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SOME CRITICAL ALMOST KAHLER STRUCTURES

BY

TAKASHI OGURO (Saitama) and KOUEI SEKIGAWA (Niigata)

Abstract. We consider the set of all almost K&hler structures (g, J) on a 2n-dimen-
sional compact orientable manifold M and study a critical point of the functional % ,(J, g)
= SM()\T + ut*) dM,y with respect to the scalar curvature 7 and the *-scalar curvature 7*.
We show that an almost Kéhler structure (J,g) is a critical point of .%_1,; if and only if
(J, g) is a Kéahler structure on M.

1. Introduction. Let M be a compact orientable manifold of dimen-
sion m. We denote by M(M) the set of all Riemannian metrics on M and
by R(M) the set of all Riemannian metrics of a fixed volume form. It is
well-known that a Riemannian metric g € R(M) is a critical point of the
functional &7 on R(M) defined by

(1.1) (g) = | 7dM,

M
if and only if g is an Einstein metric, where 7 is the scalar curvature of g
and dM, is the volume form of g.

Now, let M be a compact manifold of dimension m = 2n admitting
an almost complex structure. We denote by AH(M) the set of all almost
Hermitian structures and by AH(M, 2) the set of all almost Hermitian
structures with the same Ké&hler form (2. An almost Hermitian manifold
M = (M, J, g) with the closed Ké&hler form (2 (df2 = 0) is called an almost
Kahler manifold.

Let M = (M, J,g) be a compact almost Kéhler manifold and {2 the
corresponding Kéhler form. Then we may note that any almost Hermitian
structure (J,g) € AH(M,2) is an almost Kéhler structure on M. In this
case, we denote AH (M, 2) by AK(M,2). In [1], Blair and Ianus studied
critical points of the functional .# on AK (M, 2) defined by

(1.2) F(J,9) =\ (=" = 7)dMy,
M
where 7% is the *-scalar curvature of (M, J, g). They proved that (J,g) is
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a critical point of .% on AK(M,2) if and only if the Ricci tensor o is
J-invariant.

We denote by AK(M, [£2]) the set of all almost Kéhler structures on M
with the same Kéhler class [{2] in the de Rham cohomology group. It is well-
known that AK(M, §2) is a contractible Fréchet space. However, the space
AK(M, [£2]) might be disconnected in general. In [4, 5], Koda studied critical
points of the functional .y , on AH(M, 2) and AK(M, [§2]) defined by

(1.3) Fau(To9) = O+ pr*)dMy, (A, ) € R?\ (0,0).
M

and gave a necessary condition for (J,g) € AK(M,[f2]) to be a critical
point of ., ,,. Since the functional %) , is invariant under the action of the
diffeomorphism group Diff (M) of M, by applying Moser’s stability theorem
([6]), we may easily show that critical points of the functional .%) , on
AKC(M, [§2]) coincide with the ones of ., , on AK(M, §2) corresponding to
the Kéahler form 2 of (J,g). Therefore, (J,g9) € AK(M,[f2]) is a critical
point of .#) ,, if and only if (u — A)e is J-invariant [7].

In the present paper, we may regard (1.3) as a functional on AK(M),
the set of all almost Kéhler structures on M, and we give a necessary and
sufficient condition for (J, g) € AK(M) to be a critical point of .%) ,.

2. Preliminaries. Let M = (M, J,g) be a 2n-dimensional compact
almost Kéhler manifold with almost Hermitian structure (J,g), and {2 be
the Kéhler form of M defined by 2(X,Y) = ¢g(X,JY) for X,Y € X(M).
We assume that M is oriented by the volume form dM, = ((—1)"/n!)2".
We denote by V, R, o and 7 the Riemannian connection, the curvature
tensor, the Ricci tensor and the scalar curvature of M, respectively. The
curvature tensor R is defined by R(X,Y)Z = [Vx,Vy]Z — V[xy]Z for
X,Y,Z € X(M). A tensor field o* on M of type (0,2) defined by

