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Abstract. The paper is concerned with the problem of existence of explosive solutions for
a class of nonlinear parabolic It6 equations. Under some sufficient conditions on the initial state
and the coefficients, it is proven by the method of auxiliary functionals that there exist explosive
solutions with positive probability. The main results are presented in Theorems 3.1 and 3.2
under different sets of conditions. An example is given to illustrate some application of the
second theorem.

1. Introduction. Consider the initial-boundary problem for a reaction-diffusion equa-
tion in domain D C R%:

ou

o = Dutf(w), t>0,

u(z,0) = g(z),  w €D, (1.1)
u(zx,t) =0, x € 0D,

where A is the Laplacian operator, 9D denotes the boundary of D, and the functions
f and g are given such that the problem has a unique local solution. In 1963 it
was first shown by S. Kaplan [I0] that, for a certain class of nonlinear functions f(u),
the solution of equation becomes infinite or explodes at a finite time, provided that
the initial state g(x) and the nonlinear function f(u) satisfy appropriate conditions. His
result was later extended by Fujita [6] and many others. Since then it has become known
that solutions to more general nonlinear parabolic equations may develop singularities in
finite time, see, e.g., the review article [7] and the book [I3], where an extensive references
can be found. Physically this phenomenon is manifested as the explosion in combustion,
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reaction diffusion and branching diffusion problems. It is therefore of interest to examine
the effect of a random perturbation to equation on the existence of an explosive
solution. This consideration has led us to investigate the question of nonexistence of a
global solution to the following type of parabolic Itd equation:

% = Aut f(u) + o(WAW (z,t), t>0,
u(,0) = g(z), reD, (12)
U(I,t) = 0’ T € 8D7

with a multiplicative noise, where o is a given function and W (z,t) is a Wiener random
field. So far, little is known about the existence of explosive solutions for SPDEs. Recently
we studied the existence of explosive solutions for a class of nonlinear stochastic wave
equations. Based on a stochastic energy method, we were able to obtain some sufficient
conditions for the blow-up of the second moments of solutions, or in the L?norm [2]. In
the case of nonlinear parabolic Itd equations, we studied the explosive positive solutions
in the papers [3] and [4]. The results are restricted to the explosion of positive solutions
in the LP-norm, or the p-th moment of the solution. In contrast, for stochastic ordinary
differential equations, general results on the explosion and non-explosion of solutions, in
probability or with probability one, have been well established (see, e.g., [9], [I1] among
others). Technically the method of auxiliary (Lyapunov) function has been employed ex-
tensively to find sufficient conditions for stability and explosion of solutions. In this paper
this method will be adopted to establish certain sufficient conditions on the coefficients
of some parabolic Itd6 equations for explosion with positive probability. This approach
does not require the positivity of the solution and the coefficients may also depend on
the gradients of the solution.

In this paper we shall give a brief review of some basic results for nonlinear parabolic
It6 equations in Section [2} The main results are presented in Section [3] as two theorems.
In Theorem by means of a globally defined auxiliary functional, it is proven that,
under certain sufficient conditions on the coefficients, there exists an explosive solution
with positive probability. By relaxing the global condition on the auxiliary functional, it
is only required to be defined outside a large ball. A similar explosion result is proved in
Theorem [3.2] Finally an example is given in Section [4] to show a possible application of
Theorem [3.2] However, the problem of proving an almost sure explosion result remains
open.

2. Preliminaries. Let D be a domain in R?, which has a smooth boundary 9D if it is
bounded. We set H = L*(D) with the inner product and norm denoted by (-,-) and || - ||,
respectively. Let H' = H'(D) be the L?-Sobolev space of first order and let V = H}
denote the closure in H! of the space of C''-functions with compact support in D. Let
|I-1l1 and (-, -) denote, respectively, the norm in V" and the duality pairing between V and
V' =H

Let W(x,t), for x € RY ¢t > 0, be a continuous Wiener random field defined in
a complete probability space (Q,F,P) with a filtration F; ([I, p. 38]). It has mean
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EW (z,t) = 0 and covariance function g(x,y) defined by
EW(z, )W (y,s) = (t A s)a(z,y), =,y R,

where (t A s) = min{t, s} for 0 <t,s <T.
Consider the initial-boundary value problem for the parabolic Itd equation

% = Au+ f(u, Vu,z,t) + o(u, Vu, z,t)0, W (x, t),
u(z,0) = h(z), x €D, (2.1)

u(z,t)|op = 0, t e (0,7),

where A = Zj =1 %[aij (z)%] is a symmetric, uniformly elliptic operator with smooth
s, i J

coefficients (say, in C3(D)), that is, there exists a constant ag > 0 such that

d

b(z,§) == Z aij(2)&&5 > aolél?, (2.2)

i,j=1
for all z € D and & = (£1,...,&4) € Re Certain conditions will be imposed on the

functions f, o, h later.

