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SPECTRAL SUBSPACES FOR THE FOURIER ALGEBRA

BY

K. PARTHASARATHY and R. PRAKASH (Chennai)

Abstract. In this note we define and explore, ¢ la Godement, spectral subspaces
of Banach space representations of the Fourier—Eymard algebra of a (nonabelian) locally
compact group.

Godement, in his basic paper [2] on the Wiener Tauberian theorem and
spectral theory of bounded functions on a locally compact abelian group G,
defined and studied spectral subspaces of certain Banach space representa-
tions of GG. In this note we undertake an analogous study for representations
of the Fourier algebra of a (nonabelian) locally compact group.

The Fourier algebra A(G) of a locally compact group G was defined
and studied by Eymard [1]. All that is needed here about A(G) can be
found in that paper. A(G) is a commutative, semisimple, regular Banach
algebra with pointwise operations whose Gelfand maximal ideal space is
identified with G via point evaluations A(z), x € G. For T in the dual
VN(G) of A(G), the support of T is defined by suppT = {z € G : u € A(G),
u(x) # 0 = u.T # 0} where v.T € VN(G) is defined by (u.T,v) = (T, uv),
v e A(G).

Let 7 : A(G) — B(X) be an algebra representation of A(G) on a Banach
space X which is continuous in the following sense: for each £ € X and
@ € X*, T, ¢ defined on A(G) by (T, ¢, u) := (p,m(w)), u € A(G), is a
bounded linear functional on A(G). Fix a continuous representation 7 of
A(G) as above. For a closed subset E of G, define

Mg ={{ € X :suppT,¢ C E for every p € X*}.
PRrROPOSITION 1. With notation as above:

(i) Mg is a closed linear subspace of X.
(ii) Mg is m-invariant: £ € Mg = w(u)€ € Mg for all u € A(G).

Proof. (i) For p € X*, &,n € X and « € C, it is easy to check that
Toeqrn="Toe+ Ty, and Ty, o = o, ¢. These combined with the results of
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Eymard that, for S, T € A(G)*,

supp(S +T) Csupp S Usupp7, supp(aT’) C suppT,
show that Mg is a linear subspace. Further, if §, — £ in X, then (T, ¢, u) =
(o, m(w)én) — (o, m(u)§) = (Tpoe,u), v € A(G). This means that T, ¢,
— T, ¢ in the weak-* topology of A(G)*. By a result [1] of Eymard again,
suppT, ¢, € E for all n implies suppT, C E. This proves that Mg is
closed.

(ii) A simple computation shows that, for u € A(G), £ € X and ¢ € X*,
Ty m(uye = u-Tp¢. Again invoking Eymard [1], we therefore have

supp T(p,ﬂ(u)f C suppu Nsupp T, ¢.
Now (ii) is an immediate consequence. m
The subspace Mg is called the m-spectral subspace of X associated to F.
Recall that the representation = is said to be nondegenerate if m(u)¢ = 0 for
all u € A(G) implies £ = 0.
EXAMPLES. (i) Suppose P € B(X) is a projection, i.e. P? = P. Fix
zo € G. Define m = mw(P,zo) by m(u) = u(xo)P, u € A(G). Then 7 is a
representation of A(G). We have
ker P={{ € X :m(u)§ =0 for all u € A(G)}
={{eX:T,e=0foral g e X"}
and My = ker P, M,y = X. Observe that 7 is nondegenerate only when
P =1, the identity operator on X.
(ii) Consider the (nondegenerate) regular representation g of A(G) acting
on itself by mutiplication: go(u)(v) = uv, u,v € A(G). For a closed subset E
of GG, it is easy to see that the p-spectral subspace is given by
Mg ={ue€ A(G) :suppu.T C E for all T € VN(G)}.

By a result of Eymard [1], suppu.T C suppu Nsupp 7, so if suppu C E,
then u € Mpg. If u is not supported in E, then there is an x ¢ E with
u(x) # 0 and then z € suppu.A(z). Thus u ¢ Mg. Hence

Mg ={u e A(G) : suppu C E}.
PROPOSITION 2. Suppose that ® is a nondegenerate representation of
A(G) on a Banach space X. Then:

(i) My = {0} and Mg = X.
(ii) If {Ei} is a collection of closed subsets of G, then Mn g, = (| Mg, .
(iii) If K1, Ko are disjoint compact subsets of G, then
MK1UK2 = MK1 5> MKQ'
Proof. (i) It is trivially true that Mg = X. If T, = 0 for all ¢ € X,
then (¢, m(u)€) = 0 for u € A(G) and all ¢ € X*. This implies 7(u){ = 0 for
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all u € A(G), and the assumed nondegeneracy of m now gives £ = 0. This
proves My = {0}. The easy proof of (ii) is omitted.

