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Abstract. For nonnegative integers a, b, c and positive integer n, let N(a,b, c;n) de-
note the number of representations of n by the form

a

b c
D@ i+ yl) +2) (uf +ugvy+0]) +4) (rk +resk + si).

i=1 j=1 k=1

Explicit formulas for N(a,b, c;n) for some small values were determined by Alaca, Alaca
and Williams, by Chan and Cooper, by Kokliice, and by Lomadze. We establish formulas
for N(2,1,0;n), N(2,0,1;n), N(1,2,0;n), N(1,0,2;n) and N(1,1,1;n) by employing the
(p, k)-parametrization of three 2-dimensional theta functions due to Alaca, Alaca and
Williams.

1. Introduction. Let N, Ny, Z and C denote the sets of positive inte-
gers, nonnegative integers, integers and complex numbers, respectively. For
a,b,c € Ng and n € N, let N(a,b,c;n) denote the number of representations
of n by the form

a

b c
Z(:BZQ + iy + y2) 4 2 Z(u? + ujvj + UJQ) + 42(1",3 + 1Sk + 57).
i=1 j=1 k=1

For some small values of a,b, ¢, explicit formulas for N(a,b,c;n) were es-
tablished, for example, by Alaca, Alaca and Williams [AAW1]], Chan and
Cooper [CC], Kékliice [K1l K2, [K3], Lomadze [L], Xia [X] and Xia and Yao
[XY]. In particular, Lomadze [L] proved that for n € N,

(1.1) R(3,0,0;n) = 27G3(n) — 9H3(n),
where G3(n) and H3(n) are defined by

(12 Gatn) = 3 (o)

deN, d|n
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(1.3) Hyn)= Y (‘j) i2.

deN,d|n

Let N € N and ged(6, N) = 1. Set N =[], 5 p* be the prime factorization
of N. Alaca, Alaca and Williams [AAW2] proved that

_ (=3\aptl _2q,-2
(1.4) Gs(V) = N2 | v

P|N 1- (773)1)_2 ’

where (52) (k € N) is the Legendre-Jacobi-Kronecker symbol for discrimi-
nant —3, that is,

5 1 ifk=1 (mod 3),
(1.5) (k:) =< -1 if k=2 (mod 3),

0 if k=0 (mod 3).

The aim of this paper is to determine explicit formulas for N(2,1,0;n),
N(2,0,1;n), N(1,2,0;n), N(1,0,2;n) and N(1,1,1;n). The main results
can be stated as follows.

THEOREM 1.1. Set n = 2°3°N € N, where a,3 € No, N € N and
ged(N,6) = 1. Let N = [,y p™ be the prime factorization of N and let
G3(N) be defined by (1.4). Then
(L6 N21,00) = 22 =30 (30 4 (17 () ) Gal),

(1.7)

. ;’<326+1— (;j’))ag(mwﬂm iF21n,
22t (- 02 (F) o) 2,

*(7\17.(81),2,0;71) 2(22a+1+3 <2ﬁ+1 (;V3>>G3(N),

(1.9)

N(1,0,2;n) = i<326+1 <A§)> (n) e
Dy (- >a><32ﬂ+1 (-1 >a<§’))G3<N> i 2ln

(1.10) N(1,1,1;n) = T(a) (325“ +(=1) <N3)>Gg(N),
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where
(1.11) T(a) = 35(2°* = 6(=1)*) (1 + (=1)*") + §(1 = (=1)*"),
112 =y Y @)

(x1,22)€Z2

xf+3m§:n

From (|1.7)) and ([1.9)), we obtain the following corollary:
COROLLARY 1.2. Ifn > 1 is an odd integer, then
(1.13) N(2,0,1;n) = 2N(1,0,2;n).

2. The (p, k)-parametrization of 2-dimensional theta functions.
The aim of this section is to recall the (p,k)-parametrization of three
2-dimensional theta functions due to Alaca, Alaca and Williams [AAWT].

