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Abstrat. Two kinds of estimates are presented for tails and moments of random multidimen-sional haoses S =

∑

ai1,...,idX
(1)
i1

· · · X
(d)
id

generated by symmetri random variables X
(1)
i1

, . . . ,

X
(d)
id

with logarithmially onave tails. The estimates of the �rst kind are generalizations ofbounds obtained by Arones and Giné for Gaussian haoses. They are exat up to onstantsdepending only on the order d. Unfortunately, suprema of empirial proesses are involved.The seond kind estimates are based on omparison between moments of S and moments ofsome related Rademaher haoses. The estimates for pth moment are exat up to a fator
(max(1, ln p))d2

.1. Introdution. Let S =
∑

ai1,...,id
X

(1)
i1

· · ·X(d)
id

be a random haos of order d gener-ated by independent random variables X
(r)
i . In this paper we deal with tail and momentestimates of S in the ase when X

(r)
i are symmetri random variables with logarithmi-ally onave tails. (This is also the ase of Gaussian haoses.) Exat estimates (up touniversal onstants) for tails and moments of S are not known for d ≥ 3. (For d = 1, 2see [La1℄, [La2℄.)Reently R. Lataªa [La℄ proved exat estimates (involving only deterministi quanti-ties) for moments and tails of Gaussian haoses of any order.2000 Mathematis Subjet Classi�ation: Primary 60E15.Key words and phrases: random haos, moments.Researh of the author supported by MNII grant No. 1 P03A 003 27.The paper is in �nal form and no version of it will be published elsewhere.
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162 R. ŁOCHOWSKIArones and Giné (see [AG℄) obtained exat bounds for Gaussian haoses but in-volving expeted values of suprema of empirial proesses. In this paper we extend theirresults giving analogous estimates for haoses generated by symmetri random variableswith logarithmially onave tails. We use similar methods as authors of [AG℄, i.e. a on-entration of measure phenomenon proved by Talagrand (see [Ta℄). We adapt also sometehniques from [La2℄.In the last setion of the paper we give estimates of another type. They involvemoments of haoses generated only by Rademaher variables and for pth moment theyare exat up to a fator (max(1, ln p))d2

. However, it seems that it is muh more omplexto investigate Rademaher than Gaussian haoses. In the proofs we use some tehniquesfrom [LaLo℄.2. Generalization of the results of Arones and Giné. Let us start with2.1. Notation and formulation of the results. Let d and n be positive integers and
(ai1,...,id

)1≤i1,...,id≤n be a multidimensional matrix of reals. For h = (h1, . . . , hn) ∈ Rnlet |h| denote √

h2
1 + · · · + h2

n.In [AG℄ (see page 120) the following estimate was proven for tails of Gaussian haos
S =

∑

ai1,...,id
g
(1)
i1

· · · g(d)
id

, generated by N(0, 1) variables g
(r)
i , 1 ≤ i ≤ n, 1 ≤ r ≤ d. Ifnumbers σ(S) and Mr, 1 ≤ r ≤ d, satisfy the onditions

σ(S) = sup
|h(k)|≤1,1≤k≤d

∑

ai1,...,id
h

(1)
i1

· · ·h(d)
id

,

P
(

sup
|h(k)|≤1,r+1≤k≤d

∑

ai1,...,id

r
∏

j=1

g
(j)
ij

d
∏

k=r+1

h
(k)
ik

≥ Mr

)

≤ 1

2d
,then for all t > 0

P

(

|S| ≥ σ(S)td +

d
∑

r=1

(

d

r

)

td−rMr

)

≤ 1

2
e−t2/2.We will prove an analogous estimate for more general haoses. Heneforth X

(r)
i ,

1 ≤ i ≤ n, 1 ≤ r ≤ d, will denote independent, symmetri random variables with loga-rithmially onave tails so that
P (|X(r)

i | ≥ t) = e−N
(r)
i (t), for 1 ≤ i ≤ n, 1 ≤ r ≤ d, t ≥ 0,where N

(r)
i : [0;+∞) → [0;+∞) is a onvex, stritly inreasing funtion normalized insuh a way that

N
(r)
i (1) = 1.For 1 ≤ i ≤ n and 1 ≤ r ≤ d let us de�ne

Ñ
(r)
i (t) =

{

t2 if |t| ≤ 1,

N
(r)
i (|t|) if |t| > 1.Further, let

B̃(r)
p =

{

b(r) ∈ Rn :
∑

Ñ
(r)
i (b

(r)
i ) ≤ p

}

.



MULTIDIMENSIONAL CHAOS 163For p ≥ 1 and D ⊂ {1, 2, . . . , d} let(1) MD,p = E sup
b(k)∈B̃

(k)
p ,k∈D

∑

ai1,...,id

∏

j∈D′

X
(j)
ij

∏

k∈D

b
(k)
ik

,where D′ = {1, 2, . . . , d}\D.Remark. For D = ∅ we apply the onvention
sup

b(k)∈B̃
(k)
p ,k∈D

∑

ai1,...,id

∏

j∈D′

X
(j)
ij

∏

k∈D

b
(k)
ik

=
∣

∣

∣

∑

ai1,...,id
X

(1)
i1

· · ·X(d)
id

∣

∣

∣
.We use letters c and C to denote universal positive onstants that may hange fromline to line and c(d) and C(d) to denote positive onstants, depeding only on d (c(d) and

C(d) may also di�er at eah ourrene).Relation A ∼d B means that c(d)A ≤ B ≤ C(d)A.The symbol #D denotes the ardinality of the set D.We may now state the results of this setion.Theorem 1. Let us onsider haos S of order d, generated by the variables X
(r)
i ,

S =
∑

ai1,...,id
X

(1)
i1

· · ·X(d)
id

.For p ≥ 1 the following estimates hold:(2) P
(

|S| ≥ C(d)
∑

D⊂{1,2,...,d}

MD,p

)

≤ e−p,

(3) P
(

|S| ≥ c(d)
∑

D⊂{1,2,...,d}

MD,p

)

≥ min(c1(d), e−p),moreover(4) ‖S‖p ∼d

∑

D⊂{1,2,...,d}

MD,p.

