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1. Introduction. A classical assumption in the theory of optimal portfolio/consumption
choice as in Merton [11] is that assets are continuously tradable by agents. This is not
always realistic in practice, and illiquid markets provide a prime example. Indeed, an
important aspect of market liquidity is the time restriction on assets trading: investors
cannot buy and sell them immediately, and have to wait some time before being able
to unwind a position in some financial assets. In the past years, there was a significant
strand of literature addressing these liquidity constraints. In [13], [10], the price process
is observed continuously but the trades succeed only at the jump times of a Poisson
process. Recently, the papers [12], [3], [7] relax the continuous-time price observation by
considering that asset is observed only at the random trading times. In all these cited
papers, the intensity of trading times is constant or deterministic. However, the market
liquidity is also affected by long-term macroeconomic conditions, for example by financial
crisis or political turmoil, and so the level of trading activity measured by its intensity
should vary randomly over time. Moreover, liquidity breakdowns would typically induce
drops on the stock price in addition to changes in its rate of return and volatility.

In this paper, we investigate the effects of such liquidity features on the optimal
portfolio choice. We model the index of market liquidity as an observable continuous-
time Markov chain with finite-state regimes, which is consistent with some cyclicality
observed in financial markets. The economic agent can trade only at the discrete arrival
times of a Cox process with intensity depending on the market regimes. Moreover, the
risky asset price is subject to liquidity shocks, which switch its rate of return and volatility,
while inducing jumps on its dynamics. In this hybrid jump-diffusion setting with regime
switching, we study the optimal investment/consumption problem over an infinite horizon
under a non-bankruptcy state constraint.

Our main results are the following.

• We first prove carefully that the dynamic programming principle (DPP) holds in
our framework. Due to the state constraints in two dimensions, we have to slightly
weaken the standard continuity assumption, see Remark 3.3.

• Then, using the DPP, we characterize the value function of this stochastic control
problem as the unique constrained viscosity solution to a system of integro-partial
differential equations.

These two results set up the basis for the deep study (analytical and numerical of the
optimal solution of the model), which is done in the companion paper [6].

The rest of the paper is structured as follows. Section 2 describes our continuous-time
market model with regime-switching liquidity, and formulates the optimization problem
for the investor. In Section 3 we state and prove the DPP. Section 4 is devoted to the
analytic characterization of the value function as the unique viscosity solution to the
dynamic programming equation.

2. A market model with regime-switching liquidity. Let us fix a probability space
(Ω,F ,P) equipped with a filtration F = (Ft)t≥0 satisfying the usual conditions. It is
assumed that all random variables and stochastic processes are defined on the stochastic
basis (Ω,F ,F,P).



DYNAMIC PROGRAMMING IN ILLIQUID MARKETS 105

Let I be a continuous-time Markov chain valued in the finite state space Id =
{1, . . . , d}, with intensity matrix Q = (qij). For i 6= j in Id, we can associate to the
jump process I, a Poisson process N ij with intensity rate qij ≥ 0, such that a switch
from state i to j corresponds to a jump of N ij when I is in state i. We interpret the
process I as a proxy for market liquidity with states (or regimes) representing the level of
liquidity activity, in the sense that the intensity of trading times varies with the regime
value. This is modeled through a Cox process (Nt)t≥0 with intensity (λIt)t≥0, where
λi > 0 for each i ∈ Id. For example, if λi < λj , this means that trading times occur more
often in regime j than in regime i. The increasing sequence of jump times (τn)n≥0, τ0 = 0,
associated to the counting process N represents the random times when an investor can
trade a risky asset of price process S. Note that under these assumptions the jumps of I
and N are a.s. disjoint.

In the liquidity regime It = i, the stock price follows the dynamics
dSt = St(bi dt+ σi dWt),

where W is a standard Brownian motion independent of (I,N), and bi ∈ R, σi ≥ 0, for
i ∈ Id. Moreover, at the times of transition from It− = i to It = j, the stock changes as
follows:

St = St−(1− γij)

for a given γij ∈ (−∞, 1), so the stock price remains strictly positive, and we may have a
relative loss (if γij > 0), or gain (if γij ≤ 0). Typically, there is a drop of the stock price
after a liquidity breakdown, i.e. γij > 0 for λj < λi. Overall, the risky asset is governed
by a regime-switching jump-diffusion model:

dSt = St−
(
bIt− dt+ σIt− dWt − γIt− ,It dN

It− ,It
t

)
.

Portfolio dynamics under liquidity constraint. We consider an agent investing and con-
suming in this regime-switching market. We denote by (Yt) the total amount invested
in the stock, and by (ct) the consumption rate per unit of time, which is a nonnegative
adapted process. Since the number of shares Yt/St in the stock held by the investor has
to be kept constant between two trading dates τn and τn+1, then between such trading
times, the process Y follows the dynamics:

dYt = Yt−
dSt
St−

, τn ≤ t < τn+1, n ≥ 0.

The trading strategy is represented by a predictable process (ζt) such that at a trading
time t = τn+1, the rebalancing on the number of shares induces a jump ζt in the amount
invested in the stock:

∆Yt = ζt.

Overall, the càdlàg process Y is governed by the hybrid controlled jump-diffusion process

dYt = Yt−
(
bIt− dt+ σIt− dWt − γIt− ,It dN

It− ,It
t

)
+ ζt dNt. (2.1)

If we assume for simplicity a constant savings account, the amount (Xt) invested in cash
then follows

dXt = −ct dt− ζt dNt. (2.2)
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The total wealth is defined at any time t ≥ 0, by Rt = Xt + Yt, and we shall require the
non-bankruptcy constraint at any trading time:

Rτn ≥ 0, a.s. ∀n ≥ 0. (2.3)
Actually since the asset price may become arbitrarily large or small between two trading
dates, this non-bankruptcy constraint is equivalent to a no-short sale constraint on both
the stock and savings account (see Lemma 2.1 in [6]):

Xt ≥ 0 and Yt ≥ 0, ∀t ≥ 0. (2.4)
Given an initial state (i, x, y) ∈ Id × R+ × R+, we shall denote by Ai(x, y) the set of

investment/consumption control process (ζ, c) such that the corresponding process (X,Y )
solution to (2.1)–(2.2) with a liquidity regime I, and starting from (I0− , X0− , Y0−) =
(i, x, y), satisfy the non-bankruptcy constraint (2.3).

