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A NOTE ON RINGS OF CONSTANTS
OF DERIVATIONS IN INTEGRAL DOMAINS

BY

PIOTR JEDRZEJEWICZ (Torun)

Abstract. We observe that the characterization of rings of constants of derivations
in characteristic zero as algebraically closed subrings also holds in positive characteristic
after some natural adaptation. We also present a characterization of such rings in terms
of maximality in some families of rings.

1. Introduction. Throughout this paper by a ring we mean a commu-
tative ring with unity, and by an integral domain (briefly, a domain) we
mean a ring without nonzero zero divisors. If R is a domain, then Ry de-
notes its field of fractions. If K C L is a field extension, then (L : K) is its
degree.

Let A be a domain and let d: A — A be a derivation. The kernel of d is
denoted by A% and is called the ring of constants of d. If char A = p > 0,
then AP C A% where AP = {aP; a € A}. Let K be a subring of A. If d is a
K-derivation, then A% is a K-subalgebra of A. If char A =p > 0 and d is a
K-derivation, then K AP C A%

Let A be a finitely generated k-domain, where k is a field of characteristic
zero. Let R be a k-subalgebra of A. Nowicki ([NI, Theorem 4.1.4]; [N2|
Theorem 5.4|) proved that the following conditions are equivalent:

(1) R = A9 for some k-derivation d of A,
(2) R is integrally closed in A and Ry N A = R.

Daigle [D] observed that the condition (2) means that R is algebraically
closed in A.

In [J3, Theorem 1.1] the present author obtained a positive characteristic
analog of the above theorem: if chark = p > 0, then R = A? for some
k-derivation d if and only if kAP C R and Ry N A = R. He also noted a
generalization of this fact for B-derivations, where B is a subalgebra of A
such that AP C B and A is finitely generated over B (not necessarily over
a field) [J1, Theorem 2.5]. In [J2] the author obtained a characterization,
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which is quite similar in form to algebraic closedness: for every g € A and
ap, a1, . .,ap—1 € R, such that a; # 0 for some i, if a,_19°P "' +---+a1g+ag
= 0, then ¢ € R. In this note we show how to introduce the notion of
separable algebraic closedness of a subring so that Nowicki’s characterization
holds true in arbitrary characteristic in a more general form, presented in
Theorem Bl

In Theorem we also present a characterization of rings of constants
as maximal elements in suitable families of rings. Nowicki and Nagata [NN|
Lemma 3.1], [N1, Proposition 5.2.1| proved that for a polynomial f € k[zq,
..., xy], where k is a field of characteristic zero, the ring k[f] is integrally
closed in k[xy,...,z,] if and only if it is a maximal element of the family
{k[g]; g € k[x1,...,2,]}. The author observed in [J2] that there is no di-
rect analog of this property in positive characteristic for rings of constants.
However, if we consider a family of subrings R C k[x1,...,x,] such that
klz,...,25] € R and (R : k(af,...,2h)) = p, then maximal elements of
this family are exactly rings of constants of k-derivations. It turns out that
such families may be constructed for all rings of constants of K-derivations
in an arbitrary finitely generated K-domain A.

2. Separably algebraically closed subrings. Daigle [D] introduced
the notions of algebraic elements and algebraic closedness for domains of
characteristic zero. Let us extend them to domains of arbitrary characteristic
introducing separably algebraic elements.

DEFINITION 2.1. Let A be a domain of characteristic p > 0, and let R
be a subring of A. If p =0, we put 7? = 1 and Ry[T?] = Ry.

(a) An element a € A is called separably algebraic over R if w(a) = 0 for
some irreducible polynomial w(T) € Ry[T]\ Ro[T?].

(b) The set of all elements of A separably algebraic over R is called the
separable algebraic closure of R in A and is denoted by EA.

(c) A subring R is called separably algebraically closed in A if R'=R.

The definition of a separably algebraic element of A over R means that
this element is separably algebraic over the subfield Ry as an element of the
field Ag. Observe that irreducibility of the polynomial w(T') is essential only
in positive characteristic.

Recall that if char A = 0, then R’ = FOAO N A (|D, Exercise 1.2]). In the
case of positive characteristic we are interested in subrings containing AP. In
this particular case we have the following.

PROPOSITION 2.2. Let A be a domain of characteristic p > 0. Let R be
a subring of A such that AP C R. Then:
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(a) R = Ron A,
(b) R is separably algebraically closed in A if and only if Ry N A = R.