1
(2.1) 0" (z,y) = trace(z — R(z, Jz)Jy) = 5 trace(z — R(z, Jy)Jz)

is called the Ricci *-tensor, where z,y, z € T,(M) (the tangent space of M
at p € M). We denote by 7* the x-scalar curvature of M, which is the trace
of the linear endomorphism Q* defined by ¢(Q*z,y) = o*(z,y). We remark
that o* satisfies

(2:2) 0" (JX,JY) = 0" (Y, X)
for any X,Y € X(M). Thus o¢* is symmetric if and only if po* is J-invariant.

In this paper, for any orthonormal basis (resp. any local orthonormal
frame field) {e;}i=1,. 2n at any point p € M (resp. on a neighborhood of p),
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we shall adopt the following notational convention:
Rz’jkl = g(R(ei, ej)ek, el), REH = g(R(JeZ-, Jej)Jek, Jel),

23) 0ij = o(ei €5), o;; = o(Jei, Jej),

0ij = €"(ei, &), 05 = 0" (Jei, Jej),

JZ] :g(Jeivej)a VZij‘ :g((VeiJ)ej,ek),
and so on, where the Latin indices run over the range 1,...,2n. Then we
have
(2.4) Jij = —Jji,  Vidjk=—ViJyj, ViJ; =—=ViJj.
The condition df2 = 0 is equivalent to
(2.5) Gk Vidjk = ViJjp + VjJi + Vi Ji; = 0.

Z’.])

Further, since M is a quasi-Kéhler manifold and a semi-K&ahler manifold,
we have

(2.6) Vilik + Vidypy =0, > Vadai =0.
The following curvature identity is due to (a}ray ([3]):
(2.7) 2) (Vadij)Vadu = Riju — Ryjgi — Ry + Rijia
+ Ry + Rijg + B + B

From this equality, we have

(2.8) 05 + &5 — 01 — 055 = Y _(VaJin) Vadjp,
a,b

and further
(2.9) ||VJ||2 =2(" — 7).

Therefore, M is a Kahler manifold if and only if 7* = 7.

3. Critical points of .%) ,. Let M be a 2n-dimensional compact ori-
entable manifold and AK (M) the set of all almost Kahler structures on M.
For a point (J,g) € AK(M), consider a curve (J(t),g(t)) in AK(M) with
(J(0),9(0)) = (J,g). We denote by 2 and §2(t) the Kahler forms of (J, g)
and (J(t),g(t)), respectively. Then «(t) = £2(t) — 2 is a 1-parameter family
of closed 2-forms and «(0) = 0.

We denote by V) R(t), o(t), ¢*(t), 7(t) and 7*(t) the Riemannian
connection, the curvature tensor, the Ricci tensor, the Ricci *-tensor, the
scalar curvature and the s-scalar curvature of (M, J(t),g(t)), respectively.
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Let (U;x1,...,22,) be a local coordinate system on a coordinate neighbor-
hood U of M. With respect to the natural frame {0; = 0/0x;}i=1,... 2n, We
put

9(t)(9, 0;) = g(t)ij, J()(8:) = J(1)i 0,
(V5L I(0)8; = (T T(0);5)0 R(1)(0:0,)0% = R(1)ige' 0,
o(t)(9i,95) = o(t)ij, 2" ()(9;,05) = 0" (t)ij,
a(t)(9;, 0;) = alt)ij,
and (g(t)") = (g(t)i;;)~!. In particular, we have g(0);; = gj, J(0);/ = J;7,

