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Abstract. We give a simple proof of the Siegel-Tatuzawa theorem according to which
the residues at s = 1 of the Dedekind zeta functions of quadratic number fields are
effectively not too small, with at most one exceptional quadratic field. We then give
a simple proof of the Brauer—Siegel theorem for normal number fields which gives the
asymptotics for the logarithm of the product of the class number and the regulator of
number fields.

1. Introduction. Let k& be a quadratic number field. Let di, hj, wy
and g, > 1 denote the absolute value of its discriminant, its class number,
its number of complex roots of unity (hence, wy = 2 unless k = Q(v/—1) or
k = Q(v/—3)) and its fundamental unit (in the case that k is real). Finally,
let k; denote the residue at the simple pole s = 1 of the Dedekind zeta
function (i (s) of k. The analytic class number formula yields (e.g., see [Lan,
Chapter XIII, Theorem 2, p. 259)):

we/di
™

ki if k is imaginary,

he={
Vi o
Kk if k is real.
2logeg
Since 2 < wy, < 6 and g, > (1 ++/5)/2, it follows that
K > !

P> ——

)/

(effectively). Siegel’s theorem asserts that for any € > 0 there exists ¢. > 0
such that for any quadratic number field k we have
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(see [Chow], [Dav, Chapter 21], [Est], [Gold], [PinVIII, Theorem 3], [Sie]).
Notice that if xj denotes the primitive (modulo di) quadratic Dirichlet
character associated with k, then kp = L(1, xx). The main drawback of
Siegel’s theorem is that c. is not effective, i.e. for a given € € (0,1/2) we
cannot compute any suitable value for c¢.. However, a nice consequence of
Siegel’s theorem is the asymptotic behavior log hy ~ %log dy, for the class
number hj, when k ranges over the imaginary quadratic number fields. In
particular, there are only finitely many imaginary quadratic number fields
of a given class number, or with one class in each genus.

Because of the ineffectiveness of Siegel’s theorem, for solving small class
number problems for imaginary quadratic number fields, we must resort
to more complicated tools (e.g., see [Wat] for the determination of all the
imaginary quadratic number fields of class numbers h; < 100). Notice that
these tools have not yet enabled any one to solve the “one class in each
genus” problem for imaginary quadratic number fields. The Siegel-Tatuzawa
theorem is a somewhat stronger result according to which for any € > 0 and
any quadratic number field k we have

€

K > 0.1 —

k= &
with at most one exception (see [Tat]). There are now several different
proofs of the Siegel-Tatuzawa theorem (see [Hof], [JL], [PinIV, Theorem 4],
[PinVIII, Theorem 6]). The aim of this paper is to give a simpler proof of
the following form of the Siegel-Tatuzawa theorem (our proof is not more

complicated than that of Siegel’s theorem given in [Dav, Chapter 21]):

THEOREM 1. For any ¢ € (0,1/2] and for any quadratic number field k
we have

(1)

with at most one exception.

We have not tried to obtain the best possible right hand term in (1). For
example, using [Lou06, Theorem 1] (instead of Proposition 4) and Remark 8
(instead of Proposition 3), we would obtain a better result.

13
>_ =
"R = 976(log di )25

2. Prerequisites. To begin with, we will need a lower bound for kx in
the case that K is abelian.

LEMMA 2. Let x be a non-trivial Dirichlet character modulo f > 1.
Then, for |s —a| < p with 0 < a — o < 1 < a, we have

af
|L(s, x)| < N

In particular, for |s — 2| < 4/3, we have |L(s,x)| < f.
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Proof. Set
xi(w)= Y x(n).
1<n<u
Then x1(f) =0 and n +— x1(n) is f-periodic. Hence, |x1(n)| < f/2 and
n+1 du
L(s,x) = SZXl(n) S sy
n>1 n

which is valid for o = R(s) > 0, yield |L(s, x)| < f|s|/20. =

PROPOSITION 3. Let K be an abelian number field. If 26/27 < § < 1
and Cx(B) <0, then

1 _
KK 2 1 (1- 5)d}1§ﬁ Y,
Proof. Use [Was, Lemma 11.7] with f(s) = Ck(s)/¢(8) =I 1 £ ex, L(8: X)
and M = supjs_g<a/3|f(s)| (where Xy denotes the group of primitive

Dirichlet characters associated with K). By Lemma 2 and the conductor-
discriminant formula, we obtain M < dx. =

Moreover, we will need upper bounds on L(1, x).