Corollary 1 (Semihyperontrativity of X
(r)
i ). For p ≥ 1 and λ ≥ 1(5) ‖S‖λp ≤ λdC1(d)‖S‖p.Proof. For λ ≥ 1, 1 ≤ k ≤ d we have B̃

(k)
λp ⊂ λB̃

(k)
p . From this it follows that

MD,λp ≤ λ#DMD,p.Now from the above and (4) for C1(d) = C(d)/c(d) it follows
‖S‖λp ≤ C(d)

∑

D⊂{1,2,...,d}

MD,λp ≤ C(d)
∑

D⊂{1,2,...,d}

λ#DMD,p

≤ C(d)λd
∑

D⊂{1,2,...,d}

MD,p ≤ C(d)λd 1

c(d)
‖S‖p ≤ λdC1(d)‖S‖p.We also have the following well known result, whih will be used in the sequel:Corollary 2 (Bonami type inequality). For p ≥ 1(6) ‖S‖p ≤ C2(d)pd

√

∑

a2
i1,...,id

.



164 R. ŁOCHOWSKIProof. Notie that ‖S‖2 ∼d

√

∑

a2
i1,...,id

so for p ∈ [1; 2), (6) follows from the mono-toniity of the moments, and for p ≥ 2 from Corollary 1 we have
‖S‖p ≤ (p/2)dC1(d)‖S‖2 ≤ C2(d)pd

√

∑

a2
i1,...,id

.Remark. Theorem 1 is also valid (possibly with worse onstants) for undeoupledhaoses of order d, that is, for random variables of the form
Sundec =

∑

1≤i1<···<id≤n

ai1,...,id
Xi1 · · ·Xid

,where symmetri r.v.'s Xi are independent with log-onave tails. It is an immediateonsequene of the result of de la Peña and Montgomery-Smith ([dlPM℄) that momentsand tails of S̃ are omparable (with onstants depending only on d) with moments andtails of the deoupled haos
Sdec =

∑

π

∑

1≤i1<···<id≤n

ai1,...,id
X

(1)
iπ(1)

· · ·X(d)
iπ(d)

,

where the �rst sum is taken over all permutations π of the set {1, 2, . . . , d} and r.v.'s X
(r)
iare independent opies of Xi.Remark. Let us mention that there is also an analogue of Theorem 1 for more generalvariables than S, namely for variables of the form

ST = sup
a∈T

∑

ai1,...,id
X

(1)
i1

· · ·X(d)
id(T is a nonempty family of multidimensional real matries), with numbers MD,p substi-tuted by numbers MT,D,p, de�ned as

MT,D,p = E sup
a∈T

sup
b(k)∈B̃

(k)
p ,k∈D

∑

ai1,...,id

∏

j∈D′

X
(j)
ij

∏

k∈D

b
(k)
ik

.The method of proof is similar to the method of proof of Theorem 1. Other methodsfor investigating the behaviour of ST for Rademaher haoses, based on entropy andtensorization, were developed in [BBLM℄.2.2. Proof of Theorem 1. We will use the onentration properties of the measure µ withthe density 1
2e−|x| with respet to the Lebesgue measure, proved by Talagrand.For any positive integer N and produt measure µ⊗N on RN the following onen-tration phenomenon holds:(7) µ⊗N (A + Vs) ≥ 1 − {µ⊗N (A)}−1e−s,where Vs = {x ∈ RN :

∑

min(|xi|, x2
i ) ≤ 36s}. Proof of (7) may be found in [Ta℄, analternative, simpler proof was presented in [Ma℄.To prove estimates for tails and moments of S from above let us �rst notie that

X
(r)
i = X̂

(r)
i +

ˆ̂
X

(r)
i for some independent symmetri random variables X̂

(r)
i ,

ˆ̂
X

(r)
i suhthat

P (|X̂(r)
i | ≥ t) = e−N̂

(r)
i (t), where N̂

(r)
i (t) =

{

t if 0 ≤ t ≤ 1,

N
(r)
i (t) if t > 1



MULTIDIMENSIONAL CHAOS 165and | ˆ̂
X

(r)
i | ≤ 1 a.e. By the ontration priniple (f. [KW℄), sine E|X̂(r)

i | ≥
∫ 1

0
e−tdt > 1

2 ,we have
‖S‖p =

∥

∥

∥

∑

ai1,...,id

d
∏

j=1

(X̂
(j)
ij

+
ˆ̂
X

(j)
ij

)
∥

∥

∥

p

≤
∑

D⊂{1,2,...,d}

∥

∥

∥

∑

ai1,...,id

∏

j∈D′

X̂
(j)
ij

∏

k∈D

ˆ̂
X

(k)
ik

∥

∥

∥

p

≤
∑

D⊂{1,2,...,d}

2#D
∥

∥

∥

∑

ai1,...,id

∏

j∈D′

X̂
(j)
ij

∏

k∈D

X̂
(k)
ik

∥

∥

∥

p

= 3d
∥

∥

∥

∑

ai1,...,id
X̂

(1)
i1

· · · X̂(d)
id

∥

∥

∥

p
.So, in order to prove estimate in (4) from above, i.e.

