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Abstra
t. Criteria for full k-rotundity (k ∈ N, k > 2) and uniform rotundity in every dire
tionof Calderón-Lozanovski�� spa
es are formulated. A 
hara
terization of Hµ-points in these spa
esis also given.Introdu
tion. First we introdu
e the notations and de�ne the notions used in thispaper. Let (X, ‖ ‖) be a real Bana
h spa
e and S(X), B(X) denote the unit sphere andthe (
losed) unit ball of the spa
e X, respe
tively.A Bana
h spa
e X is 
alled fully k-rotund (kR-spa
e for short), where k ∈ N, k > 2,if any sequen
e (xn) in B(X) su
h that

‖x(1)
n + x(2)

n + · · · + x(k)
n ‖ → kfor arbitrary subsequen
es (x

(1)
n ), (x

(2)
n ), . . . , (x

(k)
n ) as n → ∞, is a Cau
hy sequen
e (see[FG℄). It is known that any kR-spa
e is a (k + 1)R-spa
e (k > 2).A Bana
h spa
e X is said to be 
ompa
tly fully k-rotund (CkR-spa
e for short) ifevery sequen
e (xn) in B(X) satisfying

‖x(1)
n + x(2)

n + · · · + x(k)
n ‖ → kfor any subsequen
es (x

(1)
n ), (x

(2)
n ), . . . , (x

(k)
n ) as n → ∞, is a relatively 
ompa
t sequen
e.Compa
t full k-rotundity of a Bana
h spa
e X implies re�exivity (see [CHK℄) and ap-proximative 
ompa
tness of the spa
e X (see [HW℄). A Bana
h spa
e X is fully k-rotundi� it is 
ompa
tly fully k-rotund and rotund (see [CHK℄).We say that a Bana
h spa
e X is uniformly 
onvex in every dire
tion (URED-spa
efor short) if for any ε ∈ (0, 1) and z ∈ S(X) there exists δ(ε, z) ∈ (0, 1) su
h that

‖(x + y)/2‖ 6 1 − δ(ε, z) for any x, y ∈ B(X) with x − y = εz or equivalently, if for any2000 Mathemati
s Subje
t Classi�
ation: 46E30, 46B20, 46B30, 46C05.Key words and phrases: Köthe spa
e, Calderón-Lozanovski�� spa
e, Orli
z fun
tion, delta twotype 
ondition, fully k-rotundity, uniform rotundity in every dire
tion, Hµ-points.The paper is in �nal form and no version of it will be published elsewhere.
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100 A. NARLOCH

ε ∈ (0, 1) and z ∈ S(X) there exists δ(ε, z) ∈ (0, 1) su
h that inequality ‖y + εz/2‖ 6

1 − δ(ε, z) holds whenever y ∈ B(X) and ‖y + εz‖ 6 1.Re
all that if a Bana
h spa
e X is URED, then it has normal stru
ture and so it hasthe weak �xed point property (see [CCHS℄).Let (T, Σ, µ) be a 
omplete and σ-�nite measure spa
e and L0 = L0(T, Σ, µ) be thespa
e of all (equivalen
e 
lasses of) Σ-measurable real fun
tions de�ned on T .A Bana
h spa
e (E, ‖ ‖E) is said to be a Köthe spa
e (see [KA℄) if E ⊂ L0 and:(i) for every x ∈ L0 and y ∈ E with |x(t)| 6 |y(t)| for µ-a.e. t ∈ T , we have x ∈ Eand ‖x‖E 6 ‖y‖E ,(ii) there is a fun
tion x ∈ E su
h that x(t) > 0 for any t ∈ T .By E+ we denote the positive 
one of E, that is, E+ = {x ∈ E : x > 0}.A Köthe spa
e E is said to be uniformly monotone if for any ε ∈ (0, 1) there is
δ(ε) ∈ (0, 1) su
h that ‖x− y‖E 6 1− δ(ε) whenever 0 6 y 6 x, ‖x‖E = 1 and ‖y‖E > ε.For the 
onditions that are equivalent to this de�nition we refer to [HKM2℄.We say that a Köthe spa
e E has the Fatou property (E ∈ (FP ) for short) if for any
x ∈ L0 and (xn) in E+ su
h that xn ↑ |x| µ-a.e. and supn ‖xn‖E < ∞, we have x ∈ Eand ‖xn‖E → ‖x‖E (see [Bi℄ and [KA℄).A point x ∈ E is said to have order 
ontinuous norm if for any sequen
e (yn) in Esu
h that 0 6 yn 6 |x| (n ∈ N) and yn → 0 µ-a.e., we have ‖yn‖E → 0. If every point of
E has order 
ontinuous norm, then we say that the spa
e E is order 
ontinuous.A point x ∈ E is said an Hµ-point if for any sequen
e (xn) ⊂ E su
h that xn → xlo
ally in measure and ‖xn‖E → ‖x‖E , we have ‖xn − x‖E → 0. If every point x ∈ Eis Hµ-point, then we say that the spa
e E has Hµ-property (see [HM℄).A fun
tion ϕ : [0,∞) → [0,∞] is said to be an Orli
z fun
tion if ϕ is 
onvex, vanishingand 
ontinuous at zero, left 
ontinuous on (0,∞) and not identi
ally equal to zero (see[Ch℄, [KR℄, [Lu℄, [Ma℄, [Mu℄ and [RR℄). If the Orli
z fun
tion ϕ vanishes only at zero, thenwe will write ϕ > 0 and if ϕ takes only values from [0,∞), then we will write ϕ < ∞.Given a real Köthe spa
e E and an Orli
z fun
tion ϕ, we de�ne on L0 the 
onvexmodular