VOI(0)# =V, R0)i! = Rigil, 0(0)i; = 0ij, 07(0);j = 0; and a(0);;=0.
Now, put

d d
1 — t)ii = hi', —
(3 ) dt t:()g( )] J dt

J(t)ij = Kij, i O[(t)ij = Al]
t=0 dt t=0

Then A = (A;;) is a closed 2-form, h = (h;;) is a symmetric (0, 2)-tensor
on M and

d

(3.2) =

t=0

where we may use the standard notational convention of tensor analysis;
thus A" means h" = ¢**¢7%h,,. We denote by dMg(;) the volume form of M
with respect to g(t). Then

d
dt

—_

(3.3) dMyuy = 5 (9 Y hig) dM.

t=0 2

By (3.2), the connection coefficients I'(t ) of V) satisfy

d a
o = ¢"(Vihaj + Vihia — Vahij).

el =5

t=0

Therefore, the derivatives of R(t);;x', 0(t);; and 7(t) at t = 0 are ([9])

(3.4) % R = % (—Riji®ha! + Rijalhy®
+ Vi Vihi' = V;Vihit = ViVl + ViV ),
(3.5) % t*O‘Q(t)ij = % (—Raij"h™ + 0iah;"
) + VaVjhi® = ViVhe* = VVahij + ViVah;®),
(3.6) % ()= — oyt V'V~ V'ih
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where h = h,®. Further, since (J(t),g(t)) € AK(M), we have
(3.7) Ko'J® + J, K% =0,

(3.8) hij = hap i T} + Kiad;® + JiaK;°,

(3.9) Kj' = —ho'J;* = Af,

(3.10) hij = —hapJi®J;% + Ji% Agj + J;* Ai.

Conversely, let (h, A) be the pair of a symmetric (0, 2)-tensor h and a closed
2-form A satisfying (3.10) and define a (1, 1)-tensor K by (3.9); then the
equalities (3.7) and (3.8) hold. This means that for a given point (J,g) €
AK (M) and the pair (h, A) satisfying (3.10), we obtain a curve (J(t), g(t)) €
AK (M) whose tangent vector at ¢t = 0 is (K, h).

By (3.9) and (3.10), we have

(3.11)  K;' = (heguS T+ A% Jye+ ACT ) T — A = b0, — AT, TP
By (3.9)-(3.11), we have

d . .
— ) J(t)’
|, 0 IO
- _ hiaJaj +gz’aKaj — AameJjby

S Y . )
W= 5 | O ROl

(3.12) % J(t)9 =

(3.13) 4

. 1
= Qiahja - §RiuabJjuJachbc

1 1
-5 J® TN,V o e + 5 J® TV VY ohi
1
5 (2,07 — J TP TP Ra) Apg,

d o .
(3.14) = ()= obph™ — T TPV Vb — 20705 Ay,

t=0

d d
VO I()* = vk +I F() —JF

t=0

(3.15) — ()%

ij
t=0
= —hd"Vilj" + 5 Jj“(vahi’“ — Vihe" — VFhiq)

1
= 5 Ja" (Vi + Vi = Vohij) = Vid;".

We are ready to compute the first variation of (1.3) on AKX (M ). We shall
use the notational convention (2.3) with respect to a (local) orthonormal
frame field {e;}i=1,.2n. By (3.3), (3.6) and (3.14), we have
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Pl 9(0)

VO () + pr* (1) dM g
t=0 ps

* 1 *
= S Z(—)\sz + KOy + 5 (AT + ur )(52]>th dMg
M iy

1\ D7 JiadwVaVihijdMy +2p | Y 0f Ay dM,
M i,j,a,b M ,j

* 1 *
- S Z <—)\Qij + poj; — p Z VaVi(Jiadjp) + 3 (AT +pr )5U> hij dMg
M ij a,b

M i
Here, we have
(3.17) > VaVilJiadip) = Y (VaVedia) Tjp + > (Vdia) Vadj-
a,b a,b a,b
The first term of (3.17) becomes
Z(Vavbjia)l]jb = - Z(Rabisjsa + RabasJis)Jjb

a,b a,b,s

= 5 Z abis — sbza Jsanb + QZ] Q:j + Q;;

abs

Further, by (2.8), the second term of (3.17) becomes
Z(Vina)Vanb = - Z(vijab + Vadyi)Vadjp

a,b ab
1
= _5 Z ViJab(vanb - vbJja) + Z(vaJib)vanb
a,b ab
1 * *
- 9 Z(viJab)ijab + 0 T 0j; — 0ij — 055
a,b

