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PRE-TANGO STRUCTURES AND UNIRULED VARIETIES

BY

YOSHIFUMI TAKEDA (Nara)

Abstract. The pre-Tango structure is an ample invertible sheaf of locally exact dif-
ferentials on a variety of positive characteristic. It is well known that pre-Tango structures
on curves often induce pathological uniruled surfaces. We show that almost all pre-Tango
structures on varieties induce higher-dimensional pathological uniruled varieties, and that
each of these uniruled varieties also has a pre-Tango structure. For this purpose, we first
consider the p-closed rational vector field induced by a pre-Tango structure, and the
smoothness of the fibration induced by the p-closed rational vector field.

Moreover, we give two examples: of a 3-dimensional variety of general type whose
automorphism group scheme is not reduced, and of a non-uniruled variety which has a
pre-Tango structure inducing a higher-dimensional pathological uniruled variety.

1. Introduction. Let X be a projective algebraic variety over an al-
gebraically closed field k of characteristic p > 0. Let F' : X — X be the
relative Frobenius morphism over k. We then have a short exact sequence

0— Ox = F,Og — F.BL — 0,
where B}( is the first sheaf of coboundaries of the de Rham complex of X.
Suppose that there exists an ample invertible subsheaf £ of F*B}( regarded
as an Ox-module. We then call £ a pre-Tango structure. Consider the exact
sequence
0— L= F.Og®0y L7 — FBY ®oy, L7 =0,
By taking cohomology, we have
0— H(X, L") = HYX,F.Og ®o, L") = H(X, F.B% ®0y L)
—HY X, — ...

Since H(X, F,O5 ®oy L71) = 0 and H°(X, F*B;( ®oy L71) # 0, we know
that H'(X,L£™1) # 0. Hence, if X is a smooth variety of dimension greater
than one, then the pair (X, £) is a counter-example to the Kodaira vanishing

theorem in positive characteristic. However, it is hard to find such a pair in
dimension greater than one.
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On the other hand, in dimension one, almost all smooth projective curves
have pre-Tango structures (see Takeda and Yokogawa [14]). In fact, Ray-
naud’s famous counter-example ([6]) is constructed as a uniruled surface
over a smooth projective curve with a Tango structure, which is a pre-Tango
structure satisfying an additional condition (see Section 3). Furthermore,
Russell ([8]) gave an example of a smooth surface of general type with non-
trivial global vector fields (see also Mukai [4]). He constructed the example
from a curve with a certain Tango structure. That example is also a uniruled
surface.

Raynaud obtained his uniruled surface by taking a separable double or
triple covering of a ruled surface over a curve with a Tango structure, and he
showed that the uniruled surface has a pre-Tango structure. By generalizing
Raynaud’s method, Mukai ([4]) constructed some (d + 1)-dimensional unir-
uled varieties with pre-Tango structures from d-dimensional varieties with
pre-Tango structures. In particular, Mukai’s 2-dimensional examples include
not only Raynaud’s but also Russell’s examples. Moreover, for each natural
number d greater than one, Mukai has given an example of a curve with a
Tango structure which induces a smooth uniruled variety of dimension d,
with a Tango structure (see the diagram below).

separable finite covering

] < (d+ 1)-dimensional ruled variety
with a pre-Tango structure

fibration "\ T

d-dimensional original variety

with a pre-Tango structure

Every example of a higher-dimensional variety with a pre-Tango struc-
ture mentioned above has a fibration onto the lower-dimensional original va-
riety (see the diagram above). All fibres of such a fibration are rational curves
which have one cuspidal point each. Further, the locus of the cuspidal points
is a p-section of the fibration. More precisely, that locus is a purely insepara-
ble covering of degree p of the base variety. In addition, after normalizing the
fibre product of the fibration and the purely inseparable covering over the
original variety, we obtain a ruled variety. Indeed, Russell obtained his exam-
ple by taking the quotient of a ruled surface over (a purely inseparable cov-
ering of ) a curve with a Tango structure, by a p-closed rational vector field.

It is the primary purpose of the present article to comprehend the rela-
tions among pre-Tango structures, purely inseparable coverings, and p-closed
rational vector fields. Furthermore, as an application, we shall construct a
(d + 1)-dimensional uniruled variety with a pre-Tango structure by tak-
ing the quotient by a certain p-closed rational vector field on an appropriate
ruled variety over the induced purely inseparable covering of a d-dimensional
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variety with a pre-Tango structure (see the diagram below and see also
Section 4). This is a generalization of Russell’s method and the resulting
uniruled variety has a fibration onto the original variety.

(d + 1)-dimensional uniruled variety

ruled variet
Y with a pre-Tango structure

oy | fibration

. ) d-dimensional original variety
purely inseparable covering <«
with a pre-Tango structure

In Section 2, we shall consider p-closed rational vector fields on a smooth
variety with a smooth fibration onto a lower-dimensional smooth variety. It
is the secondary purpose of the present article to investigate the smoothness
of the induced fibration between the quotient varieties by a p-closed rational
vector field. The results in Section 2 are extensions of those of the author’s
earlier article [10] and they will be used in Section 4.

Section 3 is devoted to our primary purpose mentioned above. We shall
introduce the notion of pre-Tango and Tango structure on a variety. That
is a generalization of the notion introduced in [14]. We shall show that each
pre-Tango structure induces a purely inseparable covering with a p-closed
rational vector field. In particular, in the case of Tango structure, we shall
observe that the invertible sheaf associated to the divisor of the induced
vector field is isomorphic to the dual of the pull-back of the Tango struc-
ture.

In Section 4, we shall construct higher-dimensional uniruled varieties
from varieties with pre-Tango structures by the above-mentioned general-
ization of Russell’s method, that is to say, the reverse of the process described
in Section 3. More precisely, taking a suitable ruled variety over the purely
inseparable covering induced from a pre-Tango structure, we shall naturally
obtain a p-closed rational vector field whose divisor is an anti-ample divisor
on the ruled variety, and we shall obtain the quotient variety, which is a uni-
ruled variety. Moreover, on the quotient variety, we shall find an invertible
sheaf of local exact differentials whose pull-back is isomorphic to the dual of
the invertible sheaf associated to the divisor of the above-mentioned p-closed
rational vector field, that is, a pre-Tango structure. The resulting uniruled
varieties are the same as Mukai’s and most of the results in Sections 3 and 4
can be found in [4].