Optimal investment/consumption problem. The preferences of the agent are described
by a utility function U which is increasing, concave, C1 on (0,∞) with U(0) = 0, and
satisfies the usual Inada conditions: U ′(0) = ∞, U ′(∞) = 0. We assume the following
growth condition on U : there exist some positive constant K, and p ∈ (0, 1) such that

U(x) ≤ Kxp, x ≥ 0. (2.5)
We denote by Ũ the convex conjugate of U , defined from R into [0,∞] by

Ũ(`) = sup
x≥0

[U(x)− x`].

The agent’s objective is to maximize over portfolio/consumption strategies in the
above illiquid market model the expected utility from consumption rate over an infinite
horizon. We then consider, for each i ∈ Id, the value function

vi(x, y) = sup
(ζ,c)∈Ai(x,y)

E
[∫ ∞

0
e−ρtU(ct) dt

]
, (x, y) ∈ R2

+, (2.6)

where ρ is a discount factor. We also introduce, for i ∈ Id, the function
v̂i(r) = sup

x∈[0,r]
vi(x, r − x), r ≥ 0, (2.7)

which represents the maximal utility performance that the agent can achieve starting
from an initial nonnegative wealth r and from the regime i. More generally, for any
locally bounded function wi on R2

+, we associate the function ŵi defined on R+ by
ŵi(r) = supx∈[0,r] wi(x, y), so that

ŵi(x+ y) = sup
e∈[−y,x]

wi(x− e, y + e), (x, y) ∈ R2
+.

In the sequel, we shall often identify a d-tuple function (wi)i∈Id defined on R2
+ with the

function w defined on R2
+ × Id by w(x, y, i) = wi(x, y).

In this paper, we focus on the characterization of the value functions vi (and so v̂i),
i ∈ Id, as unique solutions of the associated HJB system.

We first need to check that the value functions are well-defined and finite. Let us
consider for p > 0, the positive constant

k(p) := max
i∈Id,z∈[0,1]

[
pbiz −

σ2
i

2 p(1− p)z2 +
∑
j 6=i

qij((1− zγij)p − 1)
]
<∞.
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Under (2.5), we make the standing assumption that
ρ > k(p),

which shall ensure the finiteness of the value function. More precisely, the following growth
condition is showed in [6]: there exists some positive constant C such that

vi(x, y) ≤ C(x+ y)p, ∀(i, x, y) ∈ Id × R2
+. (2.8)

We next state continuity properties of the value functions.
Proposition 2.1. The value functions vi, i ∈ Id, are concave in R2

+, and so continuous
on the interior of R2

+. Moreover, for i ∈ Id the function x 7→ vi(x, 0) and y 7→ vi(0, y)
are continuous on R+.
Proof. The concavity of vi in (x, y) follows from the linearity of the admissibility con-
straints in X,Y, ζ, c, and the concavity of U . Since vi is concave, it is continuous on the
interior of its domain R2

+ and on the axes.

3. Dynamic programming principle. First of all we formulate our control problem in
a suitable weak sense which is the good one to prove the dynamic programming principle.
Definition 3.1. Given (i, x, y) ∈ Id × R+ × R+, a control U is a 9-tuple (Ω,F ,P,
F = (Ft)t≥0,W, I,N, c, ζ), where:

1. (Ω,F ,P,F) is a filtered probability space satisfying the usual conditions.
2. I is a Markov chain with space state Id and generator Q, I0 = i a.s., N is a Cox

process with intensity (λIt), andW is an F-Brownian motion independent of (I,N).
3. Ft = σ(Ws, Is, Ns; s ≤ t) ∨N , where N is the collection of all P-null sets of F .
4. (ct) is F-progressively measurable, (ζt) is F-predictable.
We say that U is admissible (writing U ∈ Awi (x, y)), if the solution (X,Y ) to (2.2)–

(2.1) with X0 = x, Y0 = y, satisfies Xt ≥ 0, Yt ≥ 0 a.s.
Given U ∈ Awi (x, y), define J(U) = E[

∫∞
0 e−ρsU(cs) ds], and the value function

vi(x, y) = sup
U∈Aw

i
(x,y)

J(U).

Note that in the above formula the supremum is taken in a set which is larger than
the one used in (2.6). Indeed it can be proved that the resulting value function is the
same. This fact can be proved exactly as e.g in [5], Chapter 2. We skip the proof here
for brevity giving a hint in Remark 3.2. For this reason we will use the name vi for the
value functions also in this weak setting.

The main result of this section is the following
Theorem 3.1. For every initial conditions i, x, y,

vi(x, y) = sup
U∈Aw

i
(x,y)

sup
τ∈TF

E
[∫ τ

0
e−ρtU(ct) dt+ e−ρτvIτ (Xτ , Yτ )

]
= sup
U∈Aw

i
(x,y)

inf
τ∈TF

E
[∫ τ

0
e−ρtU(ct) dt+ e−ρτvIτ (Xτ , Yτ )

