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Abstract. This paper deals with the newly observed singularities of the solutions of some
specific examples of weakly hyperbolic semilinear systems in R?. Two, respectively three, char-
acteristics are supposed to be mutually tangential at the origin only and the initial data are
continuous only. The exact strength of the new-born singularities is investigated too.

1. Introduction. When studying the propagation of singularities of the solutions to
semilinear hyperbolic and non-strictly hyperbolic equations and systems, interesting new
effects in comparison with the linear case can appear. The interaction of the singulari-
ties propagating along several characteristics crossing at some point (surface) could give
rise of new singularities propagating along the outgoing characteristics starting from that
point (surface). In many cases the new-born singularities are weaker than the initial ones.
We shall mention only the papers of Beals [1], Bony [2], [3], Chemin [4], Hérmander [6],
Melrose-Ritter [9] (cf. also Gramchev [5] for appearance of Gevrey ultradistributional
singularities). The propagation of jump type discontinuities for hyperbolic and weakly
hyperbolic systems in R? was considered by Rauch-Reed [11], [12], John [8], Micheli [10],
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Tordanov [7] and others. We specify here the main results from [10], [7] in the case of
continuous Cauchy data and we prove that the strength of the newly observed singular-
ity propagating along a transversal outgoing characteristic is rather different from the
strength of that singularity in the case of sufficiently smooth Cauchy data. We are dealing
with jump discontinuities in all our investigations. Without loss of generality we assume
that 2 or 3 characteristics are tangential to each other of finite order at the origin.

2. Formulation and proof of the main results

2.1. Consider the weakly hyperbolic system in the plane R?:
Xu= (0 + ptP~ 10, )u =0
(1) ov=1u
Dz = (0y + 0z)z = uv,
where p > 0 is an even integer and the initial data ug(x), vo(z) = 2o(x) = 0 are prescribed
fort=-T <0.
Assume first that ug(z) = ci(x — )", k > 1, k — integer, x < xo; up(z) =
ca(x —z0)* Y, x>z, c1c0 > 0, ¢ # co. Obviously, ug € CF(R!) and 9%+ has a jump
discontinuity at xg. We shall say then that uy has a k-order finite jump. The character-

k+1

istics of the vector fields X and — are tangential each to other at 0 and D is transversal

with respect to them. L. Micheli has proved in [10] that a new-born singularity of the
component z appears at the origin and propagates along the characteristic x —¢ =0,
t > 0. Moreover, z € C'?**+3)P pear that outgoing characteristic and it has jump type
discontinuities of order (2k+3)p, i.e. some derivative of z of order (2k+3)p+1 in transver-
sal direction to D possesses jump along the characteristic mentioned above. Certainly,
z € C* in a neighbourhood of x — ¢t = 0, t < 0. We shall see that the picture is quite
different if k£ = 0.

Denote by C1, Cs, C3 the characteristics of X, 9y, D passing through the origin (see
Fig. 1). The characteristics of the same vector fields passing through some point (Z,?)
are given respectively by: x =t? +z —tP, x =T, x = t + T — t. Put g = TP?. Then

(2) u(Z,t) =uw(T?+ 7 —t*,-T) = ug(zo + T — 7).
Consider now the following cases of Cauchy data:

[z —xo, z <z _Jz—x0, z<x0
a) uo(x){2(ac—x0), T > xq, b) uO(x){O, T > T,

¢) uo() = {0’ T = % d) uo(x) = {

1, r < xg
T —x, T > X, 14+2x—z9, x>,

14+2x—29, =<2
e) uo(x) = 1 T > Xg.

There are no difficulties to give explicit formulas for the component u of (1) in the
cases a)—e) by applying (2). For example, in case a) u = a —t? for x < P, u = 2(x — tP),
x > tP;in case b) u =z —tP for x < P, w = 0 if > tP; in case ¢) u = 0 for & < P,
w=ux—tP if x > tP etc.
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Having in mind that v(z,t) = ij u(x, 7) dr we introduce the functions:

Az, t) = /t (x — 7P)dr,

-7
(3) B(z,t) = /t 5 u(z,7)dr, © >0,
- PRV N
C(x)—[ml/p(x—T)dT—mm , x> 0.