If a smooth projective variety of dimension greater than one has a pre-
Tango structure, then it gives a counter-example to the Kodaira vanishing
theorem in positive characteristic, as mentioned at the beginning. Here, we
are interested in the question whether every projective variety of dimension
greater than one with a pre-Tango structure induces a counter-example to
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the Kodaira vanishing theorem. In this connection we may pose the following
question:

Suppose that a projective variety X of dimension greater than one
has a pre-Tango structure. Does then the Hodge-de Rham spectral
sequence of X degenerate at Fq7

Regrettably, the author does not know what the complete answer is. How-
ever, it is known that, in the case of the uniruled surfaces obtained from
pre-Tango structures on curves, frequently, the spectral sequences do not
degenerate at E; (see [13] and [14]). In Section 5, we shall prove that the
above-mentioned higher-dimensional uniruled variety constructed from a
pre-Tango structure satisfying an extra condition on a projective variety
has non-closed global differential 1-forms.

Through our construction of higher-dimensional uniruled varieties, we
have explicit local equations which determine the varieties. Hence it is easy
to consider their automorphisms. In fact, we shall prove in Section 5 that the
uniruled variety constructed from a specific Tango structure on a projective
variety is a variety of general type whose automorphism group scheme is not
reduced.

The uniruled varieties which are constructed by several applications of
the above-mentioned processes from certain Tango structures on projective
curves are the only known examples of higher-dimensional smooth varieties
which have pre-Tango structures. Therefore, we pose the following question:

Suppose that a smooth projective variety X of dimension greater
than one has a pre-Tango structure. Is then X a uniruled variety?

The author regrets once again that he does not know the answer to this
question. However, it is known that, if a smooth projective variety which is
not uniruled has an ample invertible sheaf £ such that £P~! ®p, wy ' is am-
ple, then H'(X, £71) = 0 (Corollary I1.6.3 in Kolldr [2]). On the other hand,
in the case of a normal projective variety, the answer is negative. Indeed,
Mumford gave an example of a pre-Tango structure on a normal projective
surface which is not uniruled ([5]). However, it is unknown whether or not
the desingularization of that surface has a pre-Tango structure. In Section 6,
we shall give a generalization of Mumford’s example and, by considering it
precisely, we shall show that the uniruled variety which is constructed from
a pre-Tango structure on our non-uniruled variety has non-closed global dif-
ferential 1-forms. This suggests that the uniruled varieties are not the only
varieties which trigger off pathological phenomena in positive characteristic.

Further, in Section 6, we shall construct another example, which is a
3-dimensional smooth variety of general type whose automorphism group
scheme is not reduced.
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2. p-closed rational vector fields and fibrations. In this section,
we use the notion of quotient by a rational vector field. We follow the ter-
minology of Rudakov—Shafarevich [7]. For the precise definition and basic
properties of p-closed rational vector fields on an algebraic variety, see [7]
and Seshadri [9].

Let k£ be an algebraically closed field of characteristic p > 0 and let V' be
a smooth irreducible variety of dimension m over k. We consider a p-closed
rational vector field D on V. At an arbitrary point P of V' we can write

0 0
D:9P<f18—+"'+fm—),
T

0T,
where x1, ..., z,, are local coordinates at P, where gp is a rational function
and fi, ..., fm are regular functions at P without common factors. The

functions {gp}pecy determine a divisor on V', which we call the divisor of D
and denote by (D). Furthermore, we have a natural injection

Ov((D))D — Oy,

where Oy is the tangent bundle of V. Let C' be an irreducible subvariety of
codimension one. We call C an integral subvariety for D provided that, for
the general point P of C, the vector (1/gp)D|p is tangent to C.

Let W be a smooth irreducible variety of dimension n over k and let
f:V — W be a smooth morphism over k. Assume that D(k(W)) C k(W)
and set A = D|yw). It is easy to verify that if D is p-closed, then so is A.
We have a diagram of sheaves on V:

0 — Ov((D)D — 0Oy
!

0 — fOw((4)A — [fOw
!
0

Moreover, we have

LEMMA 2.1. There exists a natural injection
Ov((D))D — frOw((4))A.

Proof. Take an arbitrary point P of V' and set @ = f(P). Let zq, ...,
x, be a regular system of parameters of the local ring Ow,qg. We can write

I
A_h(f18x1+ +f"8x>’

n
where f1, ..., fn, g, and h are regular functions at @ such that fq, ..., f,
have no common factors and g and h have no common factors. Then the
divisor (A) is locally determined by the function g/h. Take regular functions
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Tntl, ---, Tm abt P so that x1, ..., Ty, Tnt1, ..., Ty form a regular system
of parameters of the local ring Oy, p. We can write
g 0 g 0 0
D=2f_—"" +...402¢ _~ 1D .4+ D —
h fi o971 + + h fa oz + D(zn41) OTni1 + + D(z) O
Take regular functions h', fn11, ..., fm at P such that
Int1 J
D(2py1) = ’;Lf ..o, D(ag) = h—’7
We then have
g, 9 g, 0  fon O fm O
D=2f_—+...402 oy dm =z
fl + + fn 0xy, + h' Oxpi1 Tt h' Oxp,
1 0 0 0
— h’ h coo+ hfpm=— ).
- ( g W G Wi G e )
Let ¢’ be the greatest common factor of WNgfi, ..., M gfn, hfns1, -y Dfm.

The divisor (D) is thus locally determined by the function ¢’'/hh’.
Now we use the following sublemma:

SUBLEMMA 2.2. Let ¢ : A — B be a flat extension of unique factor-
ization domains. If a, 8 € A have no common factors in A, then they have
none in B.