‖S‖p ≤ C(d)
∑

D⊂{1,2,...,d}

MD,p,it is enough to prove that(8) ‖Ŝ‖p ≤ C(d)
∑

D⊂{1,2,...,d}

MD,p,

where Ŝ =
∑

ai1,...,id
X̂

(1)
i1

· · · X̂(d)
id

. Below we prove that(9) M̂D,p ≤ 3#D′

MD,p,where
M̂D,p = E sup

b(k)∈B̃
(k)
p ,k∈D

∑

ai1,...,id

∏

j∈D′

X̂
(j)
ij

∏

k∈D

b
(k)
ik

.Further, we will prove(10) ‖Ŝ‖p ≤ C(d)
∑

D⊂{1,2,...,d}

M̂D,p.This together with (9) will give (8).Having an estimate of ‖S‖p from above we immediately get, by a standard appliationof Chebyshev's inequality, the estimate of tails of S from above (2).In order to prove (9) we will use the followingLemma 1. For p ≥ 0,D = {k1, . . . , kl} ⊂ {1, 2, . . . , d}, j ∈ D′ and real numbers ai,where i = (ij , ik1
, . . . , ikl

), we have
E sup

b(k)∈B̃
(k)
p ,k∈D

∑

aiX̂
(j)
ij

∏

k∈D

b
(k)
ik

≤ 3E sup
b(k)∈B̃

(k)
p ,k∈D

∑

aiX
(j)
ij

∏

k∈D

b
(k)
ik

.Proof. We have
E sup

b(k)∈B̃
(k)
p ,k∈D

∑

aiX̂
(j)
ij

∏

k∈D

b
(k)
ik

≤ E sup
b(k)∈B̃

(k)
p ,k∈D

∑

aiX̂
(j)
ij

I
{|X̂

(r)
i |≤1}

∏

k∈D

b
(k)
ik

+ E sup
b(k)∈B̃

(k)
p ,k∈D

∑

aiX̂
(j)
ij

I
{|X̂

(r)
i |>1}

∏

k∈D

b
(k)
ik

.



166 R. ŁOCHOWSKINow, sine E|X(r)
i | > 1

2 , by the ontration priniple,
E sup

b(k)∈B̃
(k)
p ,k∈D

∑

aiX̂
(j)
ij

I
{|X̂

(r)
i |≤1}

∏

k∈D

b
(k)
ik

≤ 2E sup
b(k)∈B̃

(k)
p ,k∈D

∑

aiX
(j)
ij

∏

k∈D

b
(k)
ik

.Further
E sup

b(k)∈B̃
(k)
p ,k∈D

∑

aiX̂
(j)
ij

I
{|X̂

(r)
i |>1}

∏

k∈D

b
(k)
ik

= E sup
b(k)∈B̃

(k)
p ,k∈D

∑

aiX
(j)
ij

I
{|X

(r)
i |>1}

∏

k∈D

b
(k)
ik

≤ E sup
b(k)∈B̃

(k)
p ,k∈D

∑

aiX
(j)
ij

∏

k∈D

b
(k)
ik

.From the above inequalities we get the assertion.Applying Lemma 1 for onseutive j's belonging to D′ we get (9):
M̂D,p = E sup

b(k)∈B̃
(k)
p ,k∈D

∑

ai1,...,id

∏

j∈D′

X̂
(j)
ij

∏

k∈D

b
(k)
ik

≤ 3#D′

E sup
b(k)∈B̃

(k)
p ,k∈D

∑

ai1,...,id

∏

j∈D′

X
(j)
ij

∏

k∈D

b
(k)
ik

= 3#D′

MD,p.Let now M̂
(r)
i be inverse of N̂

(r)
i and for x ∈ (−∞; 0) de�ne M̂

(r)
i (x) = −M̂

(r)
i (−x),then for any Borel set B ⊂ Rn

P (Ŝ ∈ B)

= µ⊗d·n
({

(x(1), . . . , x(d)) ∈ Rdn :
∑

ai1,...,id
M̂

(1)
i1

(x
(1)
i1

) · · · M̂ (d)
id

(x
(d)
id

) ∈ B
})

.For D ⊂ {1, 2, . . . , d}, p ≥ 1, de�ne
AD,p =

{

x ∈ Rdn : sup
b(k)∈B̃

(k)
p ,k∈D

∑

ai1,...,id

∏

j∈D′

M̂
(j)
ij

(x
(j)
ij

)
∏

k∈D

b
(k)
ik

≤ 2d+1M̂D,p

}

and
Ap =

⋂

D⊂{1,2,...,d}

AD,p.By Chebyshev's inequality we get
µ⊗dn(AD,p) = P

(

sup
b(k)∈B̃

(k)
p ,k∈D

∑

ai1,...,id

∏

j∈D′

X̂
(j)
ij

∏

k∈D

b
(k)
ik

≤ 2d+1M̂D,p

)

≥ 1 − 1

2d+1
.Hene(11) µ⊗dn(Ap) ≥ 1 −

(

∑

D⊂{1,2,...,d}

A′
D,p

)

≥ 1 − 2d 1

2d+1
=

1

2
.