It is rather easy to compute the values of v in the following three subdomains of R2:
{r <0} U{0 <z < tP,t <0}, {t? < z} and the curvilinear angle between the charac-
teristics Cf, Cyf, Cf = C1 N {z > 0}, Cf = Ca N {z > 0} (see Fig. 1). We shall denote
these values by v1, vg, vs. Then in case a) v1 = A, vo = A+ B, v3 = A+ C; in case b)
v =A,v3=A—B,v3=A—C(z), in case c) v1 =0, va = B, vz = C(x) etc.

Suppose that (z,t) € C3, 2 > 0 and consider the D-characteristics C passing through
the points (z7,¢%), (x7,¢t7) located near (z,t) above and, respectively, under the char-
acteristic Cs, ie. Cf iz —t =0t =2t —tT < 0,02 —t=0" =2~ —t~ > 0. The
symbols a1, by stand for the ordinates of the crossing points of C’3jE with the ordinate
axes while as, by stand for the ordinates of the crossing points of C’Si with C7. Then
ar+x—t=0,by+x—t=0and ax(0), 0 <0, by(0), o > 0 satisfy in a neighbourhood
of o = 0 the equation
(4) (o) =c(o)+ 0o, ¢(0)=0.

According to the implicit function theorem ag,by € C*, c¢(0) = —0o + oP + O(aPt!),
0—0,0=0c%.

Our next step is to compute in a small neighbourhood of (z*,¢*) (or (x7,¢t7)) the
corresponding values z* (27) of z(z,t) and to find out the limit of z* (27) and its
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derivatives up to some order in some direction transversal to C3 for ¢ — 07 (¢ — 07).
Thus, we have in case a):

ai az t
z+(:r:,t)=/ AudT+/ (A+C)ud7+/ (A + B)udr,

-7 5

by ba t
z_(:r:,t)z/ Aud7+/ AudT+/ (A+ B)dr,
b1

-T ba

and we are integrating in both cases along the straight line (742 —t,7), i.e. (T +0o%,7).

One can guess that jump discontinuities can appear from the “asymmetric” term

faaf C(r 4+ — t)u(r + x — t,7)dr only, i.e. from the term with underintegral function

participating in z+ but not in z~. The standard change 7 +x —t = s? in the last integral
shows that

2
(5) / Cudr = /0 }Tpl Pan [sp — (s — 0)”] Pl ds,

aba2+a—a2,a1—|—a—0 o <0.
The terms having minimal powers in (s, o) and participating in the polynomial under
integral (5) are s3 and s?’¢P. Thus, the leading term in (5) near ot =z —t — 0~

a3p+1 a2p+1
is const. (3;+ 1 2;+ 1 U+) The same change shows that f Budr € C*®(z > 0)

etc. In this way we conclude that each derivative of the asymmetric term I' of order not
exceeding 3p tends to 0 for ¢ — 0. On the other hand, the leading term in T is given by

p(0+>3p+1
2p+1)(3p+1)
Consequently, z € C®P in a neighbourhood of C3 contained inside the parabola C7, while
some transversal with respect to C'5 derivative of z of order 3p+1 has a jump discontinuity

(1+0(c™)), oF —0.

at C5. The same result holds in case b).

In case ¢) 2T = fatQ Budr, 27 = fbtz Budr and therefore z € C'"*° in a neighbourhood
of C5 located inside C.

In case d) jump discontinuities can appear by the following term only (leading term):

a 2
/2 2 (T+x—t)(p+l)/pd7:—2p az? .
a PH1 (p+1)(2p+1)

Thus, z € C? near C3 and the transversal derivatives of z: 92°+1z, 97P*! have finite
jumps along C'5 inside C1.

In case e) the component z has finite jump discontinuity of order 2p. So we come to
the following proposition.

PROPOSITION 1. Consider the weakly hyperbolic semilinear system (1) with Cauchy
data ug having finite jump of order k = 0 at some point x¢g and vy = z9 = 0. Then in
general the component z does not have jump of exact order (2k + 3)p along the charac-
teristic C'3 located inside the parabola C1.

The examples a), b) correspond to the central results in Micheli [10], Tordanov [7],
claiming that the newly created singularity of the component z(z,t) has a finite jump
discontinuity of order (2k 4+ 3)p, k = 0 along the part of C3 located inside C;. On the
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other hand, examples c), d), e) contradict the main results in the same papers as either
z € C™ near (5 or z possesses a finite jump discontinuity along Cs and inside C; of
order (k + 2)p < (2k 4+ 3)p, k = 0. Certainly, this is a new effect.