By the sublemma, f1, ..., f, have no common factors in Oy p. Hence ¢
divides h'g. So, h'g/g’ is regular at P. Since ¢’/hh’ and g/h locally determine
the divisors (D) and f*(A) respectively, we have an injection Oy ((D)) —
f*Ow((A)). Therefore, we only have to show the sublemma. m

Proof of Sublemma. Consider the multiplication by « in the residue ring
of A by the ideal SA, i.e., a- % : A/BA — A/BA. Since o and (8 have no
common factors in A, the mapping « - * is injective. By tensoring with B,
we obtain the mapping o -« ®4 B : A/BA®4 B — A/BA ®4 B, that is,
multiplication by « in the residue ring B/GB. Since B is flat over A, we
know that « - * ® 4 B is injective. Hence a and 3 have no common factors
in B.

Let us return to the subject and consider the quotient of a variety by
a rational vector field. We retain the same references [7] and [9]. Let P
be a closed point of V and set @ = f(P). Assume that D and A have
only divisorial singularities at P and at @, respectively. By the previous
lemma, we have an injection Oy ((D))D — f*Ow((A))A. Let R be its
cokernel. Consider the quotients VP and W4. We then have a morphism
g: VP — WA, Let P and Q' be the images of P and Q, respectively the
canonical epimorphisms. We then have

THEOREM 2.3. Under the above notation and assumptions, g is smooth
at P’ if and only if P lies outside the support of R.
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Proof. We take a regular system of parameters (&1, ..., &,) of the com-
pletion Oy, p of Oy p such that

0
D=h—,
23}
where h determines the divisor (D). In addition, we take a regular system
of parameters (71, ..., 7,) of the completion Ow g of Ow, g such that
0
A=hn—
or’

where ' determines the divisor (4). Since D|ymw) = 4, we have D(71) =
A(7y) and so
on K

& h
In particular, the function A’/h is in (5V, p. Note that R is the cokernel of the
injection Oy ((D))D — f*Ow((A))A and that h and k' are local equations
of the divisors (D) and (A), respectively. If P lies in the support of R, then
h/
h

and so 011/9&1(P) = 0. Otherwise, h'/h(P) # 0 and so d71/0& (P) # 0.
Consider the Jacobian matrix

(P)=0

ony Otn
& o oE

or OTn.
Om 7 Om

Its rank is n everywhere since f is smooth. On the other hand , since D(1) =
-+ = D(7,) =0, we have

o _  _9m _g

& & '
Hence the rank of

or Ot

8—§§(P) a_@(P)

%(P) %(P)

is n — 1. Next, consider the Jacobian matrix of the fibration g : VP —
WA. Since D = hd/9¢ and A = k)01, we know that (&, &, ..., &n)
and (77,79, ..., 7,) form regular systems of parameters of the completions
(/9\‘/D7 pr and @WAyQ/, respectively. Therefore, the Jacobian matrix of g :
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VD - wAis
ap
ar(P) ... G(P)
gy L )
o L

Here, except for the first column and the first row, each entry coincides with
that of the earlier Jacobian matrix. Moreover, we have

o _ o,
So, the rank of the last Jacobian matrix is n if and only if
orl
aer (P #0

Moreover, since
aT 1p o <87‘ 1 )p
IEY 0¢1)
the fibration g is smooth at P’ if and only if

ony
361( ) # 0.

This yields the stated assertion. m

REMARK 2.4. The author has introduced in [10] the concept of tangent
locus, which is the support of the cokernel of Oy ((D))D — f*Ow in the
case where V' is a smooth surface and W is a smooth curve. In addition, the
author has shown that the fibre of g is singular only at the points lying on
the image of the tangent locus. It is easy to verify that the tangent sheaf Oy,
is isomorphic to Oy ((A)). Therefore, the previous theorem is an extension
of the result in [10].

3. Pre-Tango structures on varieties. In this section, we introduce
the notion of pre-Tango structure on a variety. Let k be an algebraically
closed field of characteristic p > 0 and let X be a projective variety over k,
i.e., a projective integral separated scheme of finite type over k. Consider
the relative Frobenius morphism F': X — X over k. We then have a short
exact sequence

0—>0X—>F*(9)~(—>F*B;~(—>O

on X, where B is the first sheaf of coboundaries of the de Rham complex
of X. Throughout the present article, F,O and F} B are often abbreviated
as Oy and Bé{ for the sake of simplicity.
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DEFINITION 3.1. We call any ample invertible subsheaf of the O x-module
F*B}( a pre-Tango structure on X.

Suppose that we have a pre-Tango structure £ C F*B}(. We then have
an extension
0—-0x —-&—L—0,

where £ is the inverse image of £ in F,O % We also have a canonical homo-
morphism Symm(&) — O, where Symm(&) is the symmetric algebra of .

Consider the scheme X whose underlying topological space is the same as
that of X and whose structure sheaf is the image of the above-mentioned
canonical homomorphism. Then Xisa variety. Moreover, there is a purely
inseparable morphism G : X — X of degree p which splits the Frobenius
morphism F'.

DEFINITION 3.2. In the above notation, we call the pre-Tango structure
L a Tango structure if X is nonsingular.

Keep the same notation as above. Let {U; };c; be an affine open covering
of X. Pick local sections {g;}ic; of O5 whose images {dg;}ics in B}( are
local generators of the pre-Tango structure £. Then the restriction of the
structure sheaf O ¢ to U; coincides with Ou,[qi]. For each i € I, we consider
a derivation A7 : O¢ly, — G*L|y, such that

Af(f4f) = efgi ™ das,
where f is a local section of Ox and e is a nonnegative integer. We then

have a local homomorphism (2}( /k‘Ui — G*L|y, for each i € I. We can glue

those homomorphisms together to obtain a surjective homomorphism

1 *
(1) 2%, — GL.

Hence we have an injection
(2) G L' — 05

and a p-closed rational vector field A on X obtained by gluing {0/0¢;}icr
together. Furthermore, the structure sheaf Ox coincides with the sheaf (9?{

of germs killed by A. In other words, X is the quotient of X by A.

