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ON SOME PROPERTIES OF SQUARES OF SIERPINSKI SETS

BY

ANDRZEJ NOWIK (Gdansk)

Abstract. We investigate some geometrical properties of squares of special Sierpinski
sets. In particular, we prove that (under CH) there exists a Sierpinski set S and a function
p: S — S such that the images of the graph of this function under 7’({z,y)) = 2 — y and
7" ({z,y)) = = + y are both Lusin sets.

1. Notations and definitions. Let 7, m: R? — R denote the projec-
tions on the first and second axis, respectively.
Define 7/, 7: R? — R and 7: R? — R? by

m(zy) =2z -y, 7 ((zy)=z+y, 1{z,y)=(r—-y,z+y).
Notice that

Tor({m,y)) = (=2y,22), 7w or({x,y)) =2y, 7" o7((z,y))=2x.
For A C R set
X(A)=(Rx A)U (A xR),
and for X CR x R and a € R define
(X)a={yeR:{(a,y) € X}, (X)"={zeR:(z,a) € X}

Let N and MGR denote the o-ideals of measure zero sets and meager sets,
respectively. We say that an uncountable X is a Lusin set (Sierpinski set,
respectively) if Vyepmgr (resp. Vyen) [ X NY| < wp.

A set X C R” is said to be a universal measure zero set (X € UMZ) if
every continuous (i.e. vanishing on singletons) finite, non-negative, count-
ably additive measure defined on Borel subsets of R" assigns X outer mea-
sure 0.

We will use the following terminology and notation from the theory of
small subsets of the real line. For every X C R we write X € RN iff for
each Borel set B C R? such that Veg (B), € N we have Usex(B)e # R.
Notice that every Sierpinski set belongs to the class RN ; this result is due
to J. Pawlikowski (see [P]).
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2. Introduction. From now on we shall identify a function with its
graph. In [C], Cox showed, answering a question in [G], that (under CH)
there exists a Sierpinski set S C R such that there exists a bijection p: S — S
which is a universal measure zero set (on the plane). Moreover, p~! = p.
It is natural to ask whether we can find a Sierpinski set S and a bijection
p: S — S such that the image of p under the rotation 7 of the plane is
a subset of a product of two UMZ sets, or a subset of a product of two
strong measure zero sets, or two Lusin sets. And if the answer is yes, is this
property of the Sierpinski set S stronger than the property considered by
Cox?

The aim of this paper is to give an answer to these and other questions.

3. Squares of Sierpinski sets. Let us start with the following lemma
due to I. Rectaw (1):

LEMMA 3.1 (Reclaw, private communication). Suppose that N € N and
M € MGR. Then X(N)UT[X(M)] # R2.

Proof. Without loss of generality we can assume that M = J,,c,, Fm,
where the F,, are closed nowhere dense. It suffices to find

(0,90) € (N XxR)UT[R x MJUT[M x RJU (R x N).

Since (xo,y0) € T[M x R] is equivalent to zo + yo ¢ 2M, and (xo,y0) &
7[R x M] is equivalent to yo — z¢ & 2M, we have to find zg,yo € R such
that xo,yo € N and xg + yo, o — yo & M. This condition can be written in
the following form:

&N, x0gNUM-—yo)U(M+yo).

We will prove that the set {y € R : NU (M —y)U (M + y) = R} has
measure zero. Choose an arbitrary perfect set D C R\ N such that for
every open set W C R with W N D # () we have WN D & N. Let (Dyp)new
be an enumeration of open basic subsets of D. We will use the following
claim:

CrLAM 3.2. Let E be a meager set and G be a Borel set such that G ¢ N
Then the set {t : G+t C E} has measure zero.

Proof. Set Z = {t : G+t C E}. Suppose on the contrary that Z ¢ N.
Then by the classical theorem of Steinhaus the set Z + G would contain
an interval (a,b) and hence (a,b) C Z + G C E; therefore E would not be
meager, which is the desired contradiction. =

(*) T would like to thank Professor Ireneusz Rectaw for his kind permission to include
his result.
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Hence we obtain
{y: DN[(M-y)U(M+y)] € MGR(D)}
= () {¥:Dn & (Fo =)} {y: Dn  (Fon + )},
n,mew
and this last set is of full measure. This proves that {y : D C (M —y) U
(M + y)} has measure zero. Since D N N = (), this finishes the proof. =
Note that Lemma 3.1 can be easily strengthened to the following:

LEMMA 3.3. Suppose that M € MGR(R) and N € N(R) and let
Y & N. Then there exist xo,yo € R such that xo +yo & M, xo —yo & M,
o0& N andyp € Y.