]
,

(3.1)

where by TF we denote the set of finite stopping times with respect to the filtration F (here,
given with the admissible control U).
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Before proving this theorem we state some technical lemmas.
Lemma 3.1. Given (Ω,F ,P,F = (Ft),W, I,N) satisfying the conditions of Definition 3.1,
define F0 = (F0

t )t≥0, where F0
t = σ(Ws, Is, Ns; s ≤ t). Then if (ct) is F-progressively mea-

surable (resp. predictable), there exists c1F0-progressively measurable (resp. predictable)
such that c = c1dP⊗ dt a.e.
Proof. The proof can be found in [5], Chapter 2, from which this Lemma is taken. Here we
give a sketch of the proof for the reader convenience. We first use Lemma 3.2.4, page 133
in [9], to find, for each n ∈ N, an approximating Ft-simple process cn converging to c in
the L2(dt⊗ dP) norm. Then, using Lemma 1.25, page 13 in [8], we can change every cn
on a null-set and find a sequence of F t,0s -simple process cn1 (t) that again converges to c
in the L2(dt⊗ dP) norm. We now extract a subsequence (denoted again by cn1 ) such that
cn1 → c a.e. and we define c1 := lim infn→+∞ cn1 . This is F t,0s -progressively measurable
and c = c1, dt⊗ dP a.e. on [0,+∞)× Ω. This concludes the proof.
Remark 3.1. With the notation of the previous lemma, it is easy to check that
(Xc′,ζ′ , Y c

′,ζ′) ∼ (Xc,ζ , Y c,ζ) in law. Hence without loss of generality we can assume
that c is F0-progressively measurable and ζ is F0-predictable.

Define W as the space of continuous functions on R+, I the space of càdlàg Id-valued
functions, N the space of nondecreasing càdlàg N-valued functions. OnW×I×N , define
the filtration (B0

t )t≥0, where B0
t is the smallest σ-algebra making the coordinate mappings

for s ≤ t measurable, and define B0
t+ =

⋂
s>t B0

s .
Lemma 3.2. If c is F0-progressively measurable (resp. F0-predictable), there exists a
B0
t+-progressively measurable (resp. B0

t -predictable) process fc : R+ ×W × I × N → R,
such that

ct = fc(t,W·∧t, I·∧t, N·∧t), for P-a.e. ω, for all t ∈ R+.

Proof. For the progressively measurable part one can see e.g. Theorem 2.10 in [14]. For
the predictable part the proof can be found in [5], Chapter 2. Here we give a sketch of
the proof for the reader convenience. For c predictable we notice that the claim is true
if c = X1(t,s], where X is F0

t -measurable; then a monotone class argument allows us to
conclude.
Proof of Theorem 3.1. Let V +

i (x, y), V −i (x, y) be respectively the right hand side in the
first and second lines of (3.1). Clearly V +

i (x, y) ≥ V −i (x, y), so that it will be enough to
prove V +

i (x, y) ≤ vi(x, y) ≤ V −i (x, y).
Step 1. vi(x, y) ≤ V −i (x, y): Take U ∈ Awi (x, y) and τ ∈ TF. Then

E
[∫ ∞

0
e−ρtU(ct) dt | Fτ

]
=
∫ τ

0
e−ρtU(ct) dt+ e−ρτE

[∫ ∞
0

e−ρsU(cτ+s) ds | Fτ
]
. (3.2)

By Remark 3.1, without loss of generality we can assume that c is F0-progressively mea-
surable (resp. ζF0-predictable). For ω0 ∈ Ω, define the shifted control Ũω0 = (Ω, F̃ τ ,Pω0 ,

F̃τt , W̃ , Ĩ, Ñ , c̃, ζ̃), where
• Pω0 = P(· | Fτ )(ω0),
• W̃t = Wτ+t −Wτ ,
• Ĩt = Iτ+t,
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• N ′t = Nτ+t −Nτ ,
• F̃ τ is the augmentation of F by the Pω0 -null sets, and F̃τt is the augmented filtration
generated by (W̃ , Ĩ, Ñ),
• c̃t = ct+τ , ζ̃t = ζt+τ .

Then we can check that for almost all ω0, Ũω0 satisfies the conditions of Definition 3.1
(with initial conditions (Iτ (ω0), Xτ (ω0), Yτ (ω0))): 2. comes from the independence of W
and (I,N) and the strong Markov property, and 4. is fulfilled because for almost all
ω0F0

t+τ ⊂ F̃τt .
Moreover, there is a modification (X ′, Y ′) of (X,Y ) such that (X ′τ+t, Y

′
τ+t) is

F̃ τ -adapted, and a solution of (2.1)–(2.2) for (W̃ , Ĩ, Ñ). Hence

Ũω0 ∈ AwIτ (ω0)(Xτ (ω0), Yτ (ω0)),

and

E
[∫ ∞

0
e−ρsU(cτ+s) ds | Fτ

]
(ω0) = J(Ũω0) ≤ vIτ (Xτ , Yτ )(ω0).

Hence taking the expectation over ω0 in (3.2),

E
[∫ ∞

0
e−ρtU(ct) dt

]
≤ E

[∫ τ

0
e−ρtU(ct) dt+ e−ρτvIτ (Xτ , Yτ )

]
,

and taking first the infimum over τ in the right hand side, then the supremum over U on
both sides, we obtain vi(x, y) ≤ V −i (x, y).

Step 2. vi(x, y) ≥ V +
i (x, y): We already know from Proposition 2.1 that vi is contin-

uous on Int(R2
+), and that the restriction of vi to the boundary is continuous. One can

then find a countable sequence (Uk)k≥0 such that

(i) (Uk)k is a partition of R2
+,

(ii) ∀(x, y) (x′, y′) ∈ Uk, ∀i |vi(x, y)− vi(x′, y′)| ≤ ε,
(iii) Uk contains its bottom-left corner (xk, yk) =

(
min(x,y)∈Uk x,min(x,y)∈Uk y

)
.

Indeed, we can construct such a partition in the following way: vi is continuous on the
boundary so we can partition each of the boundary lines into a countable number of seg-
ments satisfying (ii) and (iii). Then in the interior we have first a partition in “squared
rings”: Int(R2

+) =
⋃
n≥1Kn, where Kn = [1/(n+ 1), n+ 1]2 \ [1/n, n]2. Since vi is contin-

uous on the interior, we can partition each Kn into a finite number of squares satisfying
(ii) and (iii). By taking the union of the line segments and the squares for each Kn, we
obtain a sequence (Uk) satisfying (i)–(iii).