LeMMA 3.3 (cf. [4]). Under the above notation and assumptions, sup-
pose furthermore, that L is a Tango structure. Then X is nonsingular and
the invertible sheaf O ¢((A)) associated to the divisor of A is isomorphic
to G*L71.

Proof. Since L is a Tango structure, X is nonsingular. Therefore, Q}(

Jk
and O3 are locally free O g-modules. By considering the homomorphisms (1)

and (2), we see that each ¢; can be one of coordinates on U; and that G*£~!
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is a line subbundle of © ;. Hence it follows immediately that O¢((4)) =
G*L£~1. Furthermore, the p-closed rational vector field A has only divisorial
singularities. Hence the quotient X is nonsingular. m

REMARK 3.4 (cf. [4]). Keep the notation and assumptions as in the
preceding lemma. Recall that the rational vector field A on X is obtained
by gluing {9/0q;}icr together. Therefore, we know that, if dg;,dro, ..., dry
locally generate Q}( e then da;,dm,...,drs locally generate Q}( Ik where

To,...,Tq are regular fuctions on X and a; = ¢¢. On the other hand, we

have an injection £P — !2}{ Ik which is the adjoint mapping of the injection
1 1

L — F*Bf( — F*_Q)?/k

the image of £P in 25 s and that the quotient 2% Ik /LP is a locally free

. We know that {da;};c; are local generators of

Ox-module. Moreover, we have the following exact sequence of locally free
O ;-modules:

0— G*LP — G* 2y )y, — Q}(/k —G*L—0

on X. Furthermore, we obtain an isomorphism

G*WX/k ®(’)5( G L w;(/k ®(95( G* [P,

REMARK 3.5. Assume, in addition, that the dimension of X is one. Since
X is nonsingular, G : X — X coincides with F' : X — X and the surjection

1 . . . 1 ~ .
Q)?/k — G*L is an isomorphism. In that case, _QX/k >~ [P, So, L is a Tango

structure in the sense of [14] (see also Corollary 3.7 below).

By Lemma 3.3 and Remark 3.4, in the case where L is a Tango structure
on X, we infer that X is nonsingular and that the cokernel of the injection
LP — Q}( Ik is locally free. Conversely, we have the following:

LEMMA 3.6 ([4]). Suppose that X is nonsingular and that L is a pre-
Tango structure on X. If the cokernel of the injection LP — Q}(/k 1s locally
free, then L is a Tango structure.

Proof. Similarly to the argument above, take an affine open covering
{Ui}ier and choose local sections {q;}ics of O such that {dg; }ics are local
generators of L in B}(. Set a; = ¢! for each i € I. Then {da; };cs are local

generators of the image of LP in Q}( Ik Take local sections 7;1,...,7;q in

Ox (U;) such that Q}(/k is locally generated by dn;1, ..., dn;q. Consider the
differential 1-form

8a2- 6ai
3 da; = —dny +---+
) FT o M OMid
It is a local generator of £P. By the assumption, at least one of the partial
derivatives da;/On;1, . . ., 0a;/On;q appearing in (3) is not zero. On the other

hand, X locally coincides with Spec Ox (U;)[g] subjected to the relation

dn;q-
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qf = a;. By applying the Jacobian criterion, we find that X is nonsingular.
Hence we conclude that £ is Tango structure. m

From the previous lemma, we immediately obtain the following corollary:

COROLLARY 3.7. Under the above notation and assumptions, assume
in addition that the dimension of X is one. If the injection LP — Q}(/k 18
surjective, then L is a Tango structure.

4. Uniruled varieties induced from pre-Tango structures. In the
preceding section, we have defined the notion of pre-Tango structure on
a variety. Now we show that if there exists a pre-Tango structure on a
d-dimensional variety, then we almost always have a (d + 1)-dimensional
uniruled variety with a pre-Tango structure.

Suppose that there exists a pre-Tango structure £ on a projective variety
X over an algebraically closed field k& of characteristic p > 0. Suppose,
furthermore, that there exist a natural number n > 1 and an invertible
sheaf V" on X such that N = £ and n is prime to p. Then A is ample. Let
G : X — X be a morphism as in the previous section. Set

P = Proj(Symm(G*N ™' & O))

and let ¢ : P — X be the canonical morphism. We have two sections S and
T such that
Os(8) =GN, Op(T)=GN™',  Op(S) = Op(T) ®oy V' G*N.
Furthermore, we know that
Way 5 = Op(—28) ®oy Y*G*N = Og(—2T) @0y "GN
Take an affine open covering {U; };cr and transition functions {d;;}; jer of N
such that dg; = d?jdqj, where {q;};cr are sections of O + as in the previous
section, i.e., dg; is a local generator of L|y, in B;(. Let {t;}ier be local
inhomogeneous coordinates of 3 such that ¢; = d;;t; for ¢,j € I. Then T is
locally defined by t; = 0. Set s; = t;l. Then S is locally defined by s; = 0.
Consider a p-closed rational vector field
0 1 0
D, = — 4 — —
" 0qi nth ot

on ¥~ 1(U;). We can glue {D;};c; together to obtain a p-closed rational
vector field D on PB. Since

1 (.10 120 o s o
Di=— |t —F+ - | = — — —~+— —
= t\" Oqi n ot 0g; n 0Os;

and

D; = —D;,
[ df} 7
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we deduce that the rational vector field D corresponds to a global section
of O ®oy, Op((n—1)T) ®oy ¥*G*N™. Recall that O¢((A) = G*L71if £
is a Tango structure. Hence, in the case of a Tango structure, the invertible
sheaf Ogp((D)) associated to the divisor of D is isomorphic to

Op(~(n — 1)T) @0y ¥°C°N ™

Consider the invariant field ()", and denote the quotient (P, Ogp N
E(P)P) by (X, O%). We then also have a purely inseparable finite morphism
7P — X of degree p, and so X is a uniruled variety. On the other hand,
Dj KE) = A, where A is the rational vector field on X induced from the

pre-Tango structure £ in the previous section. Since XA =x , we have a
morphism ¢ : X — X making the following diagram commutative:

L 5 X
vl Lo
X & x

Let )?0 be the set of smooth points of X. Set Xy = G()?O), By =
1,[)_1()?0), and Xp = 7(Po). By Lemma 3.3 and its proof, Xy is nonsin-
gular and the rational vector field A has only divisorial singularities on )A(o.
Therefore, the rational vector field D has only divisorial singularities on 3,
and so the quotient Xg is nonsingular. Moreover, we have

THEOREM 4.1. Under the above notation and assumptions:

(1) The morphism ¢ is smooth at a point P of X¢ if and only if P is not
in the image of T under .
(2) Each fibre of ¢|x, is a rational curve with one cusp of type z"+yP = 0.