Now, to regard the equation (2.1)) with a homogeneous boundary condition as an
It6 equation in the Hilbert space H, we set u; = u(-,t), Fr(u) = f(u, Vu,-,t), Z¢(u) =
o(u, Vu, -, t) and so on, and rewrite it as

du; = [Aut + Ft(ut)] dt + Et(ut) th, 0<t<T,

2.3
v — . (2.3)

where A is now regarded as a continuous linear operator from V to V’. The nonlinear
function Fy : V. — H and, with v € V, the linear operator ¥;(v) : V. — H are all
continuous for ¢ > 0. We assume that the covariance function ¢(x, y) satisfies the condition

/ q(z,z)dx < cc.
D

Then we can rewrite equation (2.3)) as

Uy :g+/0 [Aus + Fs(us)] der/O Ys(ug) dWs, (2.4)

where the stochastic integral is well defined (see [I, Theorem 2.4]). By the semigroup
approach [5], it is well known that there exists a mild solution of equation under
suitable conditions. However, for the problem under consideration, it requires the use of
It6 calculus. Therefore we need to consider the strong or variational solution [12].
Under the usual conditions, such as the stochastic coercivity, Lipschitz continuity
and monotonicity conditions, the equation is known to have a unique global strong
solution u € C([0,T]; H) N L2((0,T); V) for any T > 0 ([, Theorem 7.4]). Moreover,
let ® : [0,7] x H — R. A functional ®(t,v) will be called an It6 functional if it is
once differentiable in ¢ and twice Fréchet-differentiable in v such that the first Fréchet
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derivative ®'(t,v) € V for v € V. Then the following It formula holds [12], [8]

D(t,ur) = D(0,up) + /;{6(1)(5,1;5) + E@(s,us)} ds

t Os (2.5)
+/ (q)l(&US)’ D (us) dWS)
0
and 1
Lo =2 Tr"IQY" + (Auy, @) + (Fi(us), @) (26)

where ®” denotes the second Fréchet derivative of ®, (Q is the covariance operator with
kernel ¢, the star means the adjoint and Tr is the trace of an operator.

On the other hand, if the nonlinear terms are only locally Lipschitz continuous and
the monotonicity condition is dropped, one can only assert the existence of a unique local
solution. In this case, for h € H, the solution u? in H is said to explode or blow up with
positive probability if the probability P{r" < oo} > 0, where 7" is the explosion time
defined by 7" = inf{t > 0 : ||u}| = oo} [9].

3. Existence of explosive solutions. To simplify the notation, we consider the au-
tonomous parabolic Ité equation (2.1]), where the functions f and o are independent of ¢.
Then the corresponding stochastic evolution equation (2.3 yields
dus = [Aup + F(ug)| dt + Z(ug) dWe, 0<t < T, (3.1)
Uug = h, .

THEOREM 3.1. Suppose that, given h € H, the parabolic Ité equation (3.1) has a unique
strong local solution ul'. Assume that there exist a bounded nonnegative Ité functional U
on H and a constant C > 0 such that

LUv) > CU(v), foranyve H'. (3.2)

Then, for any h € H with U(h) > 0, the solution ul' will explode with a positive proba-
bility. More precisely, for any € > 0, the following inequality holds

1 M
b e Zn|—
IP’(T < Cln[U(h)] —I—s) > 0, (3.3)
where we set M = sup, ¢ U(n).

Proof. Let ®(t,v) = U(v)e~“*. Then ® is also an It6 functional. Since a strong solution
u? is known to be a strong Markov process, for any stopping time 7, we can apply the
It6-Dynkin formula to obtain

tAT tAT
O(t AT, uins) = U(h) +/ e (L — C’)U(us)ds+/ e (U (s, us), B(us) dWs).
0 0
Define 7/ = inf{t > 0 : ||u}|| > n}. By setting 7 = 7%, taking an expectation and making
use of condition (3.2)), the above inequality yields
EQ(t ATl uly 1) = E{U (uypmn) e =CO Y > U(R)

or
MEe{—CUtAT)} > U(h)
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h

with M = sup, ¢y U(n). As n — oo, we have Th — 7" a.s., where 7" is an explosion time.

Then the above inequality gives
Ee{~CUA™)} > U(h)/M. (3.4)

We will show that P(7" < 00) > 0. Suppose otherwise and assume P(7" = oo) = 1. Then
the above inequality implies that

= > U(n) /M,
or
=[]
—n| —
Cc LU
which is impossible. Hence we have IP’(Th < oo) > 0 by contradiction. Moreover, by taking
t — oo in equation (3.4)), it can be rewritten as

Eexp{fC’{Th - éln U]z/‘l[z)}} > 1,

t< vt >0,

which implies

foranye > 0. m

In the above theorem, the auxiliary function U(v) must be defined for each v € H. It
seems plausible to speculate that the explosive behavior of solutions u}* depends mostly
on the properties of the coefficients far away from the origin. This consideration leads to
the following theorem under some milder conditions on the coefficients. For p > 0, define
B, ={v e H:|v| < p} with complement B = {v € H : |v|| > p}, S, = {v € H :
[v]| = p}. Also let 7, = inf{t > 0: |[uf| > p} and 75, = {t > 0: uf € 5,}.