Proof. We only sketch the proof. As in the previous proof, the set
{y: NU(M —y)U(M +y) = R} is of measure zero. Choose yg € Y such that
NU (M —yo) U (M +1yo) # R. Next, choose g & N U (M — yo) U (M + yo)
to complete the proof. m

However, we have not been able to prove (or disprove) the following
strengthening of Lemma 3.1.

PROBLEM 3.4. Is it true that for every perfect set P C R of positive
measure and for every M € MGR(P) and N € N there exists (x,y) €
(P\ M)? such that (z,y) & T[X(N)]?

Moreover, we have not been able to solve the following version of the
previous problem. Let C denote the Cantor ternary set.

PROBLEM 3.5. Is it true that for every M € MGR(C) and N € N there
exists (x,y) € (C\ M)? such that (x,y) & T[X(N)]?

Lemma 3.1 motivated us to introduce here the following notion:

DEFINITION 3.6. Let F C P(R) be an arbitrary collection of subsets
of the real line (not necessarily an ideal). We say that F has the STRIC
(stripes covering) property if for any sets X,Y € F we have

X(X)UT[X(Y)] #R>
Thus we can reformulate Lemma 3.1 as follows:

LEMMA 3.7. The family N U MGR has the STRIC property.

Suppose that § € [0,7). By mp: R?> — R we denote the projection on
the z-axis in direction 6. If 7 C P(R) then we define the following cardinal
coefficient:

STRIC(F) = min {\@| 1O C[0,m)AIr.o—FF is 1-1A U T, H(F(6)) :Rz}.
0O
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PROBLEM 3.8. Suppose that (0;,1; € [0,7) : i € w), where 0; # u;, and
let M € MGR and N € N. Is it true that

Um )y u |, (V) #R??
1€w 1€W
If the answer is positive then we can ask what is STRIC(N U MGR).

THEOREM 3.9. Assume CH. There exists a Sierpinski set S C R and
a bijection p: S — S such that ©'[p] and 7'"[p| are Lusin sets. Moreover,

pt=p
Proof. Let (M : £ € wi) be an enumeration of all F, meager subsets of
R and let (N¢ : £ € wi) be an enumeration of all G5 measure zero subsets

of R. At stage { we assume that all x,,y, € R for ;1 < £ have been chosen.
Choose

(ze,y¢) & X( U Neulopyun< 5})
n<g
M, U —M, Tp Yy
UT[X(U 5 u{o}u{2,2.u<§ .
<
Notice that this is possible by Lemma 3.1. Finally, let S = {x¢, ye : € < wi}.
Now define a bijection p: § — S by

z¢ if s =y, for some § < wy,

(s) = ye if s = x¢ for some < wy.

By construction, S is a Sierpinski set. To show that 7’[p] and 7”[p] are Lusin
sets, it suffices to check that

™' ((ze,ye)), ™ ((Ye, ), 7" ((we, ye)) € My for &> p,
ie. x¢ — ye,ye — we,we +ye € My, for £ > p. But this follows immedi-
ately from the definition of (x¢,ve), since (x¢,ye) & T[X (M, U —M,)/2)],
iLe. 77N we,ye) & X((M, U—M,)/2), and therefore (ye — x¢)/2 & M, /2,
(ye —we)/2 ¢ —My/2 and (w¢ +ye)/2 & My/2.
We will show the following theorem.

THEOREM 3.10. Assume CH. Let Y C R be such that Y & N. Then
there exists a Sierpiriski set S and a function p: S —'Y such that 7'[p] and
7"[p] are Lusin sets.

Proof. Let (Mp)gecw, and (Np)gen, be enumerations of all Fi, meager sub-
sets and of all G5, measure zero subsets of R, respectively. From Lemma 3.3
it follows that there exist xg, yg such that

® Tg+ Yo, Ty — Yo g U M, U{xa + Yo, Ta _ya}a
a<f
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® To, Yo ¢ U Ny U {xa + Yo, Ta — ya}7
a<f
eypcY.
Set S = {xg : 6 < wi}. It is obvious that S is a Sierpinski set. Define
p = {{(zg,yp) : 0 € w1}. Obviously p: S — Y. Since 7’[p] = {zg—yp: 0 € w1}
and 7"[p] = {zg + yp : 0 € w1}, both are Lusin sets. m

Following [C] let us recall the following notions. We say that H C R? is
symmetric provided that ¥, yeq (y, 2) € H. The lines {(z,z) : € R} and
{{z,1 —z) : x € R} are denoted by Iy and [2, respectively.