̺ϕ(x) =

{

‖ϕ ◦ |x| ‖E if ϕ ◦ |x| ∈ E,

∞ otherwise.The Calderón-Lozanovski�� spa
e Eϕ generated by the 
ouple (E, ϕ) is de�ned as the setof those x ∈ L0 su
h that ̺ϕ(λx) < +∞ for some λ > 0. The norm in Eϕ is de�ned by
‖x‖ϕ = inf{λ > 0 : ̺ϕ(x/λ) 6 1}(see [CHM℄ and [Ma℄; 
f. [Ca℄ and [Lo℄). If E has the Fatou property, then also Eϕ hasthis property, when
e it follows that Eϕ is a Bana
h spa
e. This 
lass of Köthe spa
es is asub
lass of the more general 
lass of Köthe spa
es Ψ(E, F ) that are interpolation spa
esbetween two Köthe spa
es E and F over the same measure spa
e generated by 
on
aveand homogeneous fun
tions Ψ : R+ ×R+ → R+. Köthe spa
es 
onstru
ted in su
h a wayby Lozanovski�� (see [Lo℄) are generalizations of the interpolation spa
es 
onstru
ted byCalderón (see [Ca℄).



CALDERÓN-LOZANOVSKĬI SPACES 101In the remaining part of the paper we will assume that E is a Köthe spa
e with theFatou property.We say an Orli
z fun
tion ϕ satis�es 
ondition ∆2(0) (ϕ ∈ ∆2(0) for short) if thereexist K > 0 and u0 > 0 su
h that 0 < ϕ(u0) and the inequality ϕ(2u) 6 Kϕ(u) holds forall u ∈ [0, u0].We say a fun
tion ϕ satis�es 
ondition ∆2(∞) (ϕ ∈ ∆2(∞) for short) if there exist
K > 0 and u0 > 0 su
h that ϕ(u0) < ∞ and the inequality ϕ(2u) 6 Kϕ(u) holds for all
u > u0.If there exists K > 0 su
h that ϕ(2u) 6 Kϕ(u) for all u > 0, then we say that ϕsatis�es 
ondition ∆2(R+) (ϕ ∈ ∆2(R+) for short).For a Köthe spa
e E and an Orli
z fun
tion ϕ we say that ϕ satis�es 
ondition ∆E

2(ϕ ∈ ∆E
2 for short) if:1) ϕ ∈ ∆2(0) whenever E →֒ L∞,2) ϕ ∈ ∆2(∞) whenever L∞ →֒ E,3) ϕ ∈ ∆2(R+) whenever neither L∞ →֒ E nor E →֒ L∞(see [HKM1℄).Lemma 1. If Eϕ is a Calderón-Lozanovski�� spa
e and x ∈ Eϕ, then:

(i) if ‖x‖ϕ 6 1, then ̺ϕ(x) 6 ‖x‖ϕ,
(ii) if ‖x‖ϕ > 1, then ̺ϕ(x) > ‖x‖ϕ.Lemma 2 (see [CHM℄, [FH1℄ and [FH2℄). If ϕ is an Orli
z fun
tion su
h that ϕ < ∞,