Proof. (1) Since X and Py are nonsingular, we can define the divisors
(Alg,) on Xo and (Dlgq,) on Po. Recall that the rational vector field D is

locally described as
1 tn_li + l i
I\t 0 m ot

ERa

0g; n 0s;
Since {t; = 0};c; define the divisor T', the support of the cokernel of the
injection

and also as

O‘»Bo((D“»Bo))D“Bo - w*o)?o((A‘)A(O))A’XO

considered in Section 2 coincides with T'|q,. So, by Theorem 2.3, we have
the stated assertion.
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(2) Take a point P in Py lying on T. Set P = 7(P), Q = ¢(P) and
Q = G(Q). Note that ¢; is a local coordinate at @ Set a; = ¢'. Then a;
is a local coordinate at Q. Set z; = t!. Then z; is a regular function at P.
Furthermore, set y; = ¢; — t}'. By a simple computation, D(y;) = 0. Hence
y; is a regular function at P. Moreover, we have a relation

Yy —a; +x} =0.
Since the rank of the Jacobian matrix of this equation is one, we can regard

the equation as a local defining equation of X. Furthermore, the fibre p=(Q)
is defined by y¥ + 2 =0 at P. =

Next we consider the short exact sequence

0—>(93€—>5*(9§€—>3*B§€—>0,

where § : X — X is the relative Frobenius morphism over k. Let I' and X
denote the images under 7 of S and T, respectively. We consider them each
with the reduced induced structure. Let g;, a;, t;, s;, x;, y; be as above. Since
p and n are prime to each other, there exist two integers oo and 3 such that
ap + fn = 1. We may assume that [ is positive. Set w; = s;(g;s} — 1)~
Then, by a simple computation, we have D(w;) = 0 for the above-mentioned
vector field D. So, w; is a regular function on X|y, near I'|y,. Set z; = sf.
Then z; is a regular function on X|y, near I'|y,. Furthermore, we have a
relation

(4) w! = zi(a;2] — 1)_ﬁ.

On the other hand, y¥ = a; — 7 near X|y,. Since z; = 2; !

, we obtain
n—1 n—1
(5) Yz = aiz = X

For simplicity, we omit the index ¢ for the time being. From (4), it follows
that z = wP(az" — 1)%. By combining this relation and (5), we have

yPwP D (g2 — 1)1 = P =D (g2 — 1)1 — g,

This can be rewritten as
B(n—1)

ypwp(nfl)(( (n—1) + Z ( TL—l >(a2n)l(_1)ﬁ(n1)l)

= awP N (qz" — 1801 _ g,
Hence we obtain

yPuwP( D (—1)B(n=1) = gqp(n—1)

X <—ypz” ﬁ(il) <ﬁ (n z_ 1)> (az™)! "1 (=1)P ==t _ (g2 — 1)ﬂ<n—1>> — 1.

=1
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Since yPz" = az™ — 1, we know that yPz" is regular near I" and hence so is
the function

(-1

© e S (M) e
=1

Moreover, by using ap + Bn = 1, we have

<ﬁ(n1— 1)) (_1)5(n_1)_1 - (_Dﬁ(n—l) _ (_Uﬁ(n—l).

Therefore, the regular function (6) is invertible near I". Set

/B(n*l) ,B(n_l)
i =ai(- X (P07 )yt e s - 1)

=1
for each 7 € I. We then have

yPul ™D (1)) = Ve

Set ¢; = ¢/a}, ie.,

B(n-1)
0 a=a <‘yi5? > (ﬁ(nl_ 1)>(QiS?)l_l(—1)’8(n_1)_l—(qis?—l)ﬁ(n—l))‘

I=1
Then ¢; is a local section of O3 and

yiwy ! (=1)70 Y = wp g — ¢,
Consider the images of ¢; and ¢ in BélvE . We have
dti = ’U)Zn_ldq;k, dti = dijdtj.

Recall that {d;;}i jer are transition functions of . Since w; = 0 is a local
equation of I', we know that {dt;};c;r and {dq]}icr generate an invertible
subsheaf of le, which is isomorphic to Ox((n — 1)I") ®p, ¢*N.

Now we state the following

THEOREM 4.2 ([4]). Under the above notation and assumptions, there
ezists a pre-Tango sturcture on X which is isomorphic to Ox((n—1)I") ®0,
O*N.

Proof. We only have to show the ampleness of Ox((n —1)I") ®o, ¢*N.
Since S is an integral subvariety for the rational vector field D, we have
™ Ox(I") = Og(S) (see [7]). Hence it suffices to show that Og((n—1)5)®0,,
P*G*N is ample on B. Recall that N is ample and that S is a section such
that Og(S) = G*N. Now the Nakai-Moishezon criterion yields the required
assertion immediately. m

In the case where £ is a Tango structure, we have
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THEOREM 4.3 ([4]). Under the above notation and assumptions, suppose
furthermore that L is a Tango structure. Then the pre-Tango structure of
the preceding theorem is a Tango structure.

Proof. Since L is a Tango structure on X, we know that X _is nonsingular,
and so is B. Furthermore, {¢;}ics are local coordinates on X (see proof of
Lemma 3.3) and {a;};cr are local coordinates on X. By Theorem 4.1(1), ¢
is smooth near I'. Hence {a;};cs are local coordinates near I', and hence
so are {a} }icr. On the other hand, X is locally determined by the equation
y,’; —a; +z} = 0 near Y. Hence z; are local coordinates near 3. Recall that
{dti, dq}}ier are local generators of the pre-Tango structure in question.
Therefore, {dz;, da}}icr in Qale /) are local generators of the image of the p-
fold tensor power of the pre-Tango structure. By Lemma 3.6, our pre-Tango
structure is a Tango structure on X.

