STOCHASTIC ANALYSIS
BANACH CENTER PUBLICATIONS, VOLUME 105
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 2015

CONDITIONAL MARKOV CHAINS
— CONSTRUCTION AND PROPERTIES

TOMASZ R. BIELECKI

Department of Applied Mathematics, Illinois Institute of Technology
Chicago, IL 60616, USA
E-mail: bielecki@iit.edu

JACEK JAKUBOWSKI
Institute of Mathematics, University of Warsaw
ul. Banacha 2, 02-097 Warszawa, Poland
and Faculty of Mathematics and Information Science, Warsaw University of Technology
E-mail: jakub@mimuw.edu.pl

MARIUSZ NIEWEGLOWSKI

Faculty of Mathematics and Information Science, Warsaw University of Technology
ul. Koszykowa 75, 00-662 Warszawa, Poland
E-mail: M. Nieweglowski@mini.pw.edu.pl

Abstract. In this paper we study finite state conditional Markov chains (CMCs). We give
two examples of CMCs, one which admits intensity, and another one, which does not admit
an intensity. We also give a sufficient condition under which a doubly stochastic Markov chain
is a CMC. In addition we provide a method for construction of conditional Markov chains via
change of measure.

1. Introduction. Conditional Markov chains (CMCs) are important generalizations of
processes such as doubly stochastic Poisson processes or indicator processes of stopping
times.

In this paper we continue study of finite state conditional Markov chains that was
originated in [4]. Here we introduce a modified definition of the conditional Markov prop-
erty, which is less general than Definition 11.3.1 used in Chapter 11.3 in [4]. However, the
definition of conditional Markov property proposed in this paper is well suited for study
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of Markov consistency properties for conditional Markov chains and study of Markov
copulae for conditional Markov chains that will be conducted in the follow-up papers
2, Bl

In Sectionwe introduce our concept of CMC. We give two examples of (F, G)-CMC,
one which does not have the intensity, and one with the intensity. We give a sufficient
condition under which a doubly stochastic Markov chain is a CMC. In Section [3] we
provide a systematic construction of a CMC with a specified generator (intensity) process.
Our construction proceeds via a change of probability measure and allows for intensity
processes that are more general than the ones considered in [4]. Moreover we are able to
construct CMC which is adapted to filtration G, given in advance, provided that there
exists a G-adapted time homogeneous Markov chain with values in S.

2. Conditional Markov chain and its intensity. Let 7" > 0 be a fixed, finite time
horizon. Let (2, 4,P) be an underlying complete probability space, which is endowed
with two filtrations, F = (F):ejo,7) and G = (G¢)¢ejo,7], that are assumed to satisfy the
usual conditions. Typically, processes considered in this paper are defined on (Q, F,P),
and are restricted to the time interval [0,T]. In addition, we fix a finite set S, and we
denote by d the cardinality of S. Without loss of generality we take S = {1,2,3,...,d}.

DEFINITION 2.1. An S-valued, G-adapted cadlag process X is called an (F,G)-condi-
tional Markov chain if for every x1,...,xr € S and forevery 0 <t <t; < ... <t;: < T
it satisfies the following property

P(th :ZEk,...,th :a:1|.7-"t\/gt) :]P)(th :.Ik,...,th :I1|Ft\/0'(Xt)). (1)

REMARK 2.2.

(i) We will call filtration G the base filtration, and I the reference filtration.

(ii) If G is independent of F, then the above definition reduces to the case of a classical
G-Markov chain. In other words, a classical G-Markov chain is an (F,G)-conditional
Markov chain for the reference filtration independent of the base filtration.

(iii) If F O G then any cadlag process X with state space S is an (F,G)-conditional
Markov chain. Thus the concept of the (IF, G)-conditional Markov chain is worth studying
only if F 2 G.

In what follows we shall write (IF, G)-CMC, for short, in place of (F,G)-conditional
Markov chain.
From now on, we assume that P(Xg = z¢) = 1 for some zg € S.

2.1. Intensity of an (F, G)-CMC. Let X be an (F, G)-CMC. For each = € S we define
the corresponding state indicator process of X,

Hf = ]l{Xt:z}7 t e [O,T]. (2)

Accordingly, we define a column vector H; = (Hf’);re g, where T denotes transposition.