Jonathan and Peter Borwein [BB] introduced the following three 2-
dimensional theta functions:

(2.1) alg) =y gmrmm
(2.2) b(q) == Z wm_"qm2+m”+”2,
(2.3) c(q) = Z q(m+1/3)2+(m+1/3)(n+1/3)+(n+1/3)2’

where w = €%™/3. Alaca, Alaca and Williams [AAWT] defined
v*(q) — ¢*(2°)

(2.4) p=p(q) = 22
. @)
(2.5) k=k(q) = D)
where
(2.6) olg) =D q".
nel

Alaca, Alaca and Williams [AAWI]] also established the parametric repre-
sentations of a(q™), b(¢™) and c(¢") (m € {1,2,4}) in terms of p and k.
Theorems 1, 2, and 4 in [AAW1] state:

(2.7) a(q) = (1 +4p + p*)k,
(2.8) a(q®) = (1 +p+p°)k,
(2.9) a(q") = (1+p—p*/2)k,
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(2.10) b(g) = 27131 — p)/3(1 + 2p) A (2 + p)' Pk,
(2.11) b(q?) = 272/3(1 — p)** (1 + 2p)**(2 + p)*°k;,
(2.12) b(g*) = 2743(1 — p) /3 (1 + 2p)' /3 (2 + p)*3k,
(2.13) c(q) = 27133p' 3 (1 + p)/3k
(2.14) c(q®) = 272/33p*/3 (1 + p)*3k
(2.15) c(q) = 27433p* 3 (1 + p)'/3k

3. Some identities involving a(q), b(¢) and c(g). In this section,
we establish five identities involving a(q), b(q) and c¢(gq) by employing the
(p, k)-parametrization of a(q), b(q) and c(q). Those identities are used to
prove the main results of this paper.

THEOREM 3.1. We have

(3.1) a*(q)a(q®) = —30°(q) + 30°(¢*) + 3% () + 3°(d7),
(3.2) a*(q)a(q*) = §b*(q) — 56°(¢*) + 3b°(¢")
+ %03(q) + %cg(qQ) + %03(q4) +9f(q),
(3.3) a(q)a*(¢®) = 5b°(q) + 30° (%) + 5¢° (@) — 5°(4%),
a(q)a®(q*) = 156°(q) + 1°(¢°) + 36°(¢*)
+ 15 (q) — 1) + 3S(¢) + 5/ (0),
(3.5)  a(g)alg®)alq’) = —§b°(q) — §b°*(¢*) + 56°(¢")
+3(q) — § (%) — 3(dY),
where f(q) is defined by
(3.6) > fm)gt = flg) =q [ - )P - g™
n=0 n=1

Proof. We just prove (3.2). The rest can be proved similarly. Alaca, Alaqa
and Williams [AAW2] established the representations of ¢7/2* [[°° (1 —¢™)
(7 € {2,6}) in terms of p and k. It follows from [AAW2] (2.11) and (2.14)]
that

37 /[ -7
n=1
_ 271/3p1/12(1 _p)1/4(1 +p)1/12(1 + 2]7)1/4(2 —l—p)1/4k1/2,
38) ¢*JJr -4
n=1

:2_1/3]71/4(1—p)1/12(1-|-p)1/4(1+2p)1/12(2—|—p)1/12k‘1/2-
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By 77
p(1—p)(1+p)(1+2p)2+0p
In view of (2.10)—(2.15)) and (3.9)), it is easy to check that
(3.10)  §b%(a) — 30°(¢*) + 50°(¢") + < (@) + 3°(¢%) + 5¢°(¢") + 9f(a)
= (L+9p+ 5p* +22p° — 3p° — $p°)k°.
From and ., we have
(3. 11) a2(q)a( 4= (1 + 9p+ 51,2 4 29p3 — 3p° — %p6)k3.
Identity (3.2 . ) follows from and - .