ϕ ∈ ∆E
2 and E is a Köthe spa
e, then for any x ∈ Eϕ and any sequen
e (xn) in Eϕ, wehave:

(i) ̺ϕ(x) = 1 whenever ‖x‖ϕ = 1,
(ii) ̺ϕ(xn) → 1 whenever ‖xn‖ϕ → 1,
(iii) ̺ϕ(λx) < ∞ for any λ > 0.Lemma 3 (see [CHM℄, [FH1℄ and [FH2℄). Let ϕ be an Orli
z fun
tion su
h that ϕ > 0and ϕ ∈ ∆E

2 . Then for any sequen
e (xn) in the Calderón-Lozanovski�� spa
e Eϕ, we have
‖xn‖ϕ → 0 whenever ̺ϕ(xn) → 0.Remark 1. For any real numbers a, b we have:

(i) if ab > 0, then |a + b| = |a| + |b| and |a − b| = | |a| − |b| |,
(ii) if ab < 0, then |a + b| = | |a| − |b| | and |a − b| = |a| + |b|.ResultsProposition 1. Let E be a uniformly monotone Köthe spa
e and ϕ be an Orli
z fun
tionwith ϕ > 0, ϕ < ∞ and ϕ ∈ ∆E

2 . If E is fully k-rotund, then Eϕ is fully k-rotund (k > 2).Proof. Let (xn) be a sequen
e in B(Eϕ) su
h that(1) ‖x(1)
n + x(2)

n + · · · + x(k)
n ‖ϕ → k as n → ∞



102 A. NARLOCHfor any subsequen
es (x
(1)
n ), (x

(2)
n ), . . . , (x

(k)
n ) of (xn). By the assumptions that ϕ ∈ ∆E

2and ϕ < ∞, we have ϕ ◦ |xn| ∈ B(E) for any n ∈ N and
∥

∥

∥

∥

ϕ ◦

∣

∣

∣

∣

x
(1)
n + x

(2)
n + · · · + x

(k)
n

k

∣

∣

∣

∣

∥

∥

∥

∥

E

→ 1 as n → ∞.(see Lemmas 1 and 2) and therefore,(2) 1

k
‖ϕ ◦ |x(1)

n | + ϕ ◦ |x(2)
n | + · · · + ϕ ◦ |x(k)

n | ‖E → 1 as n → ∞.The spa
e E is fully k-rotund, so (2) implies that (ϕ ◦ |xn|) is a Cau
hy sequen
e in Ethat is
‖ϕ ◦ |xm| − ϕ ◦ |xl| ‖E → 0 as m, l → ∞.Using superadditivity of the fun
tion ϕ we have

ϕ ◦ | |xm| − |xl| | 6 |ϕ ◦ |xm| − ϕ ◦ |xl| |so the previous 
ondition yields
̺ϕ(|xm| − |xl|) = ‖ϕ ◦ | |xm| − |xl| | ‖E → 0 as m, l → ∞and, by ϕ > 0 and ϕ ∈ ∆E

2 , we get(3) ‖ |xm| − |xl| ‖ϕ → 0 as m, l → ∞(see Lemma 3). Observe that 
ondition (1) yields(4) ‖xm + xl‖ϕ → 2 as m, l → ∞.Let us de�ne for any i, j ∈ N

Aij = {t ∈ T : xi(t) · xj(t) < 0}.We will show that(5) ‖(|xm| + |xl| − |xm − xl|)χAml
‖ϕ → 0 as m, l → ∞.If we suppose, on the 
ontrary, that 
ondition (5) is not true, then there exist in
reasingsequen
es (mn), (ln) of natural numbers su
h that

‖(|xmn
| + |xln | − |xmn

− xln |)χAmnln
‖ϕ > δfor some δ > 0 and any n ∈ N. The uniform monotoni
ity of E and the assumptions
on
erning ϕ imply uniform monotoni
ity of Eϕ (see [CHM℄). So, there exists η > 0 su
hthat ‖zn + yn‖ϕ > 1 + η for n ∈ N large enough, whenever (zn), (yn) ⊂ E+

ϕ , ‖zn‖ → 1and ‖yn‖ >
δ
2 (n ∈ N). Then, by (4) and Remark 1, we have

1 >

∥

∥

∥

∥

|xmn
| + |xln |

2

∥

∥

∥

∥

ϕ

=

∥

∥

∥

∥

(

|xmn
| + |xln |

2

)

