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AN ELEMENTARY EXACT SEQUENCE OF MODULES
WITH AN APPLICATION TO TILED ORDERS

BY

YOSUKE SAKAI (Tsukuba)

Abstract. Let m > 2 be an integer. By using m submodules of a given module,
we construct a certain exact sequence, which is a well known short exact sequence when
m = 2. As an application, we compute a minimal projective resolution of the Jacobson
radical of a tiled order.

Let R be a ring with an identity, and let M be a right R-module. For
R-submodules X, Y of M, there is an elementary short exact sequence

0> XNY LXaYZ2X+Y —0

where n(t) = (t,—t) for t € X NY and p(z,y) =z +y for (z,y) e XDY.
In this paper, we extend this elementary short exact sequence to the case of
more than two R-submodules of a given right R-module, and as an applica-
tion, we compute a minimal projective resolution of the Jacobson radical of
a tiled order given by Fujita and Oshima [5], which provides a tiled order
of finite global dimension without neat primitive idempotent (see [1], [4] for
neat primitive idempotents, [3], [4], [6]-[8], [10], [13] for global dimension of
tiled orders), and e.g. [11], [