Notice that (iii) implies the inclusion Ai(xk, yk) ⊂ Ai(x, y), for all (x, y) ∈ Uk. For
each k, take U i,k = (Ωi,k,F i,k,Pi,k,Fi,k,W i,k, Ii,k, N i,k, ci,k, ζi,k)ε-optimal for (i, xk, yk),
and f i,kc , f i,kζ associated to (ci,k, ζi,k) by Lemma 3.2. Then for each U ∈ Ai(x, y) and
τ ∈ TF, let us define a control c̃, ζ̃ (on the same probability space as U) by

c̃t =


ct when t < τ

f i,kc (t− τ, W̃ (· ∧ (t− τ)), Ĩ(· ∧ (t− τ)), Ñ(· ∧ (t− τ))) when t ≥ τ,
Iτ = i, (Xτ , Yτ ) ∈ Uk.
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Then c̃ (resp. ζ̃) is F-progressively measurable (resp. predictable). Furthermore, for almost
all ω0, with i = Iτ (ω0) and (Xτ , Yτ )(ω0) ∈ Uk,

LPω0 (W̃ , Ĩ, Ñ , (c̃t+τ ), (ζ̃t+τ )) = LPi,k(W i,k, Ii,k, N i,k, ci,k, ζi,k),

and since Ai(xk, yk) ⊂ AIτ (ω0)(Xτ (ω0), Yτ (ω0)), this implies X c̃,ζ̃
t , Y c̃,ζ̃t ≥ 0 a.s., and

(c̃, ζ̃) ∈ Ai(x, y). We also have

E
[∫ ∞

0
e−ρsU(c̃τ+s) ds | Fτ

]
(ω0) = Ei,k

[∫ ∞
0

e−ρsU(ci,ks ) ds
]

≥ vi(xk, yk)− ε ≥ vIτ (Xτ , Yτ )(ω0)− 2ε.

By taking expectation in (3.2), we have

E
[∫ ∞

0
e−ρtU(c̃t) dt

]
≥ E

[∫ τ

0
e−ρtU(ct) dt+ e−ρτvIτ (Xτ , Yτ )

]
− 2ε.

Finally, by taking the supremum on both sides, and letting ε go to 0, we obtain vi(x, y) ≥
V +
i (x, y).

Remark 3.2. Actually the weak value function is equal to the value function defined
in (2.6) for any (Ω,F ,P,F,W, I,N) satisfying 1.–3. in Definition 3.1. Indeed, given any
U ′ = (Ω′,F ′,P′,F′,W ′, I ′, N ′) ∈ Awi (x, y), letting fc′ and fζ′ being associated to c′

and ζ ′ by Lemmas 3.1 and 3.2, and defining (almost surely) ct = fc′(t,W, I,N), ζt =
fζ′(t,W, I,N), by the same arguments as in the proof of Theorem 3.1, we deduce that
U := (Ω,F ,P,F,W, I,N, c, ζ) ∈ Awi (x, y), and J(U) = J(U ′). Hence

sup
U ′∈Aw

i
(x,y)

J(U ′) = sup
(c,ζ)∈Ai(x,y)

E
[∫ ∞

0
e−ρsU(cs) ds

]
.

Remark 3.3. Usually the proof of dynamic programming principle is done (or referred
to) in two parts: the “easy” one (≤) which does not require continuity of the value
function, and the “difficult” one (≥) which requires the continuity of the value function
up to the boundary. The proof of continuity at the boundary in many cases can be proved
using only the “easy” inequality (see e.g. [4] for a similar result). In our case, due to the
specific boundary condition of our problem, the “easy” inequality is not enough to prove
the continuity at the boundary. We need also the “hard” inequality. For this reason we
need to provide a proof of the “hard” inequality without knowing the continuity up to
the boundary. Our proof is then a modification of the one given e.g. in [5], Chapter 2, or
[14], Chapter 5. Differently from such proofs our proof only uses the continuity of vi in
the interior and the continuity of its restriction to the boundary (which are both implied
by the concavity and by the growth condition (2.8)). So, once this proof is given we are
able to prove also the continuity of the value function up to boundary (see the companion
paper [6].

4. Viscosity characterization. In this section, we provide an analytic characterization
of the value functions vi, i ∈ Id, to our control problem (2.6), by relying on the dynamic
programming principle, which has been proved in the previous section, Theorem 3.1.
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The associated dynamic programming system (also called Hamilton–Jacobi–Bellman
or HJB system) for vi, i ∈ Id, is written as

ρvi − biy
∂vi
∂y
− 1

2 σ
2
i y

2 ∂
2vi
∂y2 − Ũ

(∂vi
∂x

)
−
∑
j 6=i

qij
[
vj
(
x, y(1− γij)

)
− vi(x, y)

]
− λi

[
v̂i(x+ y)− vi(x, y)

]
= 0, (x, y) ∈ (0,∞)× R+, i ∈ Id. (4.1)

The appropriate boundary condition follows from the dynamic programming principle.
Indeed, from Theorem 3.1 it follows that

vi(x, y) = sup
c∈C(x)

E
[∫ τ1

0
e−ρtU(ct) dt+ e−ρτ1 v̂Iiτ1

(Rτ1)
]

= sup
c∈C(x)

E
[∫ τ1

0
e−ρtU(ct) dt+ e−ρτ1 v̂Iiτ1

(
x−

∫ τ1

0
ct dt+ y

Sτ1

S0

)]
, ∀(x, y) ∈ R2

+,

where C(x) denotes the set of nonnegative adapted processes (ct) such that
∫ τ1

0 ct dt ≤ x
a.s. This implies that for vi, i ∈ Id, on {0} × R+ we have

vi(0, y) =

0, if y = 0,

E
[
e−ρτ1 v̂Iiτ1

(
y
Sτ1

S0

)]
, if y > 0.