(ili) Let £ € Mk, N Mk,. Then suppT, ¢ € K1 N Ky =0, s0 T, ¢ = 0 for
all ¢ € X*. This implies that m(u)¢ = 0 for all u € A(G) and so £ = 0 since
7 is nondegenerate. We have thus shown that My, N Mg, = {0}.

Next, choose open sets U; and Vj, i = 1,2, such that K; C U; CU; C V;
with U; compact and Vi N Va = ). Then there are functions u1, us in A(G)
such that u; = 1 on U; and suppu; C V;. For £ € X, write & = 7(u;)€. Now
Tog, = Tomue = wi-Lpe and so supp Ty, ¢, C suppu; Nsupp Ty ¢ Thus if
£ € Mg, uK,, we have suppT,¢, € V; N (K1 U K3) = K;. This means that
& € Mg,. Moreover, for u € A(G) and ¢ € X*,

(o, m(u) (&1 4+ &2 = §)) = (@, m(uug + uug —u)&) = (Tye, uur + uug — u).

Now, uui +uuz —u = 0 on Uy UUs, and if § € Mk, uk,, then suppT, ¢ C
K1 UKj3 and so (T, ¢, uuy 4+ uug —u) = 0. Thus 7(u) (&1 + &2 — &) = 0 for all
u € A(G). Again nondegeneracy of 7 yields { = & + & € Mk, + Mk,. We
have proved that Mg, ux, € Mk, + Mk, .

Conversely, suppose & € Mg, and £ = & + &2. Then, for ¢ € X*,
Toe =Tpe, +Tpe, and suppT, ¢ € supp Ty, ¢, Usupp Ty, e, © K1 U Ko by
the result of Eymard mentioned earlier. Thus & € Mg, Uk, and the proof is
complete. m

Here is the main result on spectral subspaces.

THEOREM 3. Let m be a nondegenerate representation of A(G) on a
Banach space X. Suppose w has only the trivial spectral subspaces {0} and X.
Then there is an xog € G such that w(u) = u(xo)l for all u € A(G).

Proof. By Proposition 2, there is a smallest nonempty closed set F in G
with the property Mp = X. We first prove that F is a singleton.

Let zg € E. Suppose that there is an yg € E, yg # x¢. Choose a vy €
A(G) with vg = 1 near xg and vy = 0 near yo. For u € A(G), write u = v+w,
where v = u — uvg and w = uvg. Observe that xo ¢ V, where V := {reG:
v(x) # 0}. Hence there is a wy € A(G) such that wp = 1 in a neighbourhood
W of zg and suppwo NV = (). Note that vwy = 0. For £ € X and ¢ € X*,

supp Ty nwye & W™

For, if v € W, then wo(z) = 1 and wo. Ty, r(v)e = T r(vwp)e = 0 since vwg = 0
and so = ¢ supp Ty, r(v)e- Thus, Mye = X if m(v)§ # 0. But 29 ¢ W€ and so
E is not a subset W¢. The choice of E now forces that 7(v)¢ =0 for £ € X.
Thus 7(v) = 0. In the same way, we can show that 7(w) = 0. Hence m(u) = 0
for every u € A(G), leading to a contradiction because 7 is different from

Zero.
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We have thus proved that E = {zo}, so My,;; = X. This means that
supp Ty, ¢ C {xo} for all £ € X and ¢ € X*. Appealing to Eymard [1] once
more we conclude that T, ¢ = ¢, ¢A(zg) for some scalar c, ¢. Now choose a
up € A(G) with ug(zg) = 1. Then

Cp,& = <T30,E,u0> = (i, m(uo)§)
and so, for u € A(G),

(o, m(w)€) = (Tpe,u) = (i, m(uo)§)u(wo) = (@, u(zo)m(uo))-
Since this is true for all ¢ € X™*, we have

m(u)é = u(xo)m(up)g, €€ X.
Hence 7(u) = u(xo)m(ug). But since 7 is an algebra representation, m(ug)? =
m(up), i.e. m(ug) is a projection. The nondegeneracy of m forces m(ug) to be
the identity operator on X and the proof is complete. =

REMARK. The content of the theorem is that if 7 is a nondegenerate
representation having only the trivial spectral subspaces, then 7 is essentially
a “character”, i.e. m(u) is just the multiplication by the value of the character
Azp) of A(G) at u. Thus if 7 is not a “character”, then nontrivial spectral
subspaces exist.
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