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SYMMETRY CLASSES OF TENSORS ASSOCIATED WITH THE
SEMI-DIHEDRAL GROUPS SDsg,,

BY

MAHDI HORMOZI (Gothenburg) and KIJTI RODTES (Phitsanulok)

Abstract. We discuss the existence of an orthogonal basis consisting of decomposable
vectors for all symmetry classes of tensors associated with semi-dihedral groups SDsg,,. In
particular, a necessary and sufficient condition for the existence of such a basis associated
with SDg,, and degree two characters is given.

1. Introduction. Let V' be an n-dimensional complex inner product
space and GG be a permutation group on m elements. Let x be any irreducible
character of GG. For any o € (G, define the operator

Pr:@QV—-QV
1 1
by
(L.1) Po(v1® - @um) = (Ug-1(1) @+ @ Vg—1(m))-

The symmetry class of tensors associated with G and x is the image of
the symmetry operator

(1.2) 760 = i S xo)r
oeG
and it is denoted by V{"*(G). We say that the tensor T'(G, x)(v1 ® -+ @ vi)
is a decomposable symmetrized tensor, and we denote it by vy * - - - % vpy,.
The inner product on V' induces an inner product on V (G) which sat-
isfies

1 m
(U] % - kU, UL ek Uy ) = >|<é|) Z x(o) H<Ui,ug(i)>.
celG i=1
Let I be the set of all sequences a = (a1,...,qm,), with 1 < a; < n.

Define the action of G on I7" by
.0 = (040—1(1), ‘e ,O[U—l(m)).
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Let O(a) = {o.a | o € G} be the orbit of a. We write a ~ 8 if a and S
belong to the same orbit in I')"*. Let A be a system of distinct representatives
of the orbits. We denote by G, the stabilizer subgroup of «, i.e., G, =
{0 € G| 0.a = a}. Define

2={aerr| > xto)#0},

UEG&
and put A = AN .
Let {e1,...,en} be an orthonormal basis of V, and denote by e} the
tensor ey, * - - x eq, . We have
0 if a3,
* * 1
(en-€3) = Xé) > x(eh™h) ifa=hp.
‘ | UEGB

In particular, for 01,09 € G and v € A we obtain

(13) <e;.7,e;2.7>=>;g|> R

anszafl

Moreover, e}, # 0 if and only if o € (2.

For o € A, Vi = (e}, : 0 € G) is called the orbital subspace of V,(G).
It follows that

V(G =P Vi
acA

is an orthogonal direct sum. In [9] it is proved that

(1.4) dimvr = XU 3 X(0).

‘Ga‘ UEGa

Thus we deduce that if x is a linear character, then dim V; = 1 and in this
case the set

{en o€ A}

is an orthogonal basis of V, (G).

A basis which consists of decomposable symmetrized tensors €, is called
an orthogonal x-basis. If x is not linear, it is possible that V) (G) has no
orthogonal x-basis. The reader can find further information about the sym-
metry classes of tensors in [1H8], [I0HI1], [13HI5] and [17].

In this paper we discuss the existence of an orthogonal basis consisting
of decomposable vectors for all symmetry classes of tensors associated with
semi-dihedral groups SDg,.



TENSORS ASSOCIATED WITH SEMI-DIHEDRAL GROUPS 61

2. Semi-dihedral groups SDg,. The presentation for SDg), for n > 2
is given by
SDg, = {a,b | ™™ = b? =1, bab = a®" 1),

where the embedding of SDsg, into the symmetric group Sy, is given by
T(a)(t) :=t+1 and T(b)(t) := (2n — 1)t, where m is the remainder of m
divided by 4n.

DEFINITION 2.1. Define
Cy:=1{0,2,4,...,2n},
Cy:={1,3,5,...,n}U{2n+1,2n+3,2n+5,...,3n},
Cloen = 1{2,4,...,2n — 2},
cly=1{1,3,5,...,2[n/2] = 1,2n + 1,20+ 3,...,2[3n/2] — 1}.
We deﬁi?e two-dimensional representations, for each natural number A
and w = e2n:

hr (2n—1)hr
heory W 0 hep oy 0 w
(21) p (a’ ) - ( 0 w(Qn—l)hr) and p (ba’ ) - ( hr 0 > )

w

for each r € {1,2,...,4n}.

Denote x5 = Tr(p"). The non-linear irreducible complex characters of
S Dg,, are the characters xp where h € Cgven orhe CZ qq- Since the numbers
of conjugacy classes of SDg, are different for n even (2n + 3 classes) and n
odd (2n+6 classes), we consider the corresponding two non-linear character
tables separately.