MULTIDIMENSIONAL CHAOS 167Let now Rdn ∋ x = (x(1), . . . , x(d)) = (y(1), . . . , y(d)) + (z(1), . . . , z(d)) = y + z, where
y ∈ Ap, z ∈ Vs = {z ∈ Rdn :

∑

min(|zi|, z2
i ) ≤ 36s}. We have the estimate

∣

∣

∣

∑

ai1,...,id
M̂

(1)
i1

(x
(1)
i1

) · · · M̂ (d)
id

(x
(d)
id

)
∣

∣

∣
(12)

=
∣

∣

∣

∑

ai1,...,id

d
∏

j=1

{M̂ (j)
ij

(y
(j)
ij

) + M̂
(j)
ij

(x
(j)
ij

) − M̂
(j)
ij

(y
(j)
ij

)}
∣

∣

∣

≤
∑

D⊂{1,2,...,d}

∣

∣

∣

∑

ai1,...,id

∏

j∈D′

M̂
(j)
ij

(y
(j)
ij

)
∏

k∈D

{M̂ (k)
ik

(x
(k)
ik

) − M̂
(k)
ik

(y
(k)
ik

)}
∣

∣

∣
.

By onavity of M̂
(r)
i on [0;+∞)

|M̂ (r)
i (x

(r)
i ) − M̂

(r)
i (y

(r)
i )| ≤ 2M̂

(r)
i (|x(r)

i − y
(r)
i |) = 2M̂

(r)
i (|z(r)

i |).Sine z ∈ Vs, then
∑

i,r

Ñ
(r)
i (|M̂ (r)

i (z
(r)
i )|) =

∑

i,r

min((z
(r)
i )2, |z(r)

i |) ≤ 36s.

So (M̂
(k)
i (z

(k)
i )) ∈ B̃

(k)
36s for 1 ≤ k ≤ r and

∣

∣

∣

∑

ai1,...,id

∏

j∈D′

M̂
(j)
ij

(y
(j)
ij

)
∏

k∈D

{M̂ (k)
ik

(x
(k)
ik

) − M̂
(k)
ik

(y
(k)
ik

)}
∣

∣

∣
(13)

≤ sup
z∈Vs

∑

ai1,...,id

∏

j∈D′

M̂
(j)
ij

(y
(j)
ij

)
∏

k∈D

{2M̂
(k)
ik

(z
(k)
ik

)}

≤ 2#D sup
b(k)∈B̃

(k)
36s,k∈D

∑

ai1,...,id

∏

j∈D′

M̂
(j)
ij

(y
(j)
ij

)
∏

k∈D

b
(k)
ik

.

For λ ≥ 1 we have B̃
(k)
λp ⊂ λB̃

(k)
p . From this for s ≥ p/36 we get

sup
b(k)∈B̃

(k)
36s,k∈D

∑

ai1,...,id

∏

j∈D′

M̂
(j)
ij

(y
(j)
ij

)
∏

k∈D

b
(k)
ik

(14)
≤

(

36s

p

)#D

sup
y∈Ap,b(k)∈B̃

(k)
p ,k∈D

∑

ai1,...,id

∏

j∈D′

M̂
(j)
ij

(y
(j)
ij

)
∏

k∈D

b
(k)
ik

≤
(

36s

p

)#D

M̂D,p.The last inequality follows from the de�nition of Ap. From (12), (13) and (14) we get for
x ∈ Ap + Vs, s ≥ p/36 the estimate(15) ∣

∣

∣

∑

ai1,...,id
M̂

(1)
i1

(x
(1)
i1

) · · · M̂ (d)
id

(x
(d)
id

)
∣

∣

∣
≤

∑

D⊂{1,2,...,d}

2#D

(

36s

p

)#D

M̂D,p.From onentration inequality (7) and (11)(16) µ⊗dn(Ap + Vs) ≥ 1 − 2e−s.From (15) and (16), taking s = mp, m = 1, 2, . . . , we get the estimate for ‖Ŝ‖p from



168 R. ŁOCHOWSKIabove (10):
‖Ŝ‖p

p ≤
(

∑

D⊂{1,2,...,d}

(72)#DM̂D,p

)p

µ⊗dn(Ap + Vp)

+

∞
∑

m=2

(

∑

D⊂{1,2,...,d}

(72m)#DM̂D,p

)p

µ⊗dn((Ap + Vmp)\(Ap + V(m−1)p))

≤ 2
∞
∑

m=1

(72m)dp
(

∑

D⊂{1,2,...,d}

M̂D,p

)p

e−(m−1)p

≤
(

C(d)
∑

D⊂{1,2,...,d}

M̂D,p

)p

.

Now we will prove the estimates for tails and moments of S from below:
‖S‖p ≥ c(d)

∑

D∈{1,2,...,d}

MD,p,

P (|S| ≥ c(d)
∑

D∈{1,2,...,d}

MD,p) ≥ min(c1(d), e−p).