χT\Amnln
+

(

|xmn
| + |xln |

2

)

χAmnln

∥

∥

∥

∥

ϕ

=

∥

∥

∥

∥

|xmn
+xln |

2
χT\Amnln

+

(

|xmn
|+|xln |

2
−
|xmn

+xln |

2

)

χT\Amnln
+
|xmn

+xln |

2
χAmnln

∥

∥

∥

∥

ϕ

=

∥

∥

∥

∥

|xmn
+ xln |

2
+

(

|xmn
| + |xln |

2
−

|xmn
+ xln |

2

)

χT\Amnln

∥

∥

∥

∥

ϕ

> 1 + ηfor n ∈ N large enough, a 
ontradi
tion. This means that 
ondition (5) holds.



CALDERÓN-LOZANOVSKĬI SPACES 103Using again Remark 1, we get the inequalities
‖ |xm| − |xl| ‖ϕ + ‖(|xm| + |xl|)χAml

− |xm + xl|χAml
‖ϕ

> ‖ | |xm| − |xl| |χT\Aml
+ | |xm| − |xl| |χAml

+ (|xm| + |xl|)χAml
− |xm + xl|χAml

‖ϕ

= ‖ | |xm| − |xl| |χT\Aml
+ (|xm| + |xl|)χAml

‖ϕ

> ‖ |xm − xl|χT\Aml
+ |xm − xl|χAml

‖ϕ = ‖ |xm − xl| ‖ϕ = ‖xm − xl‖ϕ,whi
h, by (3) and (5), yield
‖xm − xl‖ϕ → 0 as m, l → ∞.Analogously we 
an proveProposition 2. Let E be a uniformly monotone Köthe spa
e and ϕ be an Orli
z fun
tionwith ϕ > 0, ϕ < ∞ and ϕ ∈ ∆E

2 . If E is 
ompa
tly fully k-rotund, then Eϕ is 
ompa
tlyfully k-rotund (k > 2).Remark 2. In the proof of Proposition 1 it is shown that for any Köthe spa
e E if thepositive 
one E+ is (
ompa
tly) fully k-rotund and E is uniformly monotone, then E is(
ompa
tly) fully k-rotund.Proposition 3. If E is a uniformly monotone Köthe spa
e and ϕ is a stri
tly 
onvexOrli
z fun
tion satisfying the ∆E
2 -
ondition, then Eϕ is a URED-spa
e.Proof. Let us �x ε ∈ (0, 1) and z ∈ εS(Eϕ). Let y ∈ B(Eϕ) be su
h that ‖y + z‖ϕ 6 1.Sin
e the spa
e E is uniformly monotone, ϕ ∈ ∆E

2 and ϕ is stri
tly 
onvex, so Eϕ isuniformly monotone (see [CHM℄) and in 
onsequen
e, Eϕ is order 
ontinuous (see [Bi℄).Therefore, we 
an �nd a measurable set A with positive �nite measure and a number
k > 0 su
h that

1/k 6 |z(t)| 6 k for any t ∈ A and ‖zχA‖ϕ > 4ε/5.Now we see that χA ∈ E and, sin
e ϕ > 0, we have ̺ϕ(zχA) > 0. Note that ̺ϕ(y) 6

‖y‖ϕ 6 1 (see Lemma 1). In the following we will 
onsider two 
ases separately.
1◦ Assume �rst that A is not an atom. Let U be an arbitrary subset of A su
hthat 0 < µ(U) < µ(A). Sin
e E is a stri
tly monotone spa
e (be
ause it is uniformlymonotone), we have

‖χA‖E − ‖χU‖E =: δ1 > 0.Let us 
hoose l > 0 su
h that
ϕ(l)‖χU‖E > 1and de�ne B = {t ∈ A : |y(t)| 6 l}. If we suppose that ‖χA\B‖E > ‖χU‖E , then we have

̺ϕ(y) > ̺ϕ(yχA\B) = ‖ϕ ◦ |y|χA\B‖E > ϕ(l)‖χA\B‖E > ϕ(l)‖χU‖E > 1,a 
ontradi
tion. Therefore, ‖χA\B‖E 6 ‖χU‖E , and, in 
onsequen
e,
‖χB‖E = ‖χA − χA\B‖E > ‖χA‖E − ‖χA\B‖E > ‖χA‖E − ‖χU‖E = δ1and