(4.2)

Here Ii denotes the continuous-time Markov chain I starting from i at time 0.
In our context, the notion of viscosity solution to the non-local second-order system

(4.1) is defined as follows.

Definition 4.1.

(i) A d-tuple w = (wi)i∈Id of continuous functions on R2
+ is a viscosity supersolution

(resp. subsolution) to (4.1) if

ρϕi(x̄, ȳ)− biȳ
∂ϕi
∂y

(x̄, ȳ)− 1
2 σ

2
i ȳ

2 ∂
2ϕi
∂y2 (x̄, ȳ)− Ũ

(∂ϕi
∂x

(x̄, ȳ)
)

−
∑
j 6=i

qij
[
ϕj
(
x̄, ȳ(1− γij)

)
−ϕi(x̄, ȳ)

]
−λi

[
ϕ̂i(x̄+ ȳ)−ϕi(x̄, ȳ)

]
≥ 0 (resp. ≤ 0),

for every d-tuple ϕ = (ϕi)i∈Id of C2 functions on R2
+, and any (x̄, ȳ, i) ∈ (0,∞) ×

R+ × Id, such that wi(x̄, ȳ) = ϕi(x̄, ȳ), and w ≥ ϕ (resp. ≤ ϕ) on R2
+ × Id.

(ii) A d-tuple w = (wi)i∈Id of continuous functions on R2
+ is a viscosity solution to (4.1)

if it is both a viscosity supersolution and subsolution to (4.1).

The main result of this section is to provide an analytic characterization of the value
functions in terms of viscosity solutions to the dynamic programming system.

Theorem 4.1. The value function v = (vi)i∈Id is the unique viscosity solution to (4.1)
satisfying the boundary condition (4.2) and the growth condition (2.8).

We first prove the viscosity property of the value function to its dynamic programming
system (4.1), written as:

Fi
(
x, y, vi(x, y), Dvi(x, y), D2vi(x, y)

)
+Gi(x, y, v) = 0, (x, y) ∈ (0,∞)× R+,



112 P. GASSIAT, F. GOZZI AND H. PHAM

for any i ∈ Id, where Fi is the local operator defined by

Fi(x, y, u, p,A) = ρu− biyp2 −
1
2 σ

2
i y

2a22 − Ũ(p1)

for (x, y) ∈ (0,∞) × R+, u ∈ R, p = (p1 p2) ∈ R2, A =
( a11 a12
a12 a22

)
∈ S2 (the set of

symmetric 2× 2 matrices), and Gi is the nonlocal operator defined by

Gi(x, y, w) = −
∑
j 6=i

qij
[
wj(x, y(1− γij))− wi(x, y)

]
− λi

[
ŵi(x+ y)− wi(x, y)

]
for w = (wi)i∈Idd-tuple of continuous functions on R2

+.

Proposition 4.1. The value function v = (vi)i∈Id is a viscosity solution to (4.1).

Proof. Viscosity supersolution: Let (i, x̄, ȳ) ∈ Id × (0,∞) × R+, ϕ = (ϕi)i∈Id , C2 test
functions such that vi(x̄, ȳ) = ϕi(x̄, ȳ), and v ≥ ϕ. Take some arbitrary e ∈ (−ȳ, x̄), and
c ∈ R+. Since x̄ > 0, there exists a strictly positive stopping time τ > 0 a.s. such that
the control process (ζ̄, c̄) defined by:

ζ̄t = e1t≤τ , c̄t = c1t≤τ , t ≥ 0, (4.3)

with associated state process (X̄, Ȳ , I) starting from (x, y, i) at time 0, satisfies X̄t ≥ 0,
Ȳt ≥ 0, for all t. Thus, (ζ̄, c̄) ∈ Ai(x, y). Let V be a compact neighbourhood of (x, y, i)
in (0,∞) × R+ × Id, and consider the sequence of stopping time: θn = θ ∧ hn, where
θ = inf

{
t ≥ 0 : (X̄t, Ȳt, It) /∈ V

}
, and (hn) is a strictly positive sequence converging to

zero. From the dynamic programming principle, Theorem 3.1, and by applying Itô’s
formula to e−ρtϕ(X̄t, Ȳt, It) between 0 and θn, we get

ϕ(x̄, ȳ, i) = v(x, y, i) ≥ E
[∫ θn

0
e−ρtU(c̄t) dt+ e−ρθnv(X̄θn , Ȳθn , Iθn)

]
≥ E

[∫ θn

0
e−ρtU(c̄t) dt+ e−ρθnϕ(X̄θn , Ȳθn , Iθn)

]
= ϕ(x̄, ȳ, i) + E

[∫ θn

0
e−ρt

(
U(c̄t)− ρϕ− c̄t

∂ϕ

∂x
+ bIt− Ȳt−

∂ϕ

∂y
+ 1

2 σ
2
It−

Ȳ 2
t−
∂2ϕ

∂y2

+
∑
j 6=It−

qIt− j
[
ϕ(X̄t− , Ȳt−(1− γIt− j), j)− ϕ(X̄t− , Ȳt− , It−)

]
+ λIt−

[
ϕ(X̄t− − ζ̄t, Ȳt− + ζ̄t, It−)− ϕ(X̄t− , Ȳt− , It−)

])
dt
]
,

and so

E
[ 1
hn

∫ θn

0
e−ρt

(
ρϕ− U(c̄t) + c̄t

∂ϕ

∂x
− bIt− Ȳt−

∂ϕ

∂y
− 1

2 σ
2
It−

Ȳ 2
t−
∂2ϕ

∂y2

−
∑
j 6=It−

qIt− j
[
ϕ(X̄t− , Ȳt−(1− γIt− j), j)− ϕ(X̄t− , Ȳt− , It−)