REMARK 4.4. From the local equation y¥ — a; + 2 = 0, we obtain a
relation na:?ild:ci = da;. So, we have

—7 da; = ndzx;.

i

Recall that {da;};c; are local generators of LP on X. Since {x; = 0};cs are
local equations of X', we have an injection

Ox((n —1)X) ®o, ¢* LV — Q3.

On the other hand, it is easy to verify that Ox(X) = Ox(pI") o, ¢*N 7.
Indeed, by identifying ¢; with y; on X, there exists a closed immersion
X — X whose image coincides with X', and so Y is a p-section:

Y — X
T le
X & x

Therefore, we have an injection
Ox(p(n — DI7) @0y 9" NP — Qxp.

Its image coincides with that of the p-fold tensor power of the pre-Tango
structure mentioned in the previous proof. Furthermore, this injection is
also considered in the proof of the first theorem in the next section.

REMARK 4.5. Assume that £ is a Tango structure. Then X is nonsingular
and there exists the above-mentioned Tango structure on X. By using it, we
obtain a finite covering X — X such that X is nonsingular. The function

field k(X) coincides with k(X)(g}). Recall the relation (7). Since ¢;, s; and
y; are in k() so also are the ¢/. Therefore, k(X) = k(J), and so X = ‘L.



208 Y. TAKEDA

By combining Remark 3.4 and the previous remark, we have the exact
sequence

0 — 7 (Ox(p(n — 1)I") ®p, ¢*"NP) — W*Qale/k
— Q&lp/k — 1 (Ox((n—1)I") ®0, ¢*N) — 0.
We can rewrite it as
0 — Og(p(n — 1)S) ®oy V* GNP — 7 2%
— O, — Op((n — 1)) ®oy, P*G*N — 0.
By applying the isomorphism
Op(S) = Op(T) @0y ¥*G*N,
we can furthermore rewrite it as
0 — Ogp(p(n — 1)T) @0y, G LY — W*le/k
— Q%3/k — Og((n —1)T) @0y, v*G*L — 0.
On the other hand, on X , we have the exact sequence

0— G LP — G*Q}(/k — Q}(/k —-G'L—=0

induced from the Tango structure L. Therefore, we obtain a diagram of
locally free Ogp-modules:

0 0
| !
0 — P*G°LP  — Ogp(pn—1)T) ®oy, v*G*LP
| !
0 — $Gk, — T,
l |
0 = w*g}(/k; - Q‘}B/k
l l
0 — PGL — Oxp((n—1T) R0y, P*G*L
l l
0 0

Here, note that we naturally deduce the top and bottom horizontal injec-
tions. Furthermore, the dual of the bottom injection

Op(—(n— 1)T) ®oy ¢*G L™ — "G L™
corresponds to the injection considered in Section 2, i.e.,

Op((D))D — ¢ 0%((4))A.
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5. Properties of the induced uniruled varieties. In this section, we
shall deduce some pathological properties of the uniruled varieties induced
from pre-Tango structures. These phenomena are well known in dimension
two (see Lang [3], [4], and [8]). It seems that such properties are ascribed to
the cuspidal points of the general fibres. The arguments mentioned below
are analogous to those in the author’s earlier articles [12]-[14] apart from
changes relating to dimension. However, we restate them for the reader’s
convenience. In the present section, we employ the previous notation X, X ,
L, X etc.

First, we consider the case where there exists a pre-Tango structure £
on X. Suppose that A is an invertible sheaf such that N'* = £ with n prime
to p. Recall that we have an extension

0—-0x —-&— L—0.
Tensoring by NP, we obtain
0> NP - E®oy NP — L0, NP — 0.
We prove the following theorem:
THEOREM 5.1. Under the above notation and assumptions, if
H(X,NP) C H(X,E ®oy N7P),
then there exist nonclosed global differential 1-forms on X.

Proof. Let z;, y;, a; be regular functions on X as in Section 4. Then
y,’; —a;+x} = 0. Set u; = xi_l and v; = y;ui" where m is the smallest integer
greater than n/p. Then u;, v; and a; are regular near I', the image of S
under 7. Moreover, v — u;""""(a;ul — 1) = 0. By exterior differentiation,
da; = n$?*1dxi. Hence

ndx; = u?_lda,-,
and so
ny;dx; = viu?_l_mdai.

Since n is a natural number greater than one, n — 1 — m is non-negative.
Hence the right hand sides of the previous two equations show that the
differential forms are regular on (X — I')|,-1(¢,), while the left hand sides
show that they are regular on (X —X)|,-1(y,). Therefore, the two differential
forms are regular on X|,-1(g,). Now consider the sub-Ox-module P of the
direct image @, Q%e n which is locally generated by {dz; };cr, and the sub-Ox-
module Q of ¢, 25 Ik which is locally generated by {dz;}ier and {y;dx;}ier.
Since dx; = dfjda:j for 7,5 € I, the invertible sheaf P is isomorphic to NP.
Moreover, since {y; }ier and {q; }ic;r have the same transition matrices, the
locally free O x-module Q is isomorphic to £ ®p, NP and the inclusion P —
Q corresponds to the injection N? — & R0y NP of the above-mentioned
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short exact sequence. Note that, on X, the differential 1-form dx; is closed
but y;dx; is not. Hence we obtain the stated assertion. m

REMARK 5.2. If X has nonclosed global differential 1-forms, then so does
the desingularization of X. On the other hand, by Corollaire 2.4 in Deligne
and Illusie [1], for any smooth proper variety over k of dimension < p which
lifts over the ring of Witt vectors of length two, its Hodge—de Rham spectral
sequence degenerates at E7, and so it has no nonclosed global differential
forms.