̺ϕ(zχB) = ‖ϕ ◦ |z|χB‖E > ϕ(1/k)‖χB‖E > ϕ(1/k)δ1 =: δ2 > 0.
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2◦ Now we 
onsider the 
ase when A is an atom. Let l > 0 be su
h that
ϕ(l)‖χA‖E > 1.Denote again B = {t ∈ A : |y(t)| 6 l}. If µ(A \ B) = µ(A), then χA = χA\B and

̺ϕ(y) > ̺ϕ(yχA\B) = ‖ϕ ◦ |y|χA\B‖E = ‖ϕ ◦ |y|χA‖E > ϕ(l)‖χA‖E > 1.But we have ̺ϕ(y) 6 ‖y‖ϕ 6 1. Therefore, µ(A) = µ(B) and ̺ϕ(zχB) = ̺ϕ(zχA) > 0.We have shown that there exist numbers l, δ > 0 (independent of y) su
h that, forthe set C = {t ∈ A : |y(t)| 6 l}, we have(6) ̺ϕ(zχC) > δ.Observe that
max{|y(t) + z(t)|, |y(t)|} 6 k + land

|(y(t) − z(t)) − y(t)| = |z(t)| > 1/kfor µ-a.e t ∈ C. So, by stri
t 
onvexity of ϕ there exists p ∈ (0, 1), depending on k, l (i.e.depending on z and ε) only, su
h that
ϕ

(∣

∣

∣

∣

y(t) +
1

2
z(t)

∣

∣

∣

∣

)

6
1 − p

2
[ϕ(|y(t) + z(t)|) + ϕ(|y(t)|)]for µ-a.a. t ∈ C. Therefore, we have(7) ϕ ◦

∣

∣

∣

∣

y +
1

2
z

∣

∣

∣

∣

= ϕ ◦

∣

∣

∣

∣

(y + z) + y

2

∣

∣

∣

∣

6
1

2
ϕ ◦ |y + z|χT\C +

1

2
ϕ ◦ |y|χT\C +

1 − p

2
(ϕ ◦ |y + z|χC + ϕ ◦ |y|χC)

6
1

2
ϕ ◦ |y + z| +

1

2
ϕ ◦ |y| −

p

2
ϕ ◦ |y + z|χC −

p

2
ϕ ◦ |y|χC .If we de�ne D = {t ∈ C : |z(t)| >

δ
4 max{|y(t) + z(t)|, |y(t)|} }, then the inequality(8) ‖ϕ ◦ |z|χC\D‖E 6

δ

4
‖ϕ ◦ |y + z|χC\D + ϕ ◦ |y|χC\D‖E 6

δ

2holds and, in viev of (6), it gives
̺ϕ(zχD) >

δ

2
.Assume now that L∞ →֒ E. Sin
e ϕ ∈ ∆E

2 and ϕ > 0, there exist v, K > 0 su
h that
‖ϕ(v)χT ‖E 6 δ/4 and ϕ(2u) 6 Kϕ(u) + ϕ(v) for any u ∈ [0,∞). Then we have

δ

2
6 ̺ϕ(zχD) = ‖ϕ ◦ |z + y − y|χD‖E 6

∥

∥

∥

∥

ϕ ◦

(

1

2
|2(y + z)| +

1

2
|2y|

)

χD

∥

∥

∥

∥

E

6
K

2
‖ϕ ◦ |y + z|χD + ϕ ◦ |y|χD‖E + ‖ϕ(v)χT‖E

6
K

2
‖ϕ ◦ |y + z|χD + ϕ ◦ |y|χD‖E +

δ

4
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onsequen
e,(9) ∥

∥

∥

∥

p

2
ϕ ◦ |y + z|χD +

p

2
ϕ ◦ |y|χD

∥

∥

∥

∥

E

>
δp

4K
.The uniform monotoni
ity of E and 
onditions (7) and (9) imply that there exists η > 0(depending on p, δ and K only) su
h that

̺ϕ

(

y +
1

2
z

)

6 1 − η.Now, by the ∆E
2 -
ondition for ϕ there exists β > 0, depending only on η, su
h that