Table I. The non-linear character table for SDs,, n even

Conjugacy classes — [a"], 7€ Cy  [a"],r€Cl,y [0 [ba]
Characters |
Xh, b € Cloon 2005(}3—””) QCOS(M—") 0 0

n

'r‘rr) 0 0

2n

ISl ]

xn, he Cl,, 2 cos(&z) 2i sin (

Table II. The non-linear character table for SDs,, n odd

Conjugacy classes = [a"],r € C1  [a"],r€C> [b] [ba] [ba®] [ba®]

Characters |
Xn, b € Clien 2cos(&™)  2cos(BT) 0 0 0 0
hrm

Xn, h € Cl 4y 2cos(&Z)  2isin(&Z) 0 0 0 0

T o
3

Fl

3. Existence of an orthogonal basis for the symmetry classes
of tensors associated with SDsg,. In this section we study the existence
of an orthogonal basis for the symmetry classes of tensors associated with
S Dg;,. As explained in the introduction, if y is a linear character of G then
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the symmetry class of tensors associated with G and x has an orthogo-
nal basis. Therefore we will concentrate on non-linear irreducible complex
characters of SDg,, i.e. the characters xp where h € Cgven or h € C;rdd.

REMARK 3.1. Let 15 be the 2-adic valuation, that is, ug(ka) = k for

m and n odd. Then the condition VQ( ) < 0 means that every power of 2
that divides h also divides n.

LEMMA 3.2. Let G := SDg,, and H be a subgroup of G. Then there is a
natural number r, 0 < r < 4n, such that either H = (a"), or (a") < H and
H N (a) = (a"). In the latter case we have |H| > 2[(a")|.

Proof. This is straightforward. m

LEMMA 3.3. Suppose x = xn. If v is defined by G, N {(a) = (a") and
I =4n/ged(4n,r), then

Y xlg) =

g€Ga

and for a € A, we have rh =0 (mod 4n).

2l if rh =0 (mod 4n),
{0 if rh #0 (mod 4n),

Proof. Since G, is a subgroup of G, using Lemma there is a natural
number 7, 0 < r < 4n, such that either G, = (a") or (a") < G,. Using
Table I, we find that y vanishes outside (a), therefore

Z x(9) = ix(atr) _ 2§C08<t2};ﬂ> _ {2[, rh =0 (mod 4n),

geG t=1 10, 7h#0 (mod 4n).

Also if rh # 0 (mod 4n), then > . x(g) = 0, which shows a ¢ A =

LEMMA 3.4. Let 1 < h < 2n and let vy be the 2-adic valuation. Then
there exist t1,t2, 0 < t1, to < 4n, such that cos(%) =0 if and only if
h
VQ(%) < 0.

THEOREM 3.5. Let G = SDg, be a subgroup of Sin, denote x = xn
for h € Ceven, and assume d = dimV' > 2. Then V,(G) has an orthogonal
x-basis if and only 1/2( ) <0.

Proof. Tt is enough to prove that for any o € Z the orbital subspace V}
has an orthogonal *-basis if VQ( ~) < 0. Let VQ( ~) < 0 and assume a € A.
By Lemma [3.2] either G, = (a ) (a") < Gg. Lot | = 4n/ged(4n,r). Now
we consider two cases.

CASE 1. If (a") < G, then by Lemma [3.2] we obtain |G| > 2 where
(a"y = (a)y NGy ={a",a®,...,d" =1}.
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By (1.4), |Ga| > 2! and Lemma [3.3] we have

dim v = X 3 xlo) < 2 (o1 =2,
|Ga| c€Gq

[\]
<

If dim V] = 1, then it is obvious that we have an orthogonal *-basis. Let us
consider dim VJ = 2. Set 01 = a’, 02 = a'. Then

09Goo N {a) = {a™ ... alm T

Hence if o1 = a’, 05 = a’, by (1.3)), we have

(3.1) <e;1.a,e:2.a>=>j§,) T x@) = 2 3 x(ar i)

xGO'QGaofl t=1

4 (tr+i—j)hm
08—

T B L 2
n = n
l . .
1 trhm (i —j)hm
2ntlcos< 2n * 2n

l . . . .
1 (i—g)hm\ 1 (t—j)hm
- 2n ;COS( 2n ) - 2n COS( 2n
where the penultimate equality is due to an application of Lemma [3.3| By
Lemma [3.4] there exist ¢ and j such that

which means that {e}, ,,e€}, .} is an orthogonal *-basis for V.

CASE 2. If Gy = (a") = {a",a”,...,a"" =1}, then by (1.4) and Lemma
B3

. x(1) 2
dim V] = Gl Z x(o) = 7(20 =4.
o UEG(JL

For any 01,09 € G, we have
09G 01 -1 =

{a"+=7 g2 +i=d . alrtii) if oy = d?, 09 = d?,

{ar+i+j(1—2n)b’ a2r+i+j(1—2n)b’ . ’alr+i+j(l—2n)b} if o = ajb, o9 = ai’

{a(172n)r+i7]’, 6127"(17211)+i7j7 o 7alr(172n)+ifj} if o1 = ajb, 09 = aib.