As proved in the preceding section, if £ is a Tango structure, then the
induced uniruled variety X is a nonsingular variety which has a Tango struc-
ture. The latter nonsingular uniruled variety clearly gives a counter-example
to the Kodaira vanishing theorem in positive characteristic. Here we mention
another pathological phenomenon arising from certain Tango structures.
That phenomenon strictly depends on the type of the cusps of the fibration
p: X — X. In order to state it, we consider the ring of dual numbers, i.e.,
k[e] with % = 0.

THEOREM 5.3. Suppose that there exist a pre-Tango structure £ on X
and an invertible sheaf N on X such that N* = L and n = p — 1 mod p.
Then we have a natural injection

H(X,N) — Autxgpe (X @ kfe]).

Proof. We employ the same notation as in the proof of the preceding
theorem. Since n = p — 1 mod p, we know that mp — n = 1. Hence the
equation

o = wi(aul — 1)

locally determines X. Take an arbitrary global section v of A/. Assume that
v is represented by local sections {v;};c; of Ox subject to the relation
v; = d;jvi. We define an automorphism o; of X®kle]|y, such that o (x;) = z;
and o (y;) = yi + viz]"e. Since o (u;) = u; and o) (v;) = v; + Vi€, we know
that o is compatible with the above-mentioned local equation of X, and so
o; is well defined. Moreover, we have
0j(yi) = oj(dijy; + bij) = dijo;(y;) + by = dijy; + diyy;xy'e + bij

= dy; + dlf;”‘lyjmg"s + bij = diyy; + viw]'e 4 by

=yi +7ivie = 0i(Yi)-

Therefore, we can glue {o;}ics together to obtain an automorphism of X ®
k[e] induced from the global section . =

The assertion of the previous theorem is interesting in view of the fol-
lowing:
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PROPOSITION 5.4. Suppose L is a Tango structure on X. Then
mwx = Ogp(((p—1)(n — 1) = 2)5) ®oy, V' G (wx ®oy NTptnpy)

Suppose in addition that (p —1)(n —1) —2 > 0 and wy o, N PTHP g
ample. Then wx is ample.

Proof. Recall that X is the quotient of X by A and X is the quotient of
B by D. By [7], we have
G'wx =wg ®o, Oz(=(p—1)(4)),
T'wx = wyp ®oy, Op(—(p — 1)(D)).
Recall that
OL(M) =G'L™,  Oy((D) = Op(~(n ~ 1)S) B0y $"G"N .
We then have
Grwx = wg ®o, GLP,
T'wr = wy ®oy Oxp((p—1)(n —1)5) ®oy, PGNP
(These equations can also be obtained by using Remarks 3.4 and 4.5.) Since
wyp = Op(—25) oy, V"GN ®@oy, Viwyg,

we get the required formula. Moreover, the Nakai—-Moishezon criterion yields
the last assertion immediately. =

REMARK 5.5. By the previous proposition, most of the induced uniruled
varieties are of general type. Hence their automorphism groups are finite. On
the other hand, by Theorem 5.3, for certain induced uniruled varieties, the
tangent spaces of the automorphism group schemes are not trivial. Hence
those group schemes are not reduced.

6. Examples. To close the present article, we give two examples. The
first is a typical one. Namely, we construct a smooth projective 3-dimensional
variety of general type with a Tango structure, whose automorphism group
scheme is not reduced.

EXAMPLE 6.1. Choose a natural number h such that (p—1)(hp —2) —2
> 0. Let C be the affine plane curve determined by the equation

php=1)(p(hp=1)+1) _ py — ¢p(hp=1)(p(hp—1)+1)=1

n
Set ¢ = ¢! and v = n¢. Then
(8) pPp=D)(p(hp=1)+1) _ 4, ep(hp=1)(p(hp—1)+1) =1 _ ¢
Hence

—¢php=1)@(hp=1+1)=1 gy, 4 g, cphp=1)p(hp=D+1)=2g~ — g
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So, we obtain
(9) ¢Pp=D) =D+ D=1, — (¢Php=DPhp=1)+1)=2 _ 14

On the other hand, from (8) we obtain
¢ = (1 + vePp=DElp=1)+1)=2y=1, p(hp=1)(p(hp=1)+1)

Since d¢é = —(2d(, we have
d¢ = —(1 + vcPhP=DElp=1)+1)=2y2,,=2p(hp=1)(p(hp=1)+1) g

By using (9), we conclude that
d¢ = auPh=DEhp=1)+1)p(p=1)(p(hp—1)+1)=3) 3,

where « is an invertible function at the point Py, at infinity. Hence

(d€) = p(hp — 1)(p(hp — 1) + 1)(p(hp — 1)(p(hp — 1) + 1) = 3) P

as divisors. So, we have the isomorphism

d
Oc(p(hp — 1)(p(hp — 1) + 1)(p(hp — 1)(p(hp — 1) +1) — 3)Po) = e
Consider its adjoint mapping

Oc((hp = 1)(p(hp = 1) + 1) (p(hp = 1)(p(hp — 1) + 1) = 3) Pac) — Fuf2g; .

Since the mapping is obtained from the exact form d¢, its image is contained
in F,B! &- By Corollary 3.7, we obtain a Tango structure £ on C' which is
isomorphic to

Oc((hp — 1)(p(hp — 1) + 1) (p(hp — 1)(p(hp — 1) + 1) — 3) Px).
Consider two invertible sheaves

N = Oc((hp — 1)(p(hp — 1)(p(hp — 1) + 1) — 3) Px),
M = Oc((p(hp — 1)(p(hp — 1) + 1) = 3) Px).
We then have NPhp—1)+1 o £ and Mhr—1 =~ A
Now, first, from the Tango structure £ and the invertible sheaf N, we

obtain a uniruled surface f : X — C which has a Tango structure isomorphic
to

Ox(p(hp — 1)E) @0y f*N,

where F is a section of f such that Op(FE)=N . Note that we = NPPHP—1)+1)
and F is the image of an integral subvariety. Hence, by Proposition 5.4, it
is easy to verify that the canonical sheaf wx of X is numerically equivalent
to

Ox(((p— Vplhp — 1) — 2)E) ®@oy [N

In particular, by applying the Nakai—-Moishezon criterion, we see that this
sheaf is ample, and so X is a surface of general type.
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Next, we can write the above-mentioned Tango structure on X as
Ox (p(hp — 1)E) @0y [N = (Ox(pE) @0y f*M)" 1.