Similarly, for z,y € S, x # y, we define process H*Y that counts the number of transitions
from x to y,

ny::#{ugt:Xu,:manqu:y}:/ H dHY, 0<t<T.
10,¢]
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The following definition generalizes the concept of the generator matrix (or intensity
matrix) of a Markov chain.

DEFINITION 2.3. We say that an F-progressively measurable (matrix valued) process
Ay = [M\/Y]z,yes such that

AV >0, Va,ye S, x#y, Z)\fyzO, Vr €S, (3)
yeSs

is an F-intensity matriz process for X, if the process M defined as
t
Mtth—/ AL H, du, t€]0,T), (4)
0

is an F V G-(local) martingale (with values in R?).

The example of CMC admitting F-intensity will be given later (see Example[2.10)). In
the case of classical Markov chains with finite state space, intensity matrix may not exist
if the matrix of transition probabilities is not differentiable (e.g. when X is not quasi-left
continuous, see Rogers and Williams [IT}, ITT.11]). In the case of (F, G)-CMC the situation
is similar. That is, there exist (IF, G)-CMCs that do not admit F-intensities. We illustrate
this possibility by means of the following example:

EXAMPLE 2.4. Suppose that (92,.4,P) supports a standard, real valued Brownian mo-
tion W, and a random variable E with unit exponential distributiorﬂ and independent
from W. Define a nonnegative process v by the formula

v := sup W,, te€][0,T].
u€|0,t]

By definition, v is an increasing and continuous process. It is well known (cf. Section 1.7
in [6]) that trajectories of v are not absolutely continuous with respect to the Lebesgue
measure on real line.
Next, define a process X by
Xt = ]l{‘rgt]w t> 07
where
Ti=1inf{t >0:v > E}.
Note that, for any ¢ € [0,T] we have
P(r > t|F") =P(E 27 |FY) =EPE 27 |FL)|F) =™
This means that the process 7 is the FW-hazard process of 7 (cf. e.g. [4]). It is well known
(see e.g. [4, Prop. 5.1.3]) that the process M given as
]/\Zt = ]l{'rgt} - / d’)/u =X; — / (1 - Xt) d’Yu (5)
10,tAT] 10,¢]

is an FW v FX martingale.
To show that X is an (F" FX)-CMC we first note that state 1 is an absorbing
state for X. Thus, for every z1,...,zp € S and for every 0 < ¢t < t; < ... <t < T

'That is, E is exponentially distributed with mean 1.
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and A = {X,;, =xg,..., Xy, =1} we have

0 if dk <n, zp =1, 241 =0,
B(A|FWVFX) = P(X;, = 1| FY v FX) itvk=1,...,n, 2 =1, (©)
P(X,, =0|FY v FX) iftVk=1,...,n, 2 =0,

P(Xy, =0,X¢,,, =1 FYVFY) if Ik <n, 2, =0, 41 = 1.
Using, once again, the fact that state 1 is an absorbing state for X, we conclude that
P(X,=1,X,=0|F"VF) =1y, yP(X, =1, X, =0|F" vF")
=lix,—yP(Xu =1, X, = 0| 7Y vo(Xy)),
P(X, = 1|FY VFY) = 1ix,—1y + Lix,—)P(Xy = 1| RV vV FY)
= Lix,=1y + L=y P(Xu = 1| Y Vo (Xy)),
for t <v <u <T. Hence
P(X,=1,X,=0|FYvVF)=P(X,=1,X,=0|F"Vvo(Xy),
P(Xy =117V F) =P(X, = 1| 7" V(X))
P(X, =0|FY VFY) =P(X, =0|F" Va(Xy)).
This and @ imply condition , which proves that X is an (FV,FX)-CMC.
In order to see that X does not admit an F"-intensity matrix let us consider the
(vector) indicator process H = (H°, H') associated with X:

HY=(1-X;), H}=X;.
Martingale property of M given by yields that the processes

M) = H) — . ]H?d(—vu) —1— M, (7)
t

M} = H}! - s H? dvy, = M,, (8)

are (FW FX) martingales. Upon denoting M = (M°, M)T, we see that equalities
and can be written as

_ t
M, = H, — / (dT'y)" Hy, (9)
0
where
Yt Mt
I, := .
=

Now, suppose that there exists an F-intensity matrix A for X, so that process M given
as in is an FW v FX martingale. This implies that a process N given as

t t
N, =M, — M, = / (dr,)"H, —/ AL H, du
0 0

is an F" v F¥X martingale. Since N is a continuous process of finite variation, it must be
constant, so that N; = Ny = 0. This is a contradiction because this would imply that

t t
/(dFu)THu:/ ALH,du fort e [0,T],
0 0
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which is impossible as I' is not absolutely continuous with respect to Lebesgue measure
on the real line. We conclude that process X does not admit an F-intensity matrix. This
completes the example.