We denote by ¢ the projection onto Iy defined by o((z,y)) = (z — y,
1 —x + y). Notice that 7, 0 o = 7'.

Recall a lemma from [C] but relativised to a perfect set.

LEMMA 3.11. Let P C R be a perfect set. Suppose that p is a finite
measure on R?. Then there exists a symmetric subset H of R? such that

e u(H)=0.
o There exists a G5 subset h C o(P x {0}), dense in o(P x {0}) and such
that o~ (h) C H.

Proof. Similar to the proof of the Lemma from [C]. =

In the next theorem we modify the construction of a Sierpinski set .S and
a function p: S — S having universal measure zero (given in the Theorem
from [C]) to obtain the additional property that there is no function r: S —
S such that 7'[r] and 7”[r] are Lusin sets.

THEOREM 3.12. Assume CH. Suppose that M € MGR is such that
R\ M € N and 0 € M. Then there exist a Sierpirski set S C R and a
bijection p: S — S such that

e p is a universal measure zero set,
e 7[S? C M?.

In particular, there is no function r: S — S such that ©'[r] and ©"[r] are
1

Lusin sets. Moreover, we can assume that p=p~".

Proof. Let P C M N (—M) be a perfect set such that —P = P. Let
(Go : a < wy) be an enumeration of all G5 measure zero subsets of R.
Inductively we construct (analogously to [C]) {(za,¥a) : @ < w1} C R2. Let
(fte : @ < w1) be an enumeration of all finite Borel measures on R?. For each
a < wp choose a symmetric subset H, C R? as in Lemma 3.11. At stage
0 we assume that all points {(q,¥a) : @ < 0} have been chosen. Choose
(xg,yp) such that
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(1) (20, y9) € () Ha,

a<f
(2) <‘T€7y0> Qﬂ';1< U Gau{mouya :O‘<0}>
a<6
Uwzjl( U GaU{Za,Ya : a<¢9}>,
a<f
(3) (zo,y0) € (Mg)?,

where My = (oM —24) N (M —yo) N (20 — M) N (Yo — M) N (M +24) N
(M +yq) , and

(4) z9,yp € M /2,
(5) <$97y9> EH*HH**a

where H* = {(z,y) e +y € M} and H** ={(z,y) v —y,y—x € M}. To
see that such a choice can be made, we first pick a line k C () .y Ho N H**
parallel to [1, and then we pick a (zg, yp) on this line. -

As in Theorem 3.9, set S = {z4,Yn : @ < w1} and define a bijection

p: S — S by
{p(«’ﬂf) = Ve,
p(ye) = we.
Standard calculations show that 7[S%] C M?2. Similarly to [C] we can
show that p is a universal measure zero set. By (2), S is a Sierpinski set. m

Unfortunately, the author has not been able to solve the following prob-
lem:

PROBLEM 3.13. Assume CH. Let M be as in our previous theorem. Does
there exist a Sierpinski set S C R and a bijection p: S — S such that
7[S?% € M? and 7'[p], ™[p] are universal measure zero sets?

The following fact belongs to the set-theoretic folklore.

LEMMA 3.14. Suppose that Q C R is a perfect set and p is a continuous
Borel measure. Suppose that p: X — S (where X C Q and S is a Sierpinski
set) is a function with a UMZ graph. Then there exists a Borel set B* C R?
such that

pC B, Vyerul(B)YNQ]=0.

Proof. Since p € UMZ, there exists a Borel set B C R? such that p C B
and (@ x R) N B is of measure zero with respect to the product measure
1 ® A, where X is the Lebesgue measure on R. By the Fubini theorem there
exists a measure zero G set G C R such that Vyep g p((B)Y N Q) = 0.
Since S is a Sierpinski set, we have |S NG| < w. Let H C @ be such
that Yyeans (p)Y N Q C H, u(H) = 0 and H is a G set. Define B* =
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[B\ (R x G)]U(H x G). Obviously B* is a Borel set. Moreover, p C B* and
Vyer ul(BY 1 Q) = 0.

We will prove the following simple observation.

OBSERVATION 3.15. Suppose that S C R is a Sierpinski set, X C R and
there exists a UMZ function p: X — S. Then X is a totally imperfect set,
i.e. a set with no perfect subset.

Proof. Suppose that there exists p: X — S such that p € UMZ. Let
@) C R be any perfect set. Without loss of generality we may assume that @) is
homeomorphic to the Cantor set. Let u denote the Lebesgue measure defined
on Q. By Lemma 3.14 we can find B* C R? such that V,eg u[(B*)¥)NQ] = 0
and p C B*.

