2
0 |∇∗a∗| ≤ c η−1

−1/2where q =

{
α − y1 β + t, if α ≥ y1β

0, if α < y1β
for some t ∈ (0, y1β). Then there exists a strongsolution u of the problem (5.1)-(5.3) suh that u ∈ L2

α−1, β(Ω), ∇∂1u ∈ L2
α+2, β+1(Ω),

∂2
1u ∈ L2

α+3, β(Ω), ∇2∂1u ∈ L2
α+3, β(Ω). And there is a onstant C > 0 suh that

‖u‖2
α−1, β + ‖∇u‖2

α, β+1 + ‖∇2u‖2
α+1, β+1 + ‖∂1∇u, ∇3u‖2

α+2, β+1

+ ‖∂2
1u, ∇2∂1u‖

2
α+3, β ≤ C(‖f‖2

α+1, β + ‖∇f‖2
α+2, β+1 + ‖∂1f‖

2
α+3, β).Appendix A. Obviously we have the expliit expressions:

∂i r ≡
∂ r

∂xi
=

xi

r
, ∂1 s =

−s

r
,

∇r · ∇r ≡ 1, ∇s · ∇r =
s

r
, ∇s · ∇s =

2s

r
,

∆r =
2

r
, ∆s =

2

r
,

∂1 ηα
β =

{
α · δ(1 + ε · s)

x1

r
− β · ε(1 + δ · r)

s

r

}
ηα−1

β−1 ,(A.1)
∂i η

α
β = {α · δ(1 + ε · s) + β · ε(1 + δ · r)}

xi

r
ηα−1

β−1 , i = 2, 3,(A.2)
∇ηα

β = {α · δ(1 + ε · s) · ∇r + β · ε(1 + δ · r) · ∇s} ηα−1
β−1 ,(A.3)

∣∣∇ηα
β

∣∣2 =

{
α2 δ2

(
1 + ε · s

1 + δ · r

)
+ 2 αβδε

s

r
+ 2β2 ε2

(
1 + δ · r

1 + ε · s

)
s

r

}
· (η

α−1/2
β−1/2 )2,(A.4)

∆ηα
β =

{
α(α − 1)δ2

(
1 + ε · s

1 + δ · r

)
+ 2 αβ δε

s

r

+ 2β(β − 1)ε2

(
1 + δ · r

1 + ε · s

)
s

r
+ 2α δ(1 + ε · s)

1

r
+ 2β ε(1 + δ · r)

1

r

}
· ηα−1

β−1 .

(A.5)
Beause (ηα

β )−1is loally integrable, then, by Hölder's inequality, it follows that
L2

α,β(Ω) ⊂ L1
loc(Ω). It thus makes sense to talk about weak derivatives of funtionsin L2

α,β(Ω).Let us mention that ηα
β belongs to the Mukenhoupt lass A2 of weights in R

3 if
−1 < β < 1 and −3 < α+β < 3. The following proposition is proved exatly in the sameway as in the non-weighted ase (see R. A. Adams [1, pp. 45-46℄), when ηα

β ∈ A2.Lemma A.1. Let Ω ⊂ R
3 be open set and ηα0

β0
, ηα1

β1
∈ A2. Then H1(Ω; ηα0

β0
, ηα1

β1
) and

H
◦ 1

(Ω; ηα0

β0
, ηα1

β1
) are Banah spaes, more preisely Hilbert spaes equipped with the salarprodut

(u, v)H1(Ω; η
α0

β0
,η

α1

β1
) =

∫

Ω

u · v · ηα0

β0
· dx +

∫

Ω

∇u · ∇v · ηα1

β2
· dx.



REGULARITY RESULTS FOR A GENERIC MODEL EQUATION 153Let us de�ne a funtion Fα,β(s, r; ν) by the relation:(A.6) Fα,β(s, r; ν) · ηα−1
β−1 ≡ −ν

|∇ηα
β |

2

ηα
β

− k ∂1 ηα
βThe following lemma gives the estimate of F (s, r; ν) from below.Lemma A.2. Let 0 ≤ α < β, κ > 1, 0 < ε ≤ 1