4. Proof of Theorem In this section, we present a proof of The-
orem by employing Theorem We deduce (1.7) from (3.2)). The rest

can be proved similarly.
By the definition of N(a,b,c;n) and (2.1)), it is easy to see that the
generating function of N(a,b, c;n) is

(4.1) 1+ Z N(a,b,c;n)q" = a®(q)ab(¢®)ac(¢*).

n=1
Setting a =2, b =0 and ¢ =1 in (4.1)) and using (3.2), we obtain
oo
(42) 14 N(2,0,1;n)q" = §6°(q) — $b*(¢%) + 36*(¢") + §*(a)

n=1
+3%(a®) + 3¢°(¢") + 9 (a).
Alaca, Alaca and Williams [AAW2] proved that

(4.3) 27 Gs(n)q" = c(q),
n=1
(4.4) 1-9% " Hy(n)g" = b(a),

where Gs(n) and Hs(n) are defined by (1.2) and (1.3), respectively. By

means of (3.6) and (4.2 7,
(4.5) 1+ZN (2,0,1;n)q (1 9ZH3 )—;(1—9iH3(n)q2n>
n=1 n=1
- (1 — 9ZH3(n)q4”) + g Z Gs(n)q"

ZGg q2”—|—362G3 q4”+92f

n=1
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—1—7ZH n)q" + = Zﬂg —12ZH3(n)q4
+ - ZG:; q—i——ZGg q2”+362G3 q4”+92f

n=1

where f (n) is defined by (3.6} . Equating the coefficients of ¢ on both sides
of (4.5)), we find that for n € N,

(4.6) N(2,0,1;n) = —3Hs(n) + $Hs(n/2) — 12H3(n/4) + 5G3(n)
+ ZLG3(n/2) + 36G3(n/4) + 9f(n).

Set n = 293°N € N, where o, 8 € Ny, N € N and ged(N, 6) = 1. It is easy
to show that

(4.7) Gs(n) = £(227% + (—1)*)3*°G3(N),
(4.8) Hg(n) = $(—1)%(2**"2 + (=1)*)3* H3(N),

1
(19) N = ()G

Employing (4.6) 7-, we deduce that if « = 0, then 2 4 n and
(4.10) N(2,0,1;n) = —3Hs(n) + 3G3(n) + 9f(n)

_ 3(3%1 - (;”))Gm +97(n).

Recently, Chan, Cooper and Liaw [CCL|] have proved that

(411) =5 Y (et 3ad)

(Z‘l,xg)EZQ
z3+3z3=n

see also Williams [W]. Combining (4.10) and (4.11), we find that if n € N
and 2 { n, then

(4.12)  N(2,0,1;n) = 2(325“ - (;\?))G?,(N) + g > (2 - 3ad).

(w1,22)EZ?
ac%-l—?)x%:n

By (3.6)), it is easy to see that if 2| n, then
(4.13) f(n) = 0.
Define

(4.14) gmy:{oﬁa:#
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Using (4.6)—(4.9), (4.13) and (4.14), we deduce that if & > 1, then 2|n and
(4.15)  N(2,0,2;n) = 3G3(n) + 2 G3(n/2) + 36G3(n/4)
— %Hg(n) + %H3(n/2) — 12H3(n/4)

= 152772 + (=1)%)3%G3(N)
0+ (1) 5 ) Gal)
(2% — (=1)*)3*°G3(N)
(0o - ) (3 )6
+ Pg(a) (27 + (-1)")3*C5(N)

- Bol) (-1 + (1)) () 6oy

Bles

2
+1

D‘\I

gle

where
(4.16) S(a) = H(2242 4 (—1)) + $(2% — (-1)°)

T 2g(a)(2272 + (—1)9).
Therefore, by (4.14) and (4.16]),
(4.17) (@) 9 if a =1,

. a) =
23227 4 (-1 ifa>2,
=2(3- 2271 4 (—-1)%).
It follows from (4.15) and that if 1|n, then
-3

(4.18) N(a,b,c;n) = 2(3-2%71 4+ (—1)%) <325+1 — (=1 ()) G3(N).

N
Combining (4.12)) and (4.18]), we arrive at (1.7)). =
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