]
− λIt−

[
ϕ(X̄t− − ζ̄t, Ȳt− + ζ̄t, It−)− ϕ(X̄t− , Ȳt− , It−)

])
dt
]
≥ 0. (4.4)
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Now, we have almost surely for n large enough, θ ≥ hn, i.e. θn = hn, so that by using
also (4.3),

1
hn

∫ θn

0
e−ρt

(
ρϕ− U(c̄t) + c̄t

∂ϕ

∂x
− bIt− Ȳt−

∂ϕ

∂y
− 1

2 σ
2
It−

Ȳ 2
t−
∂2ϕ

∂y2

−
∑
j 6=It−

qIt− j
[
ϕ(X̄t− , Ȳt−(1− γIt− j), j)− ϕ(X̄t− , Ȳt− , It−)

]
− λIt−

[
ϕ(X̄t− − ζ̄t, Ȳt− + ζ̄t, It−)− ϕ(X̄t− , Ȳt− , It−)

])
dt

−→ ρϕi(x̄, ȳ)− U(c) + c
∂ϕi
∂x

(x̄, ȳ)− biȳ
∂ϕi
∂y

(x̄, ȳ)− 1
2 σ

2
i ȳ

2 ∂
2ϕi
∂y2 (x̄, ȳ)

−
∑
j 6=i

qij
[
ϕj(x̄, ȳ(1− γij))− ϕi(x̄, ȳ)

]
− λi

[
ϕi(x̄− e, ȳ + e)− ϕi(x̄, ȳ)

]
, a.s.

when n goes to infinity. Moreover, since the integrand of the Lebesgue integral term
in (4.4) is bounded for t ≤ θ, one can apply the dominated convergence theorem in (4.4),
which gives

ρϕi(x̄, ȳ)− U(c) + c
∂ϕi
∂x

(x̄, ȳ)− biȳ
∂ϕi
∂y

(x̄, ȳ)− 1
2 σ

2
i ȳ

2 ∂
2ϕi
∂y2 (x̄, ȳ)

−
∑
j 6=i

qij
[
ϕj(x̄, ȳ(1− γij))− ϕi(x̄, ȳ)

]
− λi

[
ϕi(x̄− e, ȳ + e)− ϕi(x̄, ȳ)

]
≥ 0.

Since c and e are arbitrary, we obtain the required viscosity supersolution inequality by
taking the supremum over c ∈ R+ and e ∈ (−ȳ, x̄).

Viscosity subsolution: Let (̄i, x̄, ȳ) ∈ Id × (0,∞)×R+, ϕ = (ϕi)i∈Id , C2 test functions
such that v(x̄, ȳ, ī) = ϕ(x̄, ȳ, ī), and v ≤ ϕ. We can also assume without loss of generality
that v < ϕ outside (x̄, ȳ, ī). We argue by contradiction by assuming that

ρϕī(x̄, ȳ)− bīȳ
∂ϕī
∂y

(x̄, ȳ)− 1
2 σ

2
ī ȳ

2 ∂
2ϕī
∂y2 (x̄, ȳ)− Ũ

(∂ϕī
∂x

(x̄, ȳ)
)

−
∑
j 6=ī

qīj
[
ϕj(x̄, ȳ(1− γīj))− ϕī(x̄, ȳ)

]
− λī

[
ϕ̂ī(x̄+ ȳ)− ϕī(x̄, ȳ)

]
> 0.

By continuity of ϕ and of its derivatives, there exist some compact neighbourhood V̄ of
(x̄, ȳ, ī) in (0,∞)× R+ × Id, and ε > 0, such that for all (x, y, i) ∈ V̄

ρϕi(x, y)− biy
∂ϕi
∂y

(x, y)− 1
2 σ

2
i y

2 ∂
2ϕi
∂y2 (x, y)− Ũ

(∂ϕi
∂x

(x, y)
)

−
∑
j 6=i

qij
[
ϕj(x, y(1− γij))− ϕi(x, y)

]
− λi

[
ϕ̂i(x+ y)− ϕi(x, y)

]
≥ ε. (4.5)

Since v < ϕ outside (x̄, ȳ, ī), there exists some δ > 0 such that v < ϕ − δ outside of V̄.
We can also assume that ε ≤ δρ. By Theorem 3.1, there exists (ζ, c) ∈ Aī(x̄, ȳ) such that

v(x̄, ȳ, ī)− ε 1− e−ρ

2ρ ≤ E
[∫ θ∧1

0
e−ρtU(ct) dt+ e−ρ(θ∧1)v(Xθ∧1, Yθ∧1, Iθ∧1)

]
,
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where (X,Y, I) is controlled by (ζ, c), and we take θ = inf{t ≥ 0 : (Xt, Yt, It) /∈ V̄}. We
then get:

ϕ(x̄, ȳ, ī)− ε 1− e−ρ

2ρ = v(x̄, ȳ, ī)− ε 1− e−ρ

2ρ

≤ E
[∫ θ∧1

0
e−ρtU(ct) dt+ e−ρ(θ∧1)ϕ(Xθ∧1, Yθ∧1, Iθ∧1)− e−ρθδ1{θ<1}

]
= ϕ(x̄, ȳ, ī) + E

[∫ θ∧1

0
e−ρt

(
U(ct)− ρϕ− ct

∂ϕ

∂x
+ bIt−Yt−

∂ϕ

∂y
+ 1

2 σ
2
It−

Y 2
t−
∂2ϕ

∂y2

+
∑
j 6=It−

qIt− j
[
ϕ(Xt− , Yt−(1− γIt− j), j)− ϕ(Xt− , Yt− , It−)

]
+ λIt−

[
ϕ(Xt− − ζt, Yt− + ζt, It−)− ϕ(Xt− , Yt− , It−)

])
dt− e−ρθδ1{θ<1}

]
≤ ϕ(x̄, ȳ, ī) + E

[∫ θ∧1

0
−εe−ρt dt− e−ρθδ1{θ<1}

]
where we applied Itô’s formula in the second equality, and used (4.5) in the last inequality.
This means that

−ε1− e−ρ

2ρ ≤ E
[∫ θ∧1

0
−εe−ρt dt− e−ρθδ1{θ<1}

]
= E

[
− ε
ρ

+ ε

ρ
e−ρ(θ∧1) − e−ρθδ1{θ<1}

]
≤ − ε

ρ
(1− e−ρ),

since ε/ρ ≤ δ, and we get the required contradiction.