In the rest of this paper we restrict ourselves to CMCs which admit F-intensity.

2.1.1. Intensity of an (F,G)-CMC and compensators of counting processes H*Y. The
F-intensity matrix of an (F,G)-CMC X is related to the F V G-compensators of pro-
cesses H™, z,y € S, x # y. In fact, we have the following result, which is a special case
of more general lemma proven in [9, Lemma 4.3],

THEOREM 2.5. Let X be an (F,G)-CMC.

1) Suppose that X admits an F-intensity matriz process A. Then for every x,y € S,
T # y, the process M™Y given as

t
MY = HyY — / HINY du, t>0, (10)
0

is an FV G local martingale.

2) Suppose that we are given a family of nonnegative F-progressively measurable pro-
cesses ANV, x,y € S, x # vy, such that for every x,y € S, x # vy, the process
M™ given in is an FV G local martingale. Then, the matriz valued process
At = [M\Y)zyes, with diagonal elements defined as

AT =— N AW, geS,
yeS,y#x

is an F-intensity matriz of X.

The above theorem sheds light on the issue of existence of F-intensities. We see that
the F-intensity may not exist since F V G-compensators of H*¥Y may not be absolutely
continuous with respect to Lebesgue measure. In fact, fixing y € S, if at least one of
the processes H*Y, for x € S, x # y, does not admit the F V G-compensator that is
absolutely continuous with respect to Lebesgue measure, then the process HY = H{ +
Yo S,ay (H™ —HY") does not admit the FVG-compensator that is absolutely continuous
with respect to Lebesgue measure. On the other hand, absolute continuity of F VvV G-
compensators of all processes H*Y, for x € S, © # y, is not sufficient for existence of
F-intensity. This is due to the fact that the density of F V G compensator is, in general,
F vV G-adapted, whereas by definition the F-intensity is only F-adapted.

2.2. (F,G)-CMC as a pure jump semimartingale. It is important to note that
an (F,G)-CMC X admitting F-intensity process A can be viewed as a pure jump semi-
martingaleﬂ with values in S, whose corresponding random jump measure p defined by
(cf. Jacod [7])

/L(w7 dtv dz) = Z 6(Tn (W), X1, (w) (@) (dtv dZ) ]l{Tn(w)<T}a

n>1

2We adhere to the standard convention that semimartingale processes (taking values in finite
dimensional spaces) are cadlag.
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where
To=inf{t: T,y <t<T, Xy #Xp, ,} AT, Ty=0,

has the F vV G predictable projection (or compensating measure) given as

u(dt,dz)zz(sy(dz)( 3 Ht’”)\fy)dt226y(dz)( 3 ]I{Xt:l,})\fy>dt. (11)

yes zeS\{y} yeS z€S\{y}

So the problem of construction of an (F,G)-CMC with an F-intensity (matrix) pro-
cess A is equivalent to the problem of construction any G-adapted, S-valued pure jump
semimartingale with the F vV G compensator v given by 7 and additionally satisfying
condition .

REMARK 2.6. With a slight abuse of terminology, we shall refer to a G-adapted,
S-valued pure jump semimartingale X with the F V G compensator v given by ,
as to a G-adapted, S-valued pure jump semimartingale admitting the F-intensity pro-
cess A. In particular, this also means that the process M corresponding to X as in
is an F vV G-(local) martingale, and, in addition, that Theorem is true for such a
process X.

2.3. DSMC that is a CMC. An important family of jump processes, so called doubly
stochastic Markov chains (DSMC), was introduced in [9]. Here we provide a sufficient
condition under which a doubly stochastic Markov chain is a CMC.