Since S is a Sierpinski set, S € RVN. Therefore Uyes (B)YNQ # Q,

hence @ € U es (B*)Y. Thus @ € U,es(p)”; hence @ ¢ X. This proves
that X is a totally imperfect set. m

On the other hand for some class of small sets (under CH) (in particular,
for Sierpinski sets) there always exists a Sierpinski set such that no p: S — S
is UMZ. Notice that Cox’s argument to prove that (under CH) there exists
a Sierpinski set S such that no p: S — S is UMZ involves Borel sets with
all sections of measure zero. In the next theorem we modify Cox’s argument
using RN sets.

THEOREM 3.16. Assume CH. Suppose that S is a Sierpinski set. Then
there exists a Sierpiniski set Sy such that |S1| = 2¥ and no p: S — S is
UMZ.

Proof. Suppose that (Bg)g<,, is an enumeration of all Borel sets B C R?
such that Vycr (B)Y € N. Let (Gg)gew, be any enumeration of all G5 measure
zero subsets of R. We will construct by transfinite induction a sequence
(xg)pew, - At stage 6 we choose

20 ¢ |J GaUfzaa<oyu (U Ba) 18]

a<f a<f

where B~1Y] = {z : 3yey (z,y) € B}. The choice of z4 is possible, since
Vyer (Uncp Ba)? € N and therefore (U, .y Ba) '[S] & co-N, by the fact
that S € RV, since S is a Sierpifnski set. Next, define S7 = {zg:0 €wi}. Ttis
easy to see that S7 is a Sierpinski set. Moreover, suppose that p: S; — S has
universal measure zero graph. By Lemma 3.14 (applied to @ = R and p = A,
the Lebesgue measure on R) we can find a § < w; such that p C By. Next,
S1=p[S] C B, '[S], and therefore x¢ ¢ S, which is a contradiction.

PrROBLEM 3.17. Can we assume in the previous theorem that S is only
an RN set?
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THEOREM 3.18. Assume CH. Then there exists a Sierpinski set S C R
such that there exists a UMZ function p: S — S but there is no function
r: S — S such that 7'[r], 7"[r] € UMZ.

Proof. We construct S by induction. Let (14)ger be an enumeration of
all continuous measures defined on all Borel subsets of R2. For each 6 € w; let
Hy be a dense G subset of R such that pg((7')}[Hp]) = 0 and —Hy = Hy.
Such a set exists by Cox’s Lemma from [C]. Let (Gg)g<,, be an enumeration
of all G5 measure zero subsets of R.

Assume that we have chosen z,, y, for u < 6. First choose ty €
Mu<o Hu \ {0}. Next, choose xg such that

(6) {zo, 29 — to} N {ap,yp 1 p < 0} =0,
(7) {;U@?x@ - t@} N U Gy - @7
n<f
(8) (379 + {muvyu p < 0}) N G@ = @,
(9) {2$9, 29 — tg} NGy = @,
(10) {zo, 39 — to} N | J(Gu — 2,) = 0.
u<6

Define yg = xg — tg and S = {zp,yp : 0 < w1}. It follows immediately from
(6) and (7) that S is a Sierpinski set.

Define

p={{zo,yp) : 0 <wi} U{(yp,z0) : 0 <wi}.

It is easy to observe that p: S — S. Let § € wj. Then for each p > 6
we have z, —y, = t, € Hy, hence (z,,y,) € (7')"'(Hy). Thus
po({{xu, yu) : £ > 0}) = 0 and therefore pg({(za,ya) : @ <wi}) = 0. Since
—t, € Hp, the same argument shows that py({(ya,za) : @ < wi1}) = 0,
therefore 19(p) = 0.

By way of contradiction suppose that there is p: S — S such that
7'[p],7"[p] € UMZ. In particular, 7”[p] € N, so 7”[p] C Gp for some
0 < wi. Hence zy 4 p(zg) € Gy. We will consider three cases.

CASE 1: p(zg) € {xp,y,} for some p < 0. Then (zg+{x,, y.}) NGy # 0,
contrary to (8).

CASE 2: p(zg) € {zp,yp}. Then 2xy € Gy or 2z9 — ty € Gy, contrary
to (9).

CASE 3: p(zg) € {z,,y,} for some > 0. Then (zg+{zu, y.}) NGy # 0,
contrary to (10). Thus 7”[p] € N, which gives the required property of S. m
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