We will proeed by indution in d. For d = 1 the estimate is proven in [La1℄. Let usassume that it is true for haoses of orders 1, . . . , d and let now
S =

∑

ai1...idid+1
X

(1)
i1

· · ·X(d)
id

· X(d+1)
id+1

.For D = ∅ we have MD,p = E|S| and the inequality(17) ‖S‖p ≥ c(d + 1)MD,pis satis�ed for p ≥ 1 with c(d + 1) = 1. For D = {1, 2, . . . , d + 1} we have
MD,p = sup

b(k)∈B̃
(k)
p ,k=1,...,d,d+1

∑

ai1...idid+1
b
(1)
i1

· · · b(d)
id

· b(d+1)
id+1

.By the indution hypothesis
‖S‖p =

(

EX(1),...,X(d)

((

EX(d+1)

∣

∣

∣

∑

ai1...idid+1
X

(1)
i1

· · ·X(d)
id

X
(d+1)
id+1

∣

∣

∣

p)1/p)p)1/p(18)
≥

(

EX(1),...,X(d)

(

c(1) sup
b(d+1)∈B̃

(d+1)
p

∑

ai1...idid+1
X

(1)
i1

· · ·X(d)
id

b
(d+1)
id+1

)p)1/p

≥ c(1) sup
b(d+1)∈B̃

(d+1)
p

(

EX(1),...,X(d)

∣

∣

∣

∑

ai1...idid+1
X

(1)
i1

· · ·X(d)
id

b
(d+1)
id+1

∣

∣

∣

p)1/p

≥ c(1) · c(d) sup
b(d+1)∈B̃

(d+1)
p

sup
b(k)∈B̃

(k)
p ,k=1,...,d

∑

ai1...idid+1
b
(1)
i1

· · · b(d)
id

b
(d+1)
id+1

= c(d + 1)MD,p.For D 6= ∅ and D 6= {1, 2, . . . , d + 1} we have even easier estimates. Again, by theindution hypothesis
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‖S‖p =

(

EX(j),j∈D′

((

EX(k),k∈D

∣

∣

∣

∑

ai1...idid+1
X

(1)
i1

· · ·X(d)
id

X
(d+1)
id+1

∣

∣

∣

p)1/p)p)1/p(19)
≥

(

EX(j),j∈D′

(

c(#D) sup
b(k)∈B̃

(k)
p k∈D

∑

ai1,...,id,id+1

∏

j∈D′

X
(j)
ij

∏

k∈D

b
(k)
ik

)p)1/p

≥ c(#D)EX(j),j∈D′ sup
b(k)∈B̃

(k)
p ,k∈D

∑

ai1,...,id,id+1

∏

j∈D′

X
(j)
ij

∏

k∈D

b
(k)
ik

= c(d + 1)MD,p.From (17), (18) and (19) we obtain the estimate for ‖S‖p from below:
‖S‖p ≥ c(d + 1)

∑

D⊂{1,2,...,d+1}

MD,p,whih together with the estimate from above gives (4).In order to prove (3) we will use (5) and the Paley-Zygmund inequality (f. [KW℄)(notie that the inequality (5) is already proven). The Paley-Zygmund inequality statesthat for any nonnegative, nondegenerate r. v. Y and for t ∈ (0; 1), P (Y ≥ tEY ) ≥
(1 − t)2 (EY )2

EY 2 . So for q ≥ 1 we have
P

(

|S| ≥ 1

2
‖S‖q

)

= P

(

|S|q ≥
(

1

2

)q

E|S|q
)

≥
(

1 −
(

1

2

)q)2
(E|S|q)2
E|S|2q

≥ 1

4

(E|S|q)2
C1(d)2q22dq(E|S|q)2 = (C1(d)222d+2)−q = e−C2(d)q.From this for p ≥ max(1, C2(d)), taking q = p/C2(d), c(d) = 1

2C−1
1 (d)C−d

2 (d), we get
c(d)‖S‖p ≤ 1

2‖S‖q and
P (|S| ≥ c(d)‖S‖p) ≥ P

(

|S| ≥ 1

2
‖S‖q

)

≥ e−C2(d)q = e−p.Now, for any p ≥ 1, taking c1(d) = e−max(1,C2(d)), we obtain
P (|S| ≥ c(d)‖S‖p) ≥ min(c1(d), e−p).3. Estimates by moments of Rademaher haoses. In this setion we will applythe previously introdued notation. Some additional notation is presented below.Let r

(k)
i , 1 ≤ i ≤ n, 1 ≤ k ≤ d, denote independent Rademaher variables (inde-pendent also from the variables X

(k)
i , 1 ≤ i ≤ n, 1 ≤ k ≤ d). For p ≥ 1, 1 ≤ k ≤ dde�ne

B(k)
p =

{

x(k) ∈ Rn :
∑

N
(k)
i (|x(k)

i |) ≤ p & (x
(k)
i = 0 or |x(k)

i | ≥ 1 for i = 1, . . . , n)
}

.We will prove the followingTheorem 2. Let us onsider a haos S of order d, generated by the variables X
(r)
i ,

S =
∑

ai1,...,id
X

(1)
i1

· · ·X(d)
id

.



170 R. ŁOCHOWSKIFor p ≥ 1 the following estimates hold:(20) ‖S‖p ≤ C(d)
∑

I⊂{1,2,...,d}

max(1, ln p)d#I sup
x(j)∈B

(j)
p ,j∈I

∥

∥

∥

∑

ai1...id

∏

j∈I

x
(j)
ij

∏

k∈I′

r
(k)
ik

∥

∥

∥

pand(21) ‖S‖p ≥ c(d)
∑

I⊂{1,2,...,d}

sup
x(j)∈B

(j)
p ,j∈I

∥

∥

∥

∑

ai1...id

∏

j∈I

x
(j)
ij

∏

k∈I′

r
(k)
ik

∥

∥

∥

p
.