DEFINITION 2.7. A G-adapted cadlag process X = (X¢)se[o,1) is called an (F, G)-doubly
stochastic Markov chain with state space S if there exists a stochastic matrix valued
random field P(s,t) = (pay(s,t))z,yes for 0 < s <t < T such that

1) P(s,-) is F-progressively measurable,
2) for any 0 < s <t < T and every x,y € S we have

P(Xy =y|FrV QS)]I{XS:J;} = H{stx}pzy(S,t)~ (12)

For brevity we write (F,G)-DSMC, for the “(F, G)-doubly stochastic Markov chain”.
In order to state the next result we need the following definition.

DEFINITION 2.8. We say that a filtration F is P-immersed in a filtration G if F C G and
if every (P,TF)-local martingale is a (P, G)-local martingale.

PROPOSITION 2.9. Assume that X is an (F,G)-DSMC and that F is immersed in FV G,
then X is an (F,G)-CMC.

Proof. Let us fix arbitrary x1,...,25 € Sand 0 <t < t; < ... < tp < T, and let us
define a set A by

A= {th :zk,...,th :fﬂl}.
‘We need to show that

P(A|F Vv Ge) =P(A| Fe V o(Xy)). (13)
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To this end note that by Lemma 3.1 in [9] we have

k—1
]P(A | -FT V gt)]]-{Xt:z} = H{Xt:z}pz,xl (t7 tl) H Pz, xpi1 (tna tn+1)~ (14)

n=1

The tower property of conditional expectation and imply
P(A|F,V Gy) = ]E(Z E(La| FrV Gl x,—a} | Fi V gt)

z€eS

k—1
- ]E(Z Lix,—oy P (6 11) [ Ponony (b tuga) | Fe V gt)
n=1

zeS
k—1
= Z ]I{Xt:m}E(pa:,:cl (t; tl) H Py i1 (tn; tn+1) ‘ ]:t V gt)
zeS n=1

Now, using the assumption about immersion of F in F V G and [10, Proposition 9.1.1],
we obtain

k—1
P(A | FiV gt) = Z ]I{Xt:x}E(pw,m (t7 tl) H Pz znit (tna tn+1) |]:t)

zes n=1

This ends the proof. =

EXAMPLE 2.10 (Time changed discrete Markov chain). Consider a process C, which is
a discrete time Markov chain with values in S = {1,..., K} with transition probability
matrix P, and a process N, which is a Cox process with cadlag F-intensity process .
From Jakubowski and Niewegtowski [8, Theorem 7 and 9] we know that under assumption
that the processes (Cj,)x>0 and (Nt)teo, 1) are independent and conditionally independent
given Fr, the process

Ct = C’Nt

is an (F,F¢)-DSMC. Thus, by Proposition 3.4 in [9] and Proposition the process C
is an (F, F¢)-CMC. Moreover the F-intensity A of C' is given by

MY = (P~ Dy

3. CMC—construction via change of measure. Let Ay = [AY];,es be an
F-progressively measurable, matrix valued process on (£2,.4), satisfying and such
that the set A™(w) := {0 <t <T:A¥(w) # A\Y(w)} has Lebesgue measure zero for
every x,y € S, x # y, and all w € . In this section we provide a method for constructing
an (F, G)-CMC, with this A as the F-intensity matrix.

THEOREM 3.1. Let (2, A4,Q) be a probability space such that filtrations F and G are
independent under Q. Let (X;)o<i<r be a time homogeneous G-Markov chain with state
space S and with the infinitesimal generator A = [a™], yes whose off-diagonal entries
are strictly positive. Suppose that processes k™Y defined, for all x,y € S, x £y, by

ALY

KTV = e 1, telo,T],
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are such that random variable n given as

T
n= H exp(—/O Hﬁ_azyﬁiydu) H (1+&SYAHDY),

z,yeS:x#y 0<u<T

satisfies Egn = 1. Then, under the probability measure P defined by

dP
= =1 (15)
d@ FrVGr

the process X is an (F,G)-CMC under P with an F-intensity matriz process A.

Proof. It needs to be shown that for every x1,...,2; € S andevery 0 < s <t; < ... <ty

]P(th :Ik,...,th :I'1|.Fg\/g5) :}P(th :Ik,...,th :I1|./_':9\/0'(XS)), (16)
and that the R? valued process M defined by (cf. ()

t
M, = H, 7/ A H,du, tel0,T], (17)
0

is an F V G-(local) martingale under P.