THEOREM 3.2. Suppose that, given h € H, the parabolic Ité equation has a unique
local strong solution uy. Assume there exist a positive Ito functional ®(t,v) defined for
t >0 and v € B for some r > 0, and positive constants K1, Ko, K3 and C such that the
following conditions hold:

(C1) sup D(t,v) = Ky,
t>0,veEBS
(C2) sup D(t,v) =Ky < _inf P(t,v) = Ks, for somep>r,
t>0,0€S, t>0,veS,
0

(C3) L, ®(tv) = ( + c)@(m) > Cd(t,v), fort>0,ve H' NBE.

ot
If u,}}l =uv1 € 8,, for some t1 > 0, then the solution will explode with positive probability.
Proof. Let Tr(t) = min{7g,t,7s,}. It follows from condition (C3) that

L {P(t,v)exp[—C(t —t1)]} >0

for v € B¢, t > t;. This inequality and It6-Dynkin’s formula imply, for ¢ > t;, the
inequality
B {R(7(1), tra(ry) exp[=Cra(t) = )]} > B(t1, ), (3:5)
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where E?-¥1 denotes the conditional expectation given u;, = v;. Note that the inequality
(3.5) can be expressed as follows:

Eth?)l {¢(TR7 UTR) eXp[_C(TR - tl)]H{TR<t/\TST}}

+ Eiv {(I)(TST, UTST) exp[—C’(TST - tl)]H{Tsr <tATr} }

+ B (t, ue) exp[~C(t — t)|Ijr<rpars, 1} = Pt v1),
where t A s = min{¢t, s} and Ip denotes the indicator function of D. It follows from this
inequality and conditions (C2) and (C3) that, for v; € T, t; > 0,

Ei1v1 {(I)(TR, Urp) exp[—C (TR — tl)]H{TR<t/\TST}} (3.6)

Z @(tl,vl) - K2 — K1 exp[fC(t — tl)] 2 K3 — K2 — Kl exp[fC’(t - tl)]

Letting t — 0o, R — oo and making use of condition (C1) again, for v; € S, and ¢; > 0,
we obtain
KlEtl’vl exp[fC(Too — tl)} > Kg — KQ > 0,

which implies P***1 {7, < oo} > 0. This proves the theorem. m

REMARK. Even though we considered the autonomous equation (3.1]), with an obvious
modification, Theorem [3.2] is also applicable to the equation when the noise term X
depends on ¢ continuously.

4. Example. As mentioned in Introduction, the existence of positive explosive solutions
to some nonlinear parabolic Itd equations was treated in the sense of LP-norm. Here we
shall give an example of using Theorem to show the non-existence of a global solution
with positive probability. To be specific, consider the following problem in one dimension:

o = 0%u + f(u, 0pu) + o(t)(0pu)0,W (z,t), 0<z<1,t>0,
u(0,t) = u(1,t) = 0; u(x,0) = h(z),

where W (z,t) is a continuous Wiener random field with the covariance function ¢(x,y),
f(u,0u) is a nonlinear function to be specified, and o(¢) is a strictly increasing, continu-
ous function with o(0) = 0 and bounded by a sufficiently large constant oy. Assume that
the function f(£,n) is of the form

FE&n) =g(&) +&n* for &neR, (4.2)
where ¢ is a continuous function as yet to be specified. Define
1,1
@)= [ [ atw.pu) dedy = alol
0o Jo
Assume that the correlation function g(z,y) is bounded and positive definite such that

aillvl® < (Qu,v) < gofJv|?, (4.3)

for some constants g > ¢q; > 0 and v € H = L?(0,1). Introduce the auxiliary functional
®(v), independent of ¢, as follows

(4.1)

1

20) =K = e
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for some o > 0 and ||v|| > r > 1, where K is chosen such that

1
Then it is easy to check that the conditions (C1) and (C2) of Theorem are satisfied.
To verify condition (C3), since ®(v) is bounded for ||v|| > r, it suffices to show that
L:®(v) > Cy with ¢ > 1 for some positive constants Cy and ¢;. By some simple compu-
tations, we can obtain

K >

! o (t)
£0) = G EEE g (@0 2:0)

— 020]2 + (9(v), v) + [[vd,0]?]

2 1+« 9
e (1 + o HUH2>U (Qv@xv,vamv)} (4.4)

o 1
> e (g 0770 = )10 + (a(0),0) + 0,01

208(12( 1+a )
= 1+ Ylvdsv)2},
[[o]|* 21n [|uff?

where use was made of condition (4.3)). Let ¢; > 0 such that

1
5 Q10'2(t1) > 1.

Then we make use of condition and take 7 to be so large that
2082 ( 14+« ) 1
]2 2In|fof]?/ =
for ||v|| > r. By using the preceding two inequalities in equation , we obtain

alg(v),v)
[ >
L) 2 B [oyarars

for t > t1 and ||v|| > r. If, in addition,
(9(v),0) = CaJol|*(n [Ju]?)+e)72

for ||v]| > r, we can conclude that there is Cyp > 0 such that £, ®(v) > Cy. By Theorem
for ||lug, || > 7, the solution w; will explode with positive probability.
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