Therefore, we also obtain a uniruled 3-dimensional variety ¢ : X — X, which
has a Tango structure isomorphic to

Ox((hp = 2)I") ®o, ¢*(Ox (PE) ®ox f*M).
Moreover, we have the following numerical equivalence:
wx ®oy (Ox(pE) @0y £ M) ~Phe=1)+(hp=1)+p
= Ox((hp” — hp* = p* + p— 2)E) @0y fN7H
R0y Ox((=hp® + hp? + 2p* — p)E) ®p, f* MW Thr+2p=1

= Ox((p* —2)E) ®oy f* MPPP—2hp? +2hp+2p—2,

By the Nakai—-Moishezon criterion, this sheaf is ample. Hence, by Proposition
5.4, the canonical divisor of X is ample since (p — 1)(hp —1—-1) =2 > 0
by assumption. So, X is of general type. On the other hand, since M =
Oc((p(hp — 1)(p(hp — 1) + 1) — 3) P,), we have H°(C, M) # 0. Therefore,
HY(X,0x(pE) ®oy f*M) # 0. Hence, by Theorem 5.3 and Remark 5.5,
Autx(X) is not reduced.

REMARK 6.2 (cf. [4]). Consider an affine plane curve C' determined by
the equation

P —n =gt
where [ is a natural number. Then, in exactly the same way as above, we
have

(d€) = pl(pl — 3) Pec.

Therefore, when [ is prime to p and greater than one, there exists a Tango
structure £ isomorphic to

Oc(l(pl — 3) Px).
Furthermore, if [ is divisible by d, then

d
Oc <é (pl 3)Poo> ~ 7

Hence provided that we choose [ with suitable factors, we can construct a
smooth uniruled variety of arbitrary dimension which has a Tango structure.
In particular, for each natural number n prime to p, we can construct a
uniruled variety such that each fibre has one cusp of type 2P + y™ = 0.

Mumford constructed in [5] a normal surface which has a pre-Tango
structure in our terminology. It seems hard to decide whether or not its
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desingularization gives a counter-example to the Kodaira vanishing theo-
rem. However, Mumford’s example is remarkable in that it is not uniruled
(see the remark below). In the following example, we generalize his example
and consider the induced higher-dimensional uniruled varieties. In particu-
lar, we observe that some generalized examples induce higher-dimensional
varieties with nonclosed global differential 1-forms. Hence we surmise that
the uniruled varieties are not the only varieties in higher dimensions which
trigger off pathological phenomena in positive characteristic.

EXAMPLE 6.3. Let X’ be a projective variety. Consider the short exact
sequence
0— Ox — F.Og, — F.BL

, — 0.

By taking cohomology, we have

HY(X',F.B,) — H'(X',0x/) = H' (X', F.O%,).
Suppose that the kernel of the second homomorphism is not zero. Then
there exists a nonzero differential 1-from w in H(X’, F*B}(/). So, we have an
injection Ox/w — F*B}(/. (This is not a pre-Tango structure.) Furthermore,
we have an extension

O—>OX/—>€,—>(’)X/—>O’

where £’ is a locally free sub-O x/-module of rank two of F*(’);(,. Take an
affine open covering {U;};cr and let {b;;}; jer be the 1-cocycle of Oxs which
coincides with the image of w in H*(X’, Ox). Note that the above extension
corresponds to the cocycle {b;}. Since {bs;} maps to zero in H'(X', F.O%,),
there is a 0-cochain {e; };es of FiOg, such that e; —e; = b;j and w = de;. Set
ci = ef . Then each ¢; is a section of Ox/(U;). Now take an effective ample di-
visor H on X’ such that H' (X', Ox/(pH)) = 0. By applying ®o,, Ox(pH)
to the above extension, we have

0— Ox/(pH) — o ROy Ox/(pH) — Ox/(pH) — 0.
Since H°(X,Ox/(pH)) # 0 and H'(X, Ox:(pH)) = 0, we have
(10) HY(X',0x:(pH) C H'(X',€' @0, Ox/(pH)).

Let {h;}icr be local equations of H. Note that each h; is regular on Uj.
Consider the field extension k(X")({0; | i € I'})/k(X"), where

Qf - h?pgl = C;
for each ¢ in I with n prime to p and greater than one. Let o : X — X' be

the normalization of X’ in the extension field k(X')({6; | i € I}). On X, we

have a relation .
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Set n = dc;. We then have an injection
Ox (npo*H)n — B

By taking its adjoint, we obtain an injection

Ox(no"H)w — F*B}(.
Its image is a pre-Tango structure on X. We denote it by L. Set N' =
Ox(c*H). Then N™ = L. Moreover, by using A/, we obtain a uniruled
variety X.

Now, we have the inclusions
OxwC L C F*B}(.

On the other hand, we obtain an extension

0—-0x -&—L—0,

which is associated with the pre-Tango structure £. Moreover, we deduce a
diagram

0 0 0
! ! !

0 - ¢*0Ox» — o*¢ — o*Ox» — 0
! ! lw

0 — Ox — €& - L — 0
By applying ®o, NP, we obtain

0 0 0
! ! 1

0 — 0"Ox ®@ox NP — 08 @0, NP — ¢*Ox @0, NP — 0
! ! 1

0 — NP —  E®o, NP — L @0, NP — 0

Note that the first vertical injection is an isomorphism. From (10) and from
the flatness of o, it follows that

HY(X,N?) C H' (X', 0"’ @0, NP).
Hence
HOX, A7) € HO(X, € G0y N7).
By Theorem 5.1, X has nonclosed global differential 1-forms.

REMARK 6.4. Take an arbitrary natural number d and a supersingular
elliptic curve. Let X’ be the d-fold product of copies of that curve. Then X’
is a d-dimensional abelian variety satisfying the assumption of the previous
example. Moreover, no finite covering of X’ can be a uniruled variety.
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