2.2. Consider now the weakly hyperbolic semilinear system

Xu= (0 +ptP~10,)u =0

O =1u
(6) Yw= (0 — ptP~10,)w =u+v

Dz = (0 + 02) 2 = auv + Buw + yow,

a, 3,y = const., p— even integer > 2

with Cauchy data u|i——7 = ug(x), T > 0, vg = wy = 2o = 0. The constants «, 3, v are
assumed to be different from O.

Cs: z=0

Cs: x=—1tP+co

- AN

N
AN

C3: z=—tP
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The characteristics of the vector fields X, d;, Y, D passing through the point (z,1)
are respectively: x =tP +c1,c1 =T —t, 2 =T, x = —tP +co, co =T+, x —t =7 — 1.
Put Cp 2 =tP, Cy:x=0,C3:2=—tP, C3:x = —tP 4 ¢, Oy : x = t. Obviously,
Cq, Cs, C3 are tangential each to other characteristics at 0 and C is transversal to them
at 0. The initial function ug is defined by d) from (1) (see Fig. 2). Then v = u; =1
outside the parabola C'y and © = us = 1 + x — P inside it. The values of v in the three
subdomains introduced above are:

i
+ Lxlﬂ/”, x>0,

vi=t+7T, wve=wv1+at—
1 2 1 b+l p+d

v3 =1 + %xlﬂ/”, x> 0.

TECHNICAL REMARK. When estimating the strength of the new-born singularities
along C3 N {x > 0} we need some additional calculations. Thus consider the function
0(s) = s/(sP—0c),s > 0,where o < 0, |o| < 1, a3 = —o+0P+0(cP*1), a} = az+o. Then
6(0) = 0 and 6 is monotonically increasing on the interval [0, sg) and is monotonically
decreasing for s > sq, where so = (o/(1 fp))l/p > 0. On the other hand, 0 < a3 < s¢(0).
Therefore, 0 < s < ag = 0 < 0(s) < O(az) = 1. There are no difficulties to see that

0 (sP = o)PTlep~lds = —gPTaf /p 4+ O(0%P), 0 — 0, 0 < 0.

Let co = x + tP. Then w(x,t) = ffT(u +v)(ea — 7P, 7) dr. The crossing points of C3
with C7 and C;r have the following ordinates: 7, = —(02/2)1/”, Ty = —Ty, T3 = cé/p.
Define now the characteristics Cf :x —t =o% (see Fig. 2). The crossing points of C;
with C3, Cs, C are denoted by A1, As, A3 and their ordinates are a1, as, as, respectively.
The crossing points By, By, Bs and their ordinates by, bs, b3 are introduced in a similar
way as above (see Fig. 2). The smooth functions as(c) > 0, b3(0) < 0 satisfy the equation
a+o=aP, c=x—t, a0) =0, the functions a1 (o) > 0, by (c) < 0 satisfy the equation
B(c) + 0 = —pP(0), 5(0) = 0 and as, by are the solutions of y(o) + ¢ = 0. The values
of w under the parabolas C;, C3 are denoted by wy (z,t), the values of w inside C; are
denoted by ws(x,t), the values of w in the curvilinear angle between C5, C; are denoted
by ws(z,t), C{" = C1 N {x > 0}. The definition of w, is obvious. One can easily see that

t
w1:/ (I4+wv)dr, t<m,

-T

t t
w2=w1+/(02—27p)d7+/(vg—v1)d7', 1 <t< T

1 T1

and we are integrating along the curve (co — 7P, 7),

t T2 T2 t 2
w3:/ (1—|—vl)dr—|—/ (62—2Tp)dT+/ (UQ—Ul)dT+/ P (CQ—Tp)1+1/pdT,

-T - 7'1 P+l

T < t < 73. A similar expression can be found for wy. The previous integrals can be
investigated via the standard change 7 = cé/ Ps. Obviously,

z*:/aTl(-)dT+/(:2(-)dr+/a:3(-)d7+/a:(-)d7,
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where the underintegral function is auv + Buw + yvw and we are integrating along the
straight line (7 +o,7), 0 =  — t. Similar decomposition holds for z~. As in (1), case d),
the term auv leads to a jump discontinuity of sharp order 2p along Cj and inside Cj.
The singularities could appear because of the presence of “asymmetric terms” in the
expressions for z*. These terms are of the type

az as o
(M) / c;—!—l/ZD dr, / c;""Q/p dr, / Cé-"—l/p dry ..., ca=(T1+0+ 7_p)lJrl/p.
a a s

In order to find out the leading singularity, say in the third integral in (7), we make
the standard change 7 4+ ¢ = sP, having in mind that ¢ < 0. Applying the binomial
power series we come to the conclusion that the integral under consideration possesses
the following leading term: const. 0Pt 1ak = o(0?P*1), 0 — 0~. This way we come to the
following proposition.