Let us now prove comparison principle for our dynamic programming system. As
usual, it is convenient to formulate an equivalent definition for viscosity solutions to (4.1)
in terms of semi-jets. We shall use the notation X = (x, y) for R+ × R+-valued vectors.
Given w = (wi)i∈Id a d-tuple of continuous functions on R2

+, the second-order superjet
of wi at X ∈ R2

+ is defined by

P2,+wi(X) =
{

(p,A) ∈ R2 × S2 such that wi(X ′) ≤ wi(X) + 〈p,X ′ −X〉

+ 1
2 〈A(X ′ −X), X ′ −X〉 + o

(
|X ′ −X‖2

)
as X ′ → X

}
,

and its closure P2,+
wi(X) as the set of elements (p,A) ∈ R2 × S2 for which there exists

a sequence (Xm, pm, Am)m of R2
+ × P2,+wi(Xm) satisfying (Xm, pm, Am) → (X, p,A).

We also define the second-order subjet P2,−wi(X) = −P2,+(−wi)(X), and P2,−
wi(X) =

−P2,+(−wi)(X). By standard arguments (see e.g. [1] for equations with nonlocal terms),
one has an equivalent definition of viscosity solutions in terms of semi-jets:

A d-tuple w = (wi)i∈Id of continuous functions on R2
+ is a viscosity supersolution

(resp. subsolution) of (4.1) if and only if for all (i, x, y) ∈ Id × (0,∞) × R+, and all
(p,A) ∈ P2,−

wi(x, y) (resp. P2,+
wi(x, y)):

Fi(x, y, wi(x, y), p, A) +Gi(x, y, w) ≥ 0 (resp. ≤ 0).

We then prove the following comparison theorem.
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Theorem 4.2. Let V = (Vi)i∈Id (resp. W = (Wi)i∈Id) be a viscosity subsolution (resp.
supersolution) of (4.1), satisfying the growth condition (2.8), and the boundary conditions

Vi(0, 0) ≤ 0 (4.6)

Vi(0, y) ≤ Ei
[
V̂Iiτ1

(
y
Sτ1

S0

)]
, ∀y > 0, (4.7)

(resp. ≥ for W ). Then V ≤W .

Proof. Step 1: Take p′ > p such that k(p′) < ρ, and define ψi(x, y) = (x + y)p′ , i ∈ Id.
Let us check that Wn = W + 1

nψ is still a supersolution to (4.1). Notice that P2,−Wn
i =

P2,−Wi + 1
n (Dψi, D2ψi), and we have for all (p,A) ∈ P2,−Wi(x, y):

Fi

(
x, y,Wn

i (x, y), p+ 1
n
Dψi, A+ 1

n
D2ψi

)
+Gi(x, y,Wn)

= Fi(x, y,Wi(x, y), p, A) +Gi(x, y,W )

+ 1
n

(x+ y)p
′
(
ρ− p′bi

y

x+ y
+ p′(1− p′) σ

2
i

2

( y

x+ y

)2

−
∑
j 6=i

qij

((
1− y

x+ y
γij

)p′
− 1
))

+ Ũ(p1)− Ũ
(
p1 + 1

n
p′xp

′−1
)
≥ 0.

(4.8)

Indeed, the three lines in the right hand side of (4.8) are nonnegative: the first one sinceW
is a supersolution, the second one by k(p′) < ρ, and the last one since Ũ is nonincreasing.

Moreover, by the growth condition (2.8) on V and W , we have:

lim
r→∞

max
i∈Id

(V̂i − Ŵn
i )(r) = −∞. (4.9)

In the next step, our aim is to show that for all n ≥ 1, V ≤Wn, which would imply that
V ≤W . We shall argue by contradiction.
Step 2: Assume that there exists some n ≥ 1 such that

M := sup
i∈Id,(x,y)∈R2

+

(Vi −Wn
i )(x, y) > 0.

By (4.9), there exist i ∈ Id, some compact subset C of R2
+, and X = (x, y) ∈ C such that

M = max
C

(Vi −Wn
i ) = (Vi −Wn

i )(x, y). (4.10)

Note that by (4.6), (x, y) 6= (0, 0). We then have two possible cases:
Case 1. x = 0. Notice that the boundary condition (4.7) implies the viscosity subso-

lution property for Vi also at X̄ = (0, ȳ):

Fi(X̄, Vi(X̄), p, A) +Gi(X̄, V ) ≤ 0, ∀(p,A) ∈ P2,+
Vi(X̄).

However the viscosity supersolution property forWn does not hold at (0, ȳ). Let (Xk)k =
(xk, yk)k be a sequence converging to X, with xk > 0, and εk := |Xk − X|. We then
consider the function

Φk(X,X ′) = Vi(X)−Wn
i (X ′)− ψk(X,X ′),

ψk(x, y, x′, y′) = x4 + (y − y)4 + |X −X
′|2

2εk
+
(
x′

xk
− 1
)3

−
.
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Since Φk is continuous, there exists (X̂k, X̂
′
k) ∈ C2 such that

Mk := sup
C2

Φk = Φk(X̂k, X̂
′
k),

and a subsequence, still denoted by (X̂k, X̂
′
k), converging to some (X̂, X̂ ′) as k goes to∞.