Therefore, by (3.16), we obtain

d
(3.18) | FaulT(0),9(6) = | D (Tish; + 2u0;,Aij) dM,,
dt =0 M i,j
where
(3.19) Ty = (n— Moy + (AT + ur) gz (Vidap) Vi
a,b
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We note that T;; defines a symmetric (0, 2)-tensor fields 7" on M. Summing
up the above argument, we obtain

THEOREM 1. Let M be a 2n-dimensional compact orientable manifold.
Then (J,g) € AK(M) is a critical point of the functional Z ,, if and only if

(3.20) VD (Tijhij + 20 05, Aij) dMy = 0
M i
for any pair (h, A) of a symmetric (0,2)-tensor h and a closed 2-form A =
(Aij) satisfying (3.10), where T = (Tj;) is a symmetric (0,2)-tensor field
given by (3.19).
We recall the following fact due to Blair and Ianus:

LEMMA 2 ([1]). Let B be a symmetric (0,2)-tensor on M. Then

| > Bi;DijdM, =0

M i
for all symmetric (0,2)-tensors D satisfying DJ + JD = 0 if and only if B
is J-invariant.

Let M be a 2n-dimensional compact orientable manifold and suppose
that (J,g) € AK(M) is a critical point of the functional .#, ,. Then, by
Theorem 1, if A = 0, we have {, >, . Tijhij dMy = 0 for any symmetric
(0,2)-tensor h satisfying hJ + Jh = 0. Thus, by virtue of Lemma 2, we
conclude that T' = (T;;) is J-invariant. By (3.19), we observe that the J-
invariance of T' and (u — \)p are equivalent. On the one hand, consider the
pair (hiijij) = (5@', Qz]) which satisfies (310) Then, by (319),

Y (Tijhij + 2005, Ai;) = (n = DA + pr).
]
Therefore, we have
COROLLARY 3. Let M be a 2n (> 4)-dimensional compact orientable
manifold. If (J,g) € AK(M) is a critical point of the functional F) ,, then
(= N)o is J-invariant and Fy ,(J, g) = 0.

In particular, for (A, u) = (—1,1), taking account of (2.9), we obtain

COROLLARY 4. Let M be a 2n (> 4)-dimensional compact orientable
manifold. Then (J,g) € AK(M) is a critical point of the functional F_i ;
if and only if (J,g) is a Kdhler structure on M.

We remark that if we restrict the functional .#_1 ; to the space AK(M, (2),
then (J,g) is a critical point of .#_;; if and only if the Ricci tensor o
is J-invariant ([1]). Thus, in particular, if a compact manifold M admits
an almost Kéahler Einstein structure (J, g), then it is a critical point of the
functional .#_; ; on the space AK(M, §2), where (2 is the Kéhler form corre-
sponding to the almost Kéhler structure (J, g). In [3], Goldberg conjectured
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that a compact almost Kéahler Einstein manifold is integrable. This con-
jecture is true in the case where the scalar curvature is non-negative ([8]).
However, it is still open in the remaining case. It is evident that any critical
point (J, g) of the functional .#_; ; on the space AK (M) is necessarily a crit-
ical point of the same functional .%_; ; restricted to the subspace AK(M, (2)
if (J,g) € AK(M, 2). However, it does not seem clear in general whether the
converse is also valid or not. So, we cannot confirm the Goldberg conjecture
using only the result of Corollary 4. The present paper is mainly motivated
by the conjecture. The arguments and the results obtained here suggest that
it might be effective to discuss the variational problem for suitable function-
als .# on the space AK(M) in the study of the Goldberg conjecture.
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