PROPOSITION 2. Consider the semilinear weakly hyperbolic system (6) with Cauchy
data uy having finite jump of order k = 0 at some point xy and vg = wg = z9 = 0. Then
in general the component z does not have finite jump of exact order (2k 4+ 3)p along the
characteristic Cy located inside the parabola C'.

In our case the jump discontinuity is of order (k + 2)p < (2k + 3)p. This is a new
effect, of course.

2.3. We shall deal now with the following weakly hyperbolic system

Xu= (0 + qt?7 10, )u =0
O = u
(8) Yw = (0 — ptP10,)w =u+v
Dz = (0 + 0,)z = auv + fuw + yow,
«, B,y = const., p,q—even, ¢ >p > 2,
with Cauchy data u|i=—7 = ug(x), T > 0, vg = wy = 29 = 0, where ug is defined as in
case d) for system (1).

The characteristics of the vector fields X, d;, Y, D passing through the point (z,1)
are given respectively by the equations x = t9 4+ ¢y, ¢c; = —t4, 2 = T, . = —tP + co,
o=+, x—t=T—1LPutCr:2=1t9,Co:0=0,C4:0=—tP, Cg: 20 =—tP + co,
Cy : x = t. Evidently, Cy, Cs, C3 are tangential each to other characteristics at the origin
and C} is transversal to them at O. The main problem we are interested in is whether
the new-born singularity at O of the component z will have a finite jump along C4 and
inside Cy depending on both integers p and ¢. As our considerations are similar to that
realized for the system (6) we shall omit some details. One can easily see that u =wu; =1
outside the parabola C'; and v = ug = 1+x —t? inside it. By v;, ¢ = 1, 2, 3, we denote the
values of v in the subdomains {x < 0} U{0 < z < t9, ¢ < 0}, {t? < 2} and the curvilinear

angle between Cf", C5 . Then
tq+1 + q x1+1/q _ 2q m1+1/q'
g+1 q+1 ’ q+1

Put ¢2 = 2 + t?. Obviously, w(z,t) = fiT(U +0)(cy — 7P, 7) dr.

v=t+T, vo=1v+at—
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The crossing points of Cs with C; have ordinates 7o = —m; > 0 which satisfy the
equation 7P +7¢ = ¢y > 0. Let £ = cé/p and p(&§) = 7(€), p(§) = &£(1 + m). Therefore,
(14 7P +&77P(1+m) —1 = 0. Applying the implicit function theorem we conclude
that in a neighbourhood of the point £ = 0, # = 0 there exists a unique function
7(€) € C, w(0) =0, satisfying pP(£) 4+ p?(§) = & More detailed analysis shows that
(&) = —%fq_p(l +0()), £ —0.Som = cé/p(l + W(Cé/p)), m(0) = 0. The ordinate of
the crossing point of C’; and Cj is 73 = cé/p. The crossing points of Ci' with C3, Cy, Cy
are denoted by Ay, As, A3 and their ordinates are aq, as, a3, respectively. The crossing
points By, By, B3 and their ordinates by, by, bg are defined similarly. Put ¢ = z —t. Then
(a1,b1), (ag,b2), (as,bs) satisfy the equations 7+ 7 +0 =0,7+0 =0, 77 =7+ 0,
respectively. An application of the inverse function theorem to 7¢ — 7 = o near 7 = 0
shows that one can find a unique C° smooth inverse function 7 = 7(0), || < 1, 7(0) = 0
and 7(0) = —0 4+ 07+ O0(c7), 0 — 0. S0 as, b3 = —0+ + 09+ O(c ™). The values w;,
1 <4 <4 of w are found in a similar way as in the case of system (6) in the intervals
t<T, T <t< T, 7 <t< T3, t>73. We have w; € C. Then for t € (11, 72),

t t 7_q-‘,—l q 1+1/
wy = wy + cg — 7P — 71 dT—I—/[c—TpT— +——(ca— 7" q}dr.
RIAC yar+ [ fer—7r = T b e )
Making the change 7 = cé/ps we get

t t/ci/P
/ (cog — TP)1 V0 g7 = / (1—sp)1+1/quc;+1/p+l/q.
™ (147(cy/?))