Step 1. Proof of .
Let us define a Doob martingale 7, t € [0,T], by

ne = Eqn|F: V Gi).

Then, we have

N = H exp(— /t HY a™klY du) H (L+KSYAHY).
0

z,yES:xF#y o<u<t
We note that, for 0 < s <t,
m = nsLs,ta
where
Lgy = H exp(— /t H_a® kY du) H (14 &VAH S (u)).
z,yES:z#Y s s<u<t

This implies that on the set {ns > 0}

Mt
- :Ls,t~
Ns
From now on we fix arbitrary x1,...,2x € Sand 0 < s < t; < ... < tx < T, and we

define
A={Xy, =xp,...,Xt, =21}

Then by the Bayes formula we have
P(A|FsV Gs) = 14, 501Eq (nAZl | Fov gs) P-as.
Since P(ns > 0) = 1, we may conclude that

P(A|Fs Vv Gs) =Eq (]IA?TT ’.7:5 Y gs> P-a.s. (18)
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Now, equality will follow from below, which is true in view of Lemma

EQ(]IAL&T | ]:s vV QS) = EQ(]IAL&T |.7:S V O'(Xs)) P-a.s. (19)
Indeed, from and , we have
P(A|Fs VvV Gs) =Eg(laLs | FsVo(Xs)) P-as. (20)

Thus, in view of ,

P(A|Fs v o(Xs)) = Ep(P(A| Fs V Gs) | Fs V o (Xs))
=Ep(Eq(LaLls 7| FsVo(Xs))|Fs Vo(Xs))
=Eo(laLlsr|FsVo(Xs)) =P(A|FsVGs),

which is ([16)).
Step 2. M defined by is an F V G-local martingale under P.

Since X is a G Markov chain we know that, for every x,y € S, © # y, the process M*Y
given by

t

Mt‘”y:ny—/ Hia"Wdu, 0<t<T,

0
is a G martingale under Q. In view of independence under Q of the filtrations F and G,
process X is also an F V G Markov chain, and thus, each process M™Y is also an FV G
martingale under Q. Applying Girsanov’s theorem (see Brémaud [5, Thm. VI.T3]) we
conclude that, for each z,y € S, x # y, the F V G-compensator of H*Y under P has

density with respect to the Lebesgue measure given as

zy

A
HZa™(1 + k1Y) = HFa™ (1 + o - 1) —HINY, 0<t<T.
ad?
Thus
t
MY = HY —/ HINY du, 0<t<T,
0

is an FVG-martingale under P. Given our technical assumption that set A*Y has Lebesgue
measure zero, we see that, for 0 <t < T,

t
NP = HPY — / HIXYdu, 0<t<T. (21)
0

Thus according to Remark [2.6] we can use Theorem to conclude that we can take A
as a version of F-intensity of X. m

4. Appendix

LEMMA 4.1. Let F and G be independent under P, and let X be a G-Markov chain.
Let us fix s € [0,T], and suppose that n,& are bounded random variables such that
neo(Xy, s<u<T), and £ € Fr. Then we have

E(n£|}—s \/gs) :E(ﬂﬁ\}—s VU(XS)) (22)
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Proof. We have
Eg | Fs V Gs) = E(EnE | Foo V Gs) | Fs V Gs) = E(SE(n| Foo V Gs) | Fis V Gs)
=E(E(n|Gs) | Fs v Gs) = E(EE(n|o(Xs)) [ Fs V Gs)
=E(¢] s VGs)E(n|o(Xs)) = E(¢ | Fo)E(n|o(Xs)),
where the third equality follows from independence of F and G, the fourth one from

G-Markov property of X, and the sixth one follows from the independence of F and G,
as well. On the other hand we have

Em¢ | Fs vV o(Xs)) = B(EME | Foo V a(Xs)) [ Fs Vo(Xs))
= E(EE(U|]:00 \ U(Xs)) |}-s v O(Xs))
=E(EMn|o(Xs)) [ Fs Vo(Xs)) =E(E|Fs Vo(Xs))En|o(Xs))

= E(¢|FS)E(n|o(Xs)),
where the third equality follows from the independence of F and G. =
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