PROPOSITION 4. Let x be a non-principal character modulo f (hence,
f>3). Then

|L(L, x)| < 2log f.
Moreover, if 5 € (1 —e,1) C[1/log3,1) and L((,x) =0, then
[L(L )] < ee(1 = B)(log f) /e,
where cc =1+4¢/2.
Proof. We have

f—1 [e'e)
_ X(n) —s—1
8 o0 = 25
(x1(f) = 0). Hence,
U I 11
’L(l’X)‘SZE+§§u72du225+5§210gf
n=1 f n=1

(f > 3). In the same way, if L(3,x) = 0, then
IL(1,x)| = |L(1,x) = L(B,x)| < (1 = 5) sup |L'(s,x)|-

p<s<1

Now (see also [Was, Lemma 11.9]), for 1 —e < s <1, we have

f—1 00
logn s
r =— 1—sl s=lg
(40 = = 32 S+ a1 = g
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(differentiate (2)). Hence,

f—1 0o
logn f e
L(s,)] € 37 220 4+ 4 (slogu — 1u> ! du

n=2 2 I
(slogu—1>(1—¢)logf—1>(1—¢)log3 —1>0). Therefore,
f 00
du e
11/(5 )1 < (08 ) § 1 + £ [ (slogu — 1= du
1 f
and
l 1 5 1 1-s 1 1 5
[L(s, 0] < Z (log /)f* + 5 (log f)f 7% <  Z + 5 ) (log ) f*.

This proves the proposition. =

3. The simple proof. We are now in a position to prove Theorem 1.
Fix € € (0,1/34].
1. Assume that (x(1 —¢) < 0 for a quadratic number field k. Then

g
(3) R Z Wiea

by Proposition 3.

2. Assume that (;x(1 —¢) > 0 for some quadratic number field k. Let
ko be such a quadratic number field of least discriminant dj,. Since (j,(s)
has a simple pole of positive residue at s = 1 (by the analytic class number
formula), we have lim,_ ;- (x,(s) = —oo and there exists 3 € (1 —¢e,1)
such that (,(8) = 0. Let k # ko be any other quadratic number field. We
may assume that dj > dj,, otherwise (3) holds true. Let K = kko. Then
K is a biquadratic bicyclic number field. Let &’ denote its third quadratic
subfield. Then dj/ divides djdy,, hence dj < d%, and dx = dydy,dy divides
(drdk,)?, hence dr < dji. Now, (x(s)C%(s) = Cu(8)Ch(8)Cr(s). It follows
that (x () = 0 and

(1- B)d > (1 - p)a;1ee,

1 4(6—1
ric = 7 (1= )Y = .

=

by Proposition 3. On the other hand, we also have
KK = Kpkkokk < 2¢:(1 — B)(log dy, )dy, (log di )k /e
< de.(1 - B)(log d) iy e,
by Proposition 4. Hence,
€

e
4 > > :
) ik = 16¢. (log dy)2di™ ~— (16 + 4/17)(log di,)2dL"™®

Consequently, for any k # ko we have k; > min((3),(4)) = (4), and the
desired result follows by changing ¢ into £/17.
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4. The Brauer—Siegel theorem. We now want to deduce a simple
proof of the Brauer—Siegel theorem for normal number fields (see [Lan,
Chapter XVIJ], and [Nar, Theorem 8.14] for the case of abelian number
fields; we also refer the reader to [Lou05] for more explicit and numerically
better forms of Theorem 5, as well as for a generalization to the case that
K ranges over a family of non-normal number fields of a given degree):

THEOREM 5. Let K range over an infinite family of normal number
fields for which o — o0, ox being the root discriminant of K. Then
log(hxRegy) is asymptotic to %log dyi (and this asymptotics is explicit if
no K contains a quadratic subfield).