Proof. (a) Every element a € RyN A, is a root of the irreducible polyno-
mial w(T) =T — a € Ro[T]\ Ro[T?], s0 RyNAC R’

Now, let a € EA. Then a, as an element of the field Ag, is separably
algebraic over Ry. On the other hand, a is purely inseparable over Ry, because
a? € R. Then a € Ry, by |ZS, 11.5, Lemma 1|. Therefore, r* C RyNA, and

finally, B = Ro N A.
(b) This follows directly from (a). =

3. A characterization of rings of constants. Now we present a gen-
eralization of Nowicki’s characterization (|[N1, Theorem 4.1.4]; [N2, Theo-
rem 5.4|) to the case of arbitrary characteristic. In the case of char K = p > 0,
the equivalence (1)< (2) below follows from Proposition 2.2b) and [J1I, The-
orem 2.5], so it would be enough to note that in the case of char K = 0 the
original proof is valid for K being a domain, not necessarily a field. How-
ever, it seems of interest to sketch the original proof in the case of arbitrary
characteristic. We also present a characterization of rings of constants of
derivations as maximal elements in some families of rings.

THEOREM 3.1 ([N1), 4.1.4]; N2, 5.4]; [D} 1.4]). Let A be a finitely gener-
ated K-domain, where K is a domain (of arbitrary characteristic). Let R be
a K-subalgebra of A. If char K = p > 0, assume additionally that AP C R
and put B = KAP. The following conditions are equivalent:

(1) R is the ring of constants of some K -derivation of A,
(2) R is separably algebraically closed in A,
(3) R is a maximal element in one of the following families of rings:

{@m:{R;KCRCA, trdegyi R < m} if char A =0,
Um={R; BCRCA, (Ro:By) <p™} if charA=p >0,
where m =0,1,2,....

Proof. (1)=(2). Assume that R = A¢ for some K-derivation d of A.
Consider an element a € A such that w(a) = 0 for some irreducible polyno-
mial w(T) € Ry[T] \ Ro[TP], where in the case of p = 0 we put 7P = 1 and
Ry[T?] = Ry. We have w'(a)d(a) = d(w(a)) = 0. The polynomial w’'(T) is
nonzero and of smaller degree than w(7'), so w'(a) # 0. Then d(a) = 0, that
is, a € R.

(2)=(1). Assume that R* = R. Put M = Ro™ and consider a Ko-
derivation §: Ag — Ag such that M = AJ (N1, Theorem 3.3.2]; [N2, The-
orem 4.2|; |Gl Lemma 2|). Let fi, ..., fs be generators of A over K. Take
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w € A\ {0} such that wé(f;) € A for every i. Put ¢’ = wd; then §'(A) C A.
Let d: A — A be the restriction of &' to A. Then A = A" N A= Mn A.

We will show that M N A = R. Obviously R C M N A. On the other
hand, any element a € M N A is (as an element of Ag) separably algebraic
over Ry. In the sense of Definition this means that a is (as an element
ofdA) separably algebraic over R, hence it belongs to R. Finally, we see that
A% =R.

(2)=-(3). Assume that R = R If char A = 0, put trdegy; R = m, so
R € &,,, and consider a ring S € &, such that R C S. Then EA - ?A.
Suppose that EA %+ ?A and consider an element a € ?A \EA. Since a € A
and a ¢ EA, a is transcendental over Ry, so trdegy S = tr degKgA >
trdegy R = m; a contradiction with the assumption that S € @,,.

If char A = p > 0, put (Rg : By) = p™, so R € ¥,,, and consider a ring
S € ¥, such that R € S. Then RA C §A. Suppose that EA #* ?A and
consider an element a € 5 \RA. Then, by Proposition a€ A, ac Sy
and a € Ry, so Ry is properly included in Sy and (Sp : Bg) > (Rp : By) = p'™;
a contradiction with the assumption that S € ¥,,.

In both cases we obtain RA = ?A. Hence

RCScS5'=F'=R,
so R =5, that is, R is a maximal element of the family &,,, resp. ¥,,.

(3)=(2). If char A = 0, assume that R is a maximal element of @,,.
Recall that EA = RioAO N A. Since the field extension Ry C RioAO is algebraic,
we have trdegy R'=tr degy R, so R” is also an element of D,

If char A = p > 0, assume that R is a maximal element of ¥,,,. We have
R = Ry N A (Proposition . Therefore R C Ry and (RA)O C Ry. On
the other hand, R C EA, so Ry C (EA)O. We see that (EA)O = Ry, so R is
also an element of ¥,,.

In both cases, since R C EA, we have R = RA, by the maximality of R. =
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