As we are inside the parabola C; we have z > 0 and therefore the previous integral is
C* smooth there. Having in mind the formulas giving the values of 7;, 1 < i < 3, we

obtain

Wy = pil 1+1/p(1+0( 1/q)+0( (¢— p)/p)) o — 0,

t
wy, € C*°, wlz/ (1+wvy)dr.

=T

Similar considerations show that

w3:w1+pi1 ;-&-1/11(1_’_0( 1/q)+0( q— p/p)) o — 0,

we = wy + % AP (1 4 O™ + O(TPPY), ey 0.
The expressions for 2T and z~ are the same as in the previous case (6) and we are
integrating along the straight lines (7 + o4,7), (1 +0_,7), 04 = x — t. The term auwv,
a # 0, leads to a jump discontinuity of sharp order 2q along the part of the characteristic
Cy located inside C7. As was mentioned above, the jump discontinuities could appear
because of the presence of several “asymmetric terms” in the expressions for z*. Let us
concentrate now on the right-hand side Suv, 8 # 0. The leading “asymmetric terms” are:
faaf wy dT, f;; ws dT, fbbf wy dr, fbb; wy dr. To fix the ideas we shall deal with the first
two integrals only. One can easily guess that the leading singularities in that situation
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(i.e. the terms containing the lowest powers of o) are

I= 2 1+1/p _ s 1+1/p
= Co dr, II= Cy dr
al az

and the integration in the previous integrals is along the line (7 + o, 7).
There are no difficulties to verify the existence of a smooth function a(c), o < 1,
0 <a(o) < —o, 0 > 0 with the properties 7 € [a(0),+00) = T+ 0 + 7P = h(r) > 0,
h(a) =0, /(1) > 0. Then h~! exists on the interval [0, 00) and is strictly monotone there.
Following this way we conclude that the smooth function s(7) = (7 4 o + 77)/? is well
defined and invertible on [a(o), 00). Moreover, the inverse function
7(s) = a(o) +

sP

2p >
—1+pa1’—1(0)+0(8 ), s—0, s>0.

Now we are able to make the following change in I: s» =7+ 0+ 7P, 7 > a(o) > 0.
Then 7 =a1 = s1 =0, 7 = a3 = s2 = as > 0. Thus

az 2
I= p/o #:*1(5) ds = const. as” "' (1 + O(a3P™?)), ay — 0; const. # 0.
Consider now the function s? 4+ s? = hi(s), s > 0. Certainly, it is strictly monotonically
increasing and s = h~'(w) = w/? + O(w?/?), w — +0. Let us make now in the second
integral IT the change s? + 59 =7+ 0+ 77, 7 > a(o) (i.e. s = hy (T + 0 +71P), T > a(0),
o — parameter). Then 7 = ay = 51 = hj '(a}) = az(1 + O(az)).

Thus

II= /a3 s*P(1+ Sq_p)1+1/p7(p st ) ds = O(a§p+2)a as — 0.
R (aB) 1+ prr=1(s)

Hence, I = const. 02P*1(1 + O(0?P*2)), II = O(0?P*2); const. # 0.

PROPOSITION 3. Consider the semilinear hyperbolic system (8) with Cauchy data ug
having a finite jump of order k = 0 at some point x¢ and vg = wg = z9 = 0. Then in
general the component z does not have a finite jump of exact order (2k + 3)p along the
characteristic Cy located inside the parabola C1. In our case the jump discontinuity is of
order (k + 2)p, k =0 and therefore it does not depend on q.

In other words we cannot expect interaction between the orders of tangency p, re-
spectively g, of the characteristics C, Cy and C5, C5 at the origin in determining the
strength of the new-born jump discontinuity of the component z along the semicharac-
teristic Cy N {z > 0}.

Short summary of results in the communication. Two, respectively three, char-
acteristics of the semilinear systems under consideration are assumed to be mutually tan-
gential of order p > 2 at 0 and the Cauchy data are continuous with a jump discontinuity
of the first derivative at a given point zo. Then a newly created singularity appears at 0
and propagates along a transversal outgoing characteristic. The sharp order of that jump
discontinuity is 2p instead of the expected order 3p according to [7], [10].
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