Remark. Reently R. Lataªa [La℄ proved exat estimates for moments and tails of Gaus-sian haoses of any order. Below we present moment estimates for Gaussian haoses oforder 3:
c(
√

p‖A‖HS + p(‖A‖{1}{2,3} + ‖A‖{2}{1,3} + ‖A‖{3}{1,2}) + p
√

p|||A|||)
≤

∥

∥

∥

∑

aijkg
(1)
i g

(2)
j g

(3)
k

∥

∥

∥

p

≤ C(
√

p‖A‖HS + p(‖A‖{1}{2,3} + ‖A‖{2}{1,3} + ‖A‖{3}{1,2}) + p
√

p|||A|||).In the above inequalities A denotes the matrix (aijk) and
‖A‖HS = ‖A‖{1,2,3} := sup

{

∑

ijk

aijkxijk :
∑

ijk

x2
ijk ≤ 1

}

=

√

∑

ijk

a2
ijk,

‖A‖{1}{2,3} := sup
{

∑

ijk

aijkxiyjk :
∑

i

x2
i ≤ 1,

∑

jk

y2
jk ≤ 1

}

.

Similarly de�ne ‖A‖{2}{1,3}, ‖A‖{3}{1,2} and
|||A||| = ‖A‖{1},{2},{3} := sup

{

∑

aijkxiyjzk :
∑

i

x2
i ≤ 1,

∑

j

y2
j ≤ 1,

∑

k

z2
k ≤ 1

}

.

Proof of Theorem 2. The estimate from above immediately follows by the iteration ar-gument from the followingLemma 2. With the same assumptions as in Theorem 2
‖S‖p ≤ C(d)

∥

∥

∥

∑

ai1...id
r
(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

p
(22)

+C(d)max(1, ln p)d sup
x(1)∈B

(1)
p

∥

∥

∥

∑

ai1...in
x

(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

p
.

We postpone the proof of Lemma 2 to subsetion 3.1 and now we will prove (21), i.e.the estimate from below. From ontrative properties of Rademaher variables and from



MULTIDIMENSIONAL CHAOS 171(4) we get for any I ⊂ {1, 2, . . . , d}

‖S‖p =
(

EX(j),j∈IEX(k),k∈I′

∣

∣

∣

∑

ai1...id

∏

j∈I

X
(j)
ij

∏

k∈I′

X
(k)
ik

∣

∣

∣

p)1/p

=
(

EX(j),j∈IEX(k),r(k),k∈I′

∣

∣

∣

∑

ai1...id

∏

j∈I

X
(j)
ij

∏

k∈I′

(|X(k)
ik

|r(k)
ik

)
∣

∣

∣

p)1/p

≥
(

EX(j),j∈IEr(k),k∈I′

∣

∣

∣

∑

ai1...id

∏

j∈I

X
(j)
ij

∏

k∈I′

(EX(k) |X(k)
ik

|r(k)
ik

)
∣

∣

∣

p)1/p

≥ c(d)
(

Er(k),k∈I′EX(j),j∈I

∣

∣

∣

∑

ai1...id

∏

j∈I

X
(j)
ij

∏

k∈I′

r
(k)
ik

∣

∣

∣

p)1/p

≥ c(d)
(

Er(k),k∈I′ sup
x(j)∈B̃

(j)
p ,j∈I

∣

∣

∣

∑

ai1...id

∏

j∈I

x
(j)
ij

∏

k∈I′

r
(k)
ik

∣

∣

∣

p)1/p

≥ c(d) sup
x(j)∈B̃

(j)
p ,j∈I

∥

∥

∥

∑

ai1...id

∏

j∈I

x
(j)
ij

∏

k∈I′

r
(k)
ik

∥

∥

∥

p
.

Sine B
(k)
p ⊂ B̃

(k)
p , we get
‖S‖p ≥ c(d) sup

x(j)∈B̃
(j)
p ,j∈I

∥

∥

∥

∑

ai1...id

∏

j∈I

x
(j)
ij

∏

k∈I′

r
(k)
ik

∥

∥

∥

p

≥ c(d) sup
x(j)∈B

(j)
p ,j∈I

∥

∥

∥

∑

ai1...id

∏

j∈I

x
(j)
ij

∏

k∈I′

r
(k)
ik

∥

∥

∥

p
.Now

‖S‖p ≥ 1

2d

∑

I⊂{1,2,...,d}

c(d) sup
x(j)∈B

(j)
p ,j∈I

∥

∥

∥

∑

ai1...id

∏

j∈I

x
(j)
ij

∏

k∈I′

r
(k)
ik

∥

∥

∥

p

≥ c(d)
∑

I⊂{1,2,...,d}

sup
x(j)∈B

(j)
p ,j∈I

∥

∥

∥

∑

ai1...id

∏

j∈I

x
(j)
ij

∏

k∈I′

r
(k)
ik

∥

∥

∥

pand (21) follows.3.1. Proof of Lemma 2. We will proeed by indution. For d = 1 and any (ai) ∈ Rn wehave(23) 1

C(1)

∥

∥

∥

∑

aiX
(1)
i

∥

∥

∥

p
≤

∥

∥

∥

∑

air
(1)
i

∥

∥

∥

p
+ sup

{

∑

aix
(1)
i : (x

(1)
i ) ∈ B(1)

p

}

.This follows (f. [La1℄) from the moment estimates for linear ombinations of X
(1)
i and

r
(1)
i , and it is an even better estimate than (20). Let us assume that d ≥ 2 and (20) isalready proven for haoses of order 1, 2, . . . , d − 1.First we will prove that the sum S =

∑

ai1...id
X

(1)
i1

· · ·X(d)
id

may be split into two sums
S1+S2 suh that S1 ontains summands orresponding to multiindies (i1, i2, . . . , id) with
1 ≤ i1 ≤ pC(d) and ‖S2‖p is omparable with C(d)‖∑

ai1...id
r
(1)
i1

· X(2)
i2

· · ·X(d)
id

‖p.First notie that multiindies (i1, . . . , id) may be rearranged in suh a way that(24) if j1 ≤ j2 then ∑

i2,...,id

a2
ij1

i2...id
≥

∑

i2,...,id

a2
ij2

i2...id
.