‖x‖ϕ 6 1 − β whenever ̺ϕ(x) 6 1 − η for any x ∈ Eϕ. Finally, we have
∥

∥

∥

∥

y +
1

2
z

∥

∥

∥

∥

ϕ

6 1 − β.If E →֒ L∞, then ‖x‖∞ 6 M for every x ∈ B(Eϕ) and some M > 0. Sin
e ϕ ∈ ∆E
2and ϕ takes on only �nite values, there exists K1 > 0 su
h that ϕ(2u) 6 K1ϕ(u) for

u ∈ [0, M ]. Hen
e we have
δ

2
6 ̺ϕ(zχD) = ‖ϕ ◦ |z + y − y|χD‖E 6

K1

2
‖ϕ ◦ |y + z|χD + ϕ ◦ |y|χD‖Eand

∥

∥

∥

∥

p

2
ϕ ◦ |y + z|χD +

p

2
ϕ ◦ |y|χD

∥

∥

∥

∥

E

>
δp

2K1
.Now we dedu
e, as above, that there exists β1 > 0 su
h that

‖y + z/2‖ϕ < 1 − β1.The remaining 
ase when neither L∞ →֒ E nor E →֒ L∞ is analogous and even easier tohandle be
ause the ∆E
2 -
ondition means in this 
ase the ∆2-
ondition on the whole R+.We say that x ∈ E+ is an H+

µ -point if for any sequen
e (xn) in E+ su
h that xn

µ (lo
)
−−→ x(lo
ally in measure) and ‖xn‖E → ‖x‖E , we have ‖xn − x‖E → 0. If all points x ∈ E+are H+

µ -points, then we say that E has H+
µ -property.In Proposition 1 in [HM℄ it was proved that any order 
ontinuous Köthe spa
e hasthe Hµ-property if and only if it has the H+
µ -property. The next lemma is a lo
al versionof that proposition.Lemma 4. For any order 
ontinuous Köthe spa
e E, a point x ∈ E is an Hµ-point ifand only if |x| is an H+

µ -point.Proof. Su�
ien
y. We may assume that x ∈ S(E). Let (xn) be an arbitrary sequen
e in
E su
h that(10) xn

µ (lo
)
−−→ x and ‖xn‖E → 1 = ‖x‖E .We will show that ‖xn −x‖E → 0 (by the assumption that |x| is an H+

µ -point). Observethat 
ondition xn

µ (lo
)
−−→ x yields

|xn|
µ (lo
)
−−→ |x|.



106 A. NARLOCHThe point |x| is an H+
µ -point, so we have

‖ |xn| − |x| ‖E → 0Therefore, there exist y ∈ E+ and an in
reasing sequen
e (nk) of natural numbers su
hthat(11) | |xnk
| − |x| | 6 yfor any k ∈ N (see Lemma 2 in [KA℄, p. 141). We may assume additionally that(12) xnk

→ x µ-a.e. on T .Applying (11) we have the inequality(13) |xnk
− x| 6 y + 2|x|for any k ∈ N. Conditions (12) and (13) together with the order 
ontinuity of E give

‖xnk
− x‖E → 0.Now it remains to apply the double extra
t subsequen
e theorem to obtain

‖xn − x‖E → 0and to end the proof of su�
ien
y.Ne
essity. Let x be an Hµ-point and (xn) be an arbitrary sequen
e in E+ su
h that
xn

µ (lo
)
−−→ |x| and ‖xn‖E → ‖x‖E . De�ne yn := fxn (n ∈ N), where f(t) = 1 if x(t) > 0and f(t) = −1 if x(t) < 0 (t ∈ T ). Then, we have

|yn − x| = |fxn − f |x| | = |xn − |x| |for any n ∈ N. Therefore, yn

µ (lo
)
−−→ x. Moreover, ‖yn‖E = ‖xn‖E → ‖x‖E . So, ‖yn−x‖E →

0 and in 
onsequen
e, ‖xn − |x| ‖E → 0. This means that |x| is an H+
µ -point.Proposition 4. Let E be an order 
ontinuous Köthe spa
e and ϕ be an Orli
z fun
tionwith ϕ > 0, ϕ < ∞ and ϕ ∈ ∆E

2 . An element x ∈ Eϕ is an Hµ-point if and only if ϕ ◦ |x|is an H+
µ -point in E.Proof. Su�
ien
y. Without loss of generality, we may assume that x ∈ S(Eϕ). The order
ontinuity of E and 
onditions ϕ > 0 and ϕ ∈ ∆E