We need upper bounds for ki (generalizing Proposition 4):

PROPOSITION 6 (see [Lou0l, Theorem 1]). Let K be a number field of

degree n > 1. Then n—1
< [ closdx
"=\om—-1))

Moreover, if (x(8) =0 for some 3 € (0,1) then
o< (- ) TR

We also need a lower bound for ki (generalizing Proposition 3):

PROPOSITION 7. There ezists Cy,, > 0 with log C,, = O(n) such that for
any number field K of degree n > 1 we have
ke > Ca(1 - By 72,
provided that 8 € [3/4,1) and (x(B) < 0.
REMARK 8. We may take
by [Lan, Chapter XVI, Lemma 3, p. 323] (see also [Nar, Lemma 8.15]).

For number fields of root discriminants g = d}(/n > 51000, we may take
C,, = 1/4 independent of n, by [Lou05|. Indeed, using the lower bound
fr(B) > 1 and the upper bound
QBd%—ﬁ)/Q _ %d%—ﬁ)/z
26—-1 = 3-1

from [Lou05, (25)], we obtain kg > Ck (1 — ﬂ)al(lg_l)/2 with
O =1 3d;5(A) ox )" T = 1 — 3(A2/ 0i)"/3
> 1 (A ox)"® 2 1/4

< 3d)/®

for n > 2 and ok > 51000 (for J, < Jo = 1/2 and A = I'*(1/4)/7 < 56).
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PROPOSITION 9 (see [Sta, Lemma 3], [Hof, Lemma 2] or [LLO, Lem-
ma 15]). Set ¢ = 2(v/2 — 1)2 = 0.343.... Then (x(s) has at most one
simple real zero in the range 1 — c¢/logdx < s < 1. Moreover (see [Sta,
Theorem 3]), if K is a normal number field, then such a simple real zero is
a zero of (i(s) for some quadratic subfield k of K.

Using Propositions 6 and 7, Siegel’s theorem (a consequence of the
Siegel-Tatuzawa theorem) and Proposition 9, we are in a position to prove
Theorem 5. To begin with, the analytic class number formula yields (see

[Lou05, (7)])
(5) \/?)Ci_K REK S hKRegK § 4\2@

We also note that n/log dx = 1/log ox tends to zero as gk tends to infinity.
Now, fix £ > 0 (and notice that for dx > 4 we have 1 — ¢/logdx > 3/4).
1. For obtaining an upper bound on kx we use Proposition 6 to obtain

(6) kK< (%)n_l < <%>n_1g?g < 2e/2)"d,

REK .

n—1
provided that o > 1 is large enough to have loglog o < elog ok .
2. For obtaining a lower bound on kg there are two cases to consider.

(a) If (x(1 — ¢/logdk) > 0, then (x(s) has a real zero [ in the range
1—c¢/logdg < s < 1 and, by Proposition 9, K contains a quadratic subfield
k for which (x(8) = (x () = 0. Then dg > d,

ki > Co(1— B)dY D2 > €, (1 - B)e ¢/

2 2
oy < (1_ﬂ)<elo§dk> < (1_5)<eloidK> ’

by Propositions 7 and 6, and

and

Moreover, ki > c.d, = > c.d}, by Siegel’s theorem. Hence,

16071656_0/2 ) 3—2¢

(7) RK Z m 2 Cde .

(b) Otherwise (in particular if K contains no quadratic subfield), we
have (x (1 — ¢/logdk) < 0 and

—c/2

(8) KK > % > ng;fs,
by Proposition 7.

Using (5)—(8) completes the proof.
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