If o1 = a’, 03 = a*, by (3.1) we have

* * ! (Z 7j)h7’['
<601.a7602.a> = % COS<2n>‘
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If o1 = a’b, 09 = a*, we have
* * _
<601.a7 eog.a) - 07
and for o1 = a/b, o9 = a’b, we have
I

* * _x(1) _ 2 tr(1—2n)+i—j
<601-oueo'2.a> - W Z X(IL’) - 8777, ZX(Q ( ) j)

ZEUQnyal_l t=1

l . .
4 (tr(1 —2n)+i—j)hm
=3 Zcos( o
t=1
l o
1 trhw (i —j)hm
=5, tz:; cos< o + o trhm

l . . . .
1 (i—g)hm\ 1 (i —j)hm
2 ;COS( 2n > 2n COS( 2n

where the penultimate equality uses Lemma Therefore

l i —j)h . 4
COS<(7I‘7)7T)7 0-1 — a], 0—2 g a27

2n 2n

<e:1.a7ej;2.a> =40 g1 = ajb, g9 = ai,
l . — 7)h . .
— cos w . o1 =alb, oy = a’b.
2n 2n

In view of Lemma if ug(%) < 0, there exist t1,to2, 0 < t1,ts < 4n such
that cos(%) = 0. Put
S = {a".a,a"”.a,ab.a,ab.a} C I
Then for every «, 5 € S and a # [ we have
(enre5) = 0.

But dim V' = 4; hence {e; | { € S} is an orthogonal *-basis for V.

Conversely, assume that V) (G) has an orthogonal basis of decomposable
symmetrized tensors. Then since Vi (G) = @,z Vs for all a € A, the
orbital subspace VJ has an orthogonal basis of decomposable symmetrized
tensors. Using [17), p. 642], we can choose a € I'"* such that a* ¢ G, for 1 <
t < 4n. Thus for such a we have either G, = {1} or G = {1, a'b, a=(?»~Dtp}
for some 1 <t < 4n, since if G, # {1} and a''b,a’2b € G,, then

ab.a2b = al1b.ba2 Dtz = ghit@n—Dta o Ga,

which shows that t; = —(2n — 1)ta.

To prove that 1/2(%) < 0 is a necessary condition for existence of an

orthogonal x-basis for V, (G), it is enough to consider the cases G, = {1}
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and Go = {1,a%b,a=®*~1!p}. For both, we have
ezl = XG5 3 xto) 20,
9€Ga
so a € A. First consider G, = {1}. For any 01,02 € G, we have
{a*=7} if o1 = a’, o9 = d,
09Goort = {200 if o) = a¥b, 0y = d,
{a0=20)i=0Y if o = alb, oy = a’b.

Therefore by (|1.3) we have

1 A ‘ '
cos(W) if o1 = d?, o9 = a*,

2n 2n

<e;1.a7€;2.a> = 0 if g1 = ajb, 09 = ai,
1 . — J)h . .
— Cos w if o1 = a’b, o9 = a'b.
2n 2n

* *

Hence (e e¥ o) = 0 implies that there exist ¢; and to such that

o1.a0 Cos.a
cos<<t1 — tz)hﬂ) =0,
2n

therefore by Lemma we get VQ(%) < 0.

(2n—1

Now consider G, = {1, a'b,a™ )'b}. For any o1, 09 € G, we have

09G oot
{a'=7 baGr—DEH) =1 poCn=D)G=Cn=D=1 if 5 =4I gy = a,
= ¢ {a =2y qitCn=)tdi gi—t+iy if o1 = a’b, 09 = d,
{a(1=20)i=i qi+Cn—Dt+ip gi—t+ipy if o1 = a’b, o9 = a'b.
Now similar to our previous calculations in this section, we get v (%) <0. =

REMARK 3.6. In the proof of the necessity part of Theorem [3.5 one can
choose a = (1,2,...,2). The proof given here shows the stronger statement
that the orbital subspace V} has an orthogonal *-basis whenever G, U (a)
= {1}.

COROLLARY 3.7. Let G = SDgy, n odd, be a subgroup of Sin, denote
X = Xxn for h € C’eTven, and assume d = dimV > 2. Then V,(G) does not
have an orthogonal x-basis.

Proof. Since n is odd we have 1/2(%) > 0. Thus Theorem implies

Vy(G) does not have an orthogonal *-basis. m

THEOREM 3.8. Let G = SDg, be a subgroup of Sin, denote x = xn
for h € Cg:dd, and assume d = dim'V' > 2. Then Vy(G) does not have an
orthogonal x-basis.
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Proof. The proof is similar to the proof of Theorem Using Table I
and Table II we conclude that (e}, ,.e5, ) 7# 0 since the imaginary and
real parts should both be zero; but ¢sinx and cosx cannot vanish simulta-
neously. =
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