2 imply that Eϕ is order 
ontinuous (see[FH1℄). Therefore, by Lemma 4, it su�
es to show that |x| is H+
µ -point. Let (xn) be anarbitrary sequen
e in E+

ϕ su
h that(14) xn

µ (lo
)
−−→ |x| and ‖xn‖ϕ → 1.So, in view of ϕ ∈ ∆E

2 and ϕ < ∞, we have
̺ϕ(xn) = ‖ϕ ◦ xn‖E → 1 = ‖ϕ ◦ |x| ‖E(see Lemma 2). Condition (14) also yields(15) ϕ ◦ xn

µ (lo
)
−−→ ϕ ◦ |x|.Indeed, if xn

µ (lo
)
−−→ |x|, then xnk

→ |x| µ-a.e. on T for some in
reasing sequen
e (nk) ofnatural numbers. Hen
e, by 
ontinuity of the fun
tion ϕ, we get ϕ◦xnk
→ ϕ◦|x| µ-a.e. on
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T whi
h implies ϕ ◦ xnk

µ (lo
)
−−→ ϕ ◦ |x|. Applying the double extra
t subsequen
e theoremwe obtain 
ondition (15).The element ϕ ◦ |x| is an H+

µ -point in E, so we obtain
‖ϕ ◦ xn − ϕ ◦ |x| ‖E → 0and in 
onsequen
e,

̺ϕ(xn − |x|) = ‖ϕ ◦ |xn − |x| | ‖E 6 ‖ϕ ◦ xn − ϕ ◦ |x| ‖E → 0,by superadditivity of ϕ on R+. But ϕ ∈ ∆E
2 and ϕ > 0, so

‖xn − x‖ϕ → 0(see Lemma 3), whi
h means that |x| is an H+
µ -point.Ne
essity. We may assume that x ∈ S(Eϕ). Then, by ϕ ∈ ∆E

2 and ϕ < ∞, we have
‖ϕ ◦ |x| ‖E = 1. Let us 
hoose an arbitrary sequen
e (yn) in E+ su
h that yn

µ (lo
)
−−→ ϕ ◦ |x|and ‖yn‖E → 1. The fun
tion ϕ is an inje
tion, so we 
an de�ne xn := ϕ−1 ◦ yn for all

n ∈ N. We have xn ∈ E+
ϕ and ‖xn‖ϕ → 1 be
ause ̺ϕ(xn) = ‖yn‖E → 1 (see Lemma 1).Moreover, 
ondition yn

µ (lo
)
−−→ ϕ◦|x|, 
ontinuity of ϕ−1 and the double extra
t subsequen
etheorem give
ϕ−1 ◦ yn = xn

µ (lo
)
−−→ |x| = ϕ−1 ◦ ϕ ◦ |x|.From the assumption that x is an Hµ-point in Eϕ we have that |x| is an H+

µ -point in Eϕ(see Lemma 4), so
‖xn − |x| ‖ϕ → 0.By Lemma 2 in [KA℄ (page 141), there exist z ∈ E+

ϕ and an in
reasing sequen
e (nk) ofnatural numbers su
h that
|xnk

− |x| | 6 zfor all k ∈ N. Then, we have(16) xnk
+ |x| 6 z + 2|x| (k ∈ N).The 
onditions ϕ ∈ ∆E

2 , ϕ < ∞ and Lemma 2 yield ‖ϕ ◦ (z +2|x|)‖E < ∞, whi
h means,by E ∈ (FP ), that ϕ ◦ (z + 2|x|) ∈ E. Let (nm) be a subsequen
e of (nk) su
h that(17) ynm
→ ϕ ◦ |x| µ-a.e. on T .Now, by 
ondition (16) and superadditivity of the fun
tion ϕ, we get

ynm
= ϕ ◦ xnm

= ϕ ◦ |(xnm
+ |x|) − |x| | 6 |ϕ ◦ |xnm

+ |x| | − ϕ ◦ |x| | 6

ϕ ◦ |xnm
+ |x| | + ϕ ◦ |x| 6 ϕ ◦ (z + 2|x|) + ϕ ◦ |x|.Therefore, the order 
ontinuity of E and 
ondition (17) imply that ‖ynm

−ϕ◦ |x| ‖E → 0.Finally, applying the double extra
t subsequen
e theorem, we obtain ‖yn − |x| ‖E → 0,whi
h means that ϕ ◦ |x| is H+
µ -point in E.
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