2κ · k
ν · β−α

β2 and δ,ν, k > 0. Then(A.7) Fα,β(s, r; ν) −

(
1 −

1

κ

)
· k · δ · ε · (β − α) · s ≥ −α δ k

(
1 +

ν

k
α δ

)

for all r > 0 and s ∈ [0, 2r] .For the proof see [10, Lem. 3.1℄.Appendix B. The formulations of theorems used in Setion 5. The respetive poten-tial theory using the fundamental solution was done in [3℄. The results was proved forthe Oseen system. Due to the idential properties of fundamental solutions one an getanalogous theorems also for the model equation. In this setion we shall use the followingnotation:
Hk

loc(Ω) =
{
v ∈ Hk

loc(Ω), v ∈ Hk(ΩR) for all R > M
}We used the following theorems in Setion 5:Theorem B.1 (Farwig). Let Ω ⊂ R

3 be an exterior domain with boundary of lass C2.Further let α, β ∈ R be suh that 0 ≤ |α| < β < 1. Then for all F ∈ L2
α+1, β(Ω) and allboundary values b ∈ H3/2(∂Ω) there is a unique strong solution u ∈ L2

α−1, β(Ω)∩H2
loc(Ω)of the problem:

−ν ∆u + k ∂1u = F in Ω(B.1)
u = b on ∂Ω(B.2)

u → 0 as |x| → ∞(B.3)There is a onstant c > 0 independent of F and b suh that
‖u‖α−1, β + ‖∇u‖α, β + ‖∂1u, ∇2u‖α+1, β ≤ c(‖F‖α+1, β + ‖b‖H3/2(∂Ω)).For the proof see [3, Th. 5.6, Rem. 2.9℄.Theorem B.2 (Farwig). Let Ω ⊂ R

3 be an exterior domain with boundary of lass C3.Further let α, β ∈ R be suh that 0 ≤ |α| < β < 1. Then for all F ∈ L2
α+1, β(Ω), ▽F ∈

L2
α+2, β+1(Ω) and all boundary values b ∈ H5/2(∂Ω) there is a unique strong solution u ofthe problem (B.1)-(B.3) suh that u ∈ L2

α−1, β(Ω), ∇u ∈ L2
α, β+1(Ω), ∇2u ∈ L2

α+1, β+1(Ω),

∂1∇u ∈ L2
α+2, β+1(Ω), ∇3u ∈ L2

α+2, β+1(Ω). There is a onstant c > 0 independent of Fand b suh that
‖u‖α−1, β + ‖∇u‖α, β+1 + ‖∇2u‖α+1, β+1 + ‖∂1∇u, ∇3u‖α+2, β+1

≤ c(‖F‖α+1, β + ‖∇F‖α+2, β+1 + ‖b‖H5/2(∂Ω)).For the proof see [3, Th. 5.7 (ii)℄.



154 S. KRAČMAR AND P. PENELTheorem B.3 (Farwig). Let Ω ⊂ R
3 be an exterior domain with boundary of lass C3.Further let α, β ∈ R be suh that 0 ≤ |α| < β < 1. Then for all F ∈ L2

α+1, β(Ω),

∂1F ∈ L2
α+3, β(Ω) and b = 0. Then the solution u of the problem (B.1)-(B.3) satis�es

‖∇∂1u‖α+2, β + ‖∂2
1u, ∇2∂1u‖α+3, β ≤ c(‖F‖α+1, β + ‖∂1F‖α+3, β).For the proof see [2, Th. 3.9 (i)℄.Appendix C. In this setion we would like to mention formal onnetions between ourase and the the modi�ed Oseen equations with some open questions. Let us assume forsimpliity the ase Ω = R

3. The modi�ed Oseen equations (1.5), (1.2) an be formallywritten in the form(C.1) [
−ν △ +k ∂1 + a · ∇, ∇

La, −△

] [
u

p

]
=

[
F

Ga

]
,where La = −

∑3
i,j=1 ∂iaj ∂jui and Ga = −∇ ·F + (−ν △+k ∂1k + a · ∇) G. As usual wetake the divergene of equation (1.5) to determine pressure p.In the ase a ≡ 0 we have also Lau = 0 therefore (C.1) is redued to(C.2) [

−ν △ +k ∂1 + a · ∇, ∇

0, −△

] [
u

p

]
=

[
F

G0

]
.As we an see, the �rst three equations of the system are salar and depend only on p:(C.3) −ν △ ui + k ∂1ui + a · ∇ui = Fi − ∂ip, i = 1, 2, 3.Given the F and G we solve the equation − △ p = G0 and then (C.3), eah equationbeing one model salar model equation with a ≡ 0. We an see that the ase a 6≡ 0 isessentially di�erent, and the question how to modify the mentioned proedure in the ase
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