By writing that Φk(X,Xk) ≤ Φk(X̂k, X̂
′
k), we have

Vi(X)−Wn
i (Xk)− |X −Xk|

2 (4.11)

≤ Vi(X̂k)−Wn
i (X̂ ′k)− (x̂4

k + (ŷk − y)4)−Rk (4.12)

≤ Vi(X̂k)−Wn
i (X̂ ′k)− (x̂4

k + (ŷk − y)4), (4.13)

where we set

Rk = |X̂k − X̂ ′k|2

2εk
+
( x̂′k
xk
− 1
)3

−
.

Since Vi and Wn
i are bounded on C, we deduce by inequality (4.12) the boundedness of

the sequence (Rk)k≥0, which implies X̂ = X̂ ′. Then by sending k to infinity in (4.11) and
(4.13), with the continuity of Vi and Wn

i , we obtain M = Vi(X) −Wn
i (X) ≤ Vi(X̂) −

Wn
i (X̂)− (x̂4

k + (ŷk − y)4), and by definition of M this shows

X̂ = X̂ ′ = X. (4.14)

Sending again k to infinity in (4.11)–(4.12)–(4.13), we obtainM ≤M− lim supk Rk ≤M ,
and so

|X̂k − X̂ ′k|2

2εk
+
( x̂′k
xk
− 1
)3

−
→ 0 (4.15)

as k goes to infinity. In particular for k large enough x̂′k ≥
xk
2 > 0. We can then apply

Ishii’s lemma (see Theorem 3.2 in [2]) to obtain A,A′ ∈ S2 such that

(p,A) ∈ P2,+
Vi(X̂k), (p′, A′) ∈ P2,−

Wn
i (X̂ ′k) (4.16)(

A 0
0 −A′

)
≤ D + εkD

2, (4.17)

where

p = DXψk(X̂k, X̂
′
k), p′ = DX′ψk(X̂k, X̂

′
k), D = D2

X,X′ψk(X̂k, X̂
′
k).

Now, we write

ρM ≤ ρMk ≤ ρ(Vi(X̂k)−Wn
i (X̂ ′k))

= Fi
(
X̂k, Vi(X̂k), p, A

)
− Fi

(
X̂k,W

n
i (X̂ ′k), p, A

)
= Fi

(
X̂k, Vi(X̂k), p, A

)
+Gi(X̂k, V )

− Fi
(
X̂ ′k,W

n
i (X̂ ′k), p′, A′

)
−Gi(X̂ ′k,Wn)

+Gi(X̂ ′k,Wn)−Gi(X̂k, V )

+ Fi
(
X̂ ′k,W

n
i (X̂ ′k), p′, A′

)
− Fi

(
X̂k,W

n
i (X̂ ′k), p, A

)
.

(4.18)

From the viscosity subsolution property for V at X̂k, and the viscosity supersolution
property forWn at X̂ ′k, the first two lines in the right hand side of (4.18) are nonpositive.
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For the third line, by sending k to infinity, we have:
Gi(X̂ ′k,Wn)−Gi(X̂k, V )→ Gi(X,Wn)−Gi(X,V )

=
∑
j 6=i

qij

[
(Vj −Wn

j )
(
x, y(1− γij)

)
− (Vi −Wn

i )(x, y)
]

+ λi
[(
V̂i − Ŵn

i

)
(x+ y)− (Vi −Wn

i )(x, y)
]
≤ 0

by (4.10). For the fourth line of (4.18), we have

Fi
(
X̂ ′k,W

n
i (X̂ ′k), p′, A′

)
− Fi

(
X̂k,W

n
i (X̂ ′k), p, A

)
= bi(ŷkp2 − ŷ′kp′2) + Ũ(p1)− Ũ(p′1) + σ2

i

2
(
ŷ2
ka22 − (ŷ′k)2a′22

)
.

Now

ŷkp2 − ŷ′kp′2 = ŷk

(
4(ŷk − y)3 + ŷk − ŷ′k

εk

)
− ŷ′k

( ŷk − ŷ′k
εk

)
≤ 4ŷk(ŷk − y)3 + |X̂k − x̂′k|2

εk
→ 0 as k →∞,

by (4.14) and (4.15). Moreover,

Ũ(p1)− Ũ(p′1) = Ũ
( x̂k − x̂′k

εk
+ 4x̂3

k

)
− Ũ

( x̂k − x̂′k
εk

− 3
xk

( x̂′k
xk
− 1
)2

−

)
≤ 0,

since Ũ is nonincreasing. Finally,

ŷ2
ka22 − (ŷ′k)2a′22 =

(
0 ŷk 0 ŷ′k

)( A 0
0 −A′

)
0
ŷk
0
ŷ′k



≤
(

0 ŷk 0 ŷ′k
)

(D + εkD
2)


0
ŷk
0
ŷ′k


by (4.17). Since

D2ψk(x, y, x′, y′) =


12x2 0 − 1

εk
0

0 12(y − y)2 + 1
εk

0 − 1
εk

− 1
εk

0 1
εk

+ 6
x2
k

( x
′

xk
− 1)− 0

0 − 1
εk

0 1
εk

 ,

a direct calculation gives

(
0 ŷk 0 ŷ′k

)
(D + εkD

2)


0
ŷk
0
ŷ′k


= 3
εk

(ŷk− ŷ′k)2−12(ŷk−y)2ŷkŷ
′
k+
(
36(ŷk−y)2 +εk(12(ŷk−y)2)2)ŷ2

k → 0 as k →∞,

where we used again (4.14) and (4.15), and the boundedness of (ŷk, ŷ′k).
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Finally by letting k go to infinity in (4.18) we obtain ρM ≤ 0, which is the required
contradiction.

Case 2. x > 0. This is the easier case, and we can obtain a contradiction similarly as
in the first case, by considering for instance the function

Φk(X,X ′) = Vi(X)−Wn
i (X ′)− (x− x)4 − (y − y)4 − k |X −X

′|2

2 .
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