172 R. ŁOCHOWSKIFrom (23) we get
1

C(1)

∥

∥

∥

∑

aiX
(1)
i

∥

∥

∥

p
≤

∥

∥

∥

∑

air
(1)
i

∥

∥

∥

p
+ sup

{

∑

aix
(1)
i : (x

(1)
i ) ∈ B(1)

p

}(25)
≤

∥

∥

∥

∑

air
(1)
i

∥

∥

∥

p
+ pmax |ai|.Now, from (25) we get

∥

∥

∥

∑

i1>pC(d),i2,...,id

ai1...id
X

(1)
i1

· · ·X(d)
id

∥

∥

∥

p
(26)

≤ C(1)
∥

∥

∥

∑

ai1...id
r
(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

p

+C(1)p
∥

∥

∥
max

i1>pC(d)

∑

i2,...,id

ai1i2...id
X

(2)
i2

· · ·X(d)
id

∥

∥

∥

p
.Using (24), we will estimate

∥

∥

∥
max

i1>pC(d)

∑

i2,...,id

ai1i2...id
X

(2)
i2

· · ·X(d)
id

∥

∥

∥

p
.We have

∥

∥

∥
max

i1>pC(d)

∑

i2,...,id

ai1i2...in
X

(2)
i2

· · ·X(d)
id

∥

∥

∥

p

≤
∞
∑

k=0

∥

∥

∥
max

2kpC(d)<i1≤2k+1pC(d)

∑

i2,...,id

ai1i2...id
X

(2)
i2

· · ·X(d)
id

∥

∥

∥

p
.Now, using a Bonami type inequality (i.e. Corollary 2 from the previous setion)

∥

∥

∥

∑

i2,...,id

ai1i2...id
X

(2)
i2

· · ·X(d)
id

∥

∥

∥

∥

p

≤ C(d)pd

√

∑

i2,...,id

a2
i1i2...id

.Hene, by Chebyshev's inequality, for t ≥ 1

P
(∣

∣

∣

∑

i2,...,id

ai1i2...id
X

(2)
i2

· · ·X(d)
id

∣

∣

∣
≥ C(d)t

√

∑

a2
i1i2...id

)

≤ e−t1/d

.From the inequality above, integrating by parts, for t0 ≥ 1 we obtain(27) ∥

∥

∥

(
∣

∣

∣

∑

i2,...,id

ai1i2...id
X

(2)
i2

· · ·X(d)
id

∣

∣

∣
− C(d)t0

√

∑

i2,...,id

a2
i1i2...id

)

+

∥

∥

∥

p

≤ C(d)( sup
t0≤t≤∞

te−t1/d/(2p))

√

∑

i2,...,id

a2
i1i2...id

.Let t0(k) satisfy
sup

t0(k)≤t≤∞

te−t1/d/(2p) ≤ 1

2kpC(d)
,for example(28) t0(k) = C(d) [p ln p + pk]

d
.Denote by Ik the set of integers belonging to the interval (2kpC(d); 2k+1pC(d)].



MULTIDIMENSIONAL CHAOS 173From (27), taking t0(k) de�ned as in (28), we get
∥

∥

∥
max
i1∈Ik

∑

i2,...,id

ai1i2...id
X

(2)
i2

· · ·X(d)
id

∥

∥

∥

p
≤ C(d)t0(k) max

i1∈Ik

√

∑

i2,...,id

a2
i1i2...id

+

2k+1pC(d)

∑

i1=2kpC(d)+1

∥

∥

∥

(

∑

i2,...,id

ai1i2...id
X

(2)
i2

· · ·X(d)
id

− C(d)t0 max
i1∈Ik

√

∑

i2,...,id

a2
i1i2...id

)

+

∥

∥

∥

p

≤ C(d) [p ln p + pk]
d

max
i1∈Ik

√

∑

i2,...,id

a2
i1i2...id

+ C(d)

2k+1pC(d)

∑

i1=2kpC(d)+1

( sup
t0≤t≤∞

te−t1/d/(2p))

√

∑

i2,...,id

a2
i1i2...id

≤ C(d) [2p ln p + pk]
d

max
i1∈Ik

√

∑

i2,...,id

a2
i1i2...id

+ max
i1∈Ik

√

∑

i2,...,id

a2
i1i2...id

≤ C(d) [2p ln p + pk]
d

max
i1∈Ik

√

∑

i2,...,id

a2
i1i2...id

.

Now, using the estimate
max
i1∈Ik

√

∑

i2,...,id

a2
i1i2...id

≤
√

1

2kpC(d)

∑

i1,i2,...,id

a2
i1i2...id

,

whih follows from (24), we get
C(d)p

∥

∥

∥
max

i1>pC(d)

∑

i2,...,id

ai1i2...in
X

(2)
i2

· · ·X(d)
id

∥

∥

∥

p

≤ C(d)p

∞
∑

k=0

∥

∥

∥
max

2kpC(d)<i1≤2k+1pC(d)

∑

i2,...,id

ai1i2...id
X

(2)
i2

· · ·X(d)
id

∥

∥

∥

p

≤
∞
∑

k=0

C(d)p [2p ln p + pk]
d

√

1

2kpC(d)

∑

i1,i2,...,id

a2
i1i2...id

.

Notie that for C(d) large enough, the last sum may be bounded by
C(d)

√

∑

i1,i2,...,id

a2
i1i2...idand therefore

C(d)p
∥

∥

∥
max

i1>pC(d)

∑

i2,...,id

ai1i2...in
X

(2)
i2

· · ·X(d)
id

∥

∥

∥

p
(29)

≤ C(d)

√

∑

i1,i2,...,id

a2
i1i2...id

≤ C(d)
∥

∥

∥

∑

ai1...id
r
(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

2
.



174 R. ŁOCHOWSKIBy (26) and (29) we have
∥

∥

∥

∑

i1>pC(d),i2,...,id

ai1...id
X

(1)
i1

· · ·X(d)
id

∥

∥

∥

p
≤ C(d)

∥

∥

∥

∑

ai1...id
r
(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

p
.

So let us onsider
S1 =

∑

i1≤pC(d),i2,...,id

ai1i2...id
X

(1)
i1

· · ·X(d)
id

.

By (23) we have
1

C(1)
‖S1‖p ≤

∥

∥

∥

∑

i1≤pC(d),i2,...,id

ai1...id
r
(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

p
(30)

+

∥

∥

∥

∥

sup
x(1)∈B

(1)
p

∑

i1≤pC(d),i2,...,id

ai1...id
x

(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

p
.

Reall the de�nition of B
(1)
p ,

B(1)
p =

{

x(1) ∈ Rn :
∑

N
(1)
i (|x(1)

i |) ≤ p and (x
(1)
i = 0 or |x(1)

i | ≥ 1 for i = 1, . . . , n)
}

.Sine i1 ≤ pC(d) we may assume that B
(1)
p ⊂ RpC(d) . Let us de�ne

B̂(1)
p = {(x̂i) ∈ RpC(d)

: ∃(xi) ∈ B(1)
p , x̂i = sign(xi) · ⌊|xi|⌋}.We will prove that B̂

(1)
p has ardinality no greater than pC(d)p and that for any (ai) ∈

RpC(d)(31) sup
x∈B

(1)
p

∑

aixi ≥ max
x∈B̂

(1)
p

∑

aixi ≥
1

3
sup

x∈B
(1)
p

∑

aixi.

Indeed, by the de�nition of B
(1)
p , for any (xi) ∈ B

(1)
p we have

#{i : xi 6= 0} ≤ p,#{i : |xi| > p} = 0and sine all vetors from B̂
(1)
p have integer oordinates, then

#B̂(1)
p ≤

(

pC(d)

p

)

(2p + 1)p ≤ pC(d)p.In order to prove (31) notie that B̂
(1)
p ⊂ B

(1)
p , so the �rst inequality is obvious. To showthe seond, take (x0

i ) ∈ B
(1)
p suh that

∑

aix
0
i ≥ 2

3
sup

x∈B
(1)
p

∑

aixi.We may additionally assume that aix
0
i ≥ 0 for all i's. Take x̂0

i =sign(x0
i ) ·

⌊

|x0
i |

⌋

. Sinefor all i's x0
i = 0 or |x0

ß| ≥ 1, so
aßx

0
i ≥ aix̂

0
i ≥ 1

2
aix

0
i for all i's,
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sup

x∈B̂
(1)
p

∑

aixi ≥
1

2

∑

aix
0
i ≥ 1

3
sup

x∈B
(1)
p

∑

aixi.Using properties of B̂
(1)
p , for any q ≥ p we have

∥

∥

∥
sup

x(1)∈B
(1)
p

∑

i1≤pC(d),i2,...,id

ai1...id
x

(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

p
(32)

≤ 3
∥

∥

∥
max

x(1)∈B̂
(1)
p

∑

i1≤pC(d),i2,...,id

ai1...id
x

(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

p

≤ 3
(

∑

x(1)∈B̂
(1)
p

E
∣

∣

∣

∑

i1≤pC(d),i2,...,id

ai1...id
x

(1)
i1

· X(2)
i2

· · ·X(d)
id

∣

∣

∣

q)1/q

≤ 3(#B̂(1)
p )1/q max

x(1)∈B̂
(1)
p

∥

∥

∥

∑

i1≤pC(d),i2,...,id

ai1...id
x

(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

q
.Taking q = pmax(1, ln p) and using Corollary 2 we get

(#B̂(1)
p )1/q max

x(1)∈B̂
(1)
p

∥

∥

∥

∑

i1≤pC(d),i2,...,id

ai1...id
x

(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

q

≤ (#B̂(1)
p )1/(p max(1,ln p))

(pmax(1, ln p)

p

)d−1

×

× max
x(1)∈B̂

(1)
p

∥

∥

∥

∑

i1≤pC(d),i2,...,id

ai1...id
x

(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

p

≤ C(d)max(1, ln p)d−1 sup
x(1)∈B

(1)
p

∥

∥

∥

∑

i1≤pC(d),i2,...,id

ai1...id
x

(1)
i1

· X(2)
i2

· · ·X(d)
id

∥

∥

∥

p
.And now, from the above inequality, from (32) and (30) the inequality (22) follows.Aknowledgments. I would like to express my gratitude to Prof. R. Lataªa for hisuseful remarks and patiene when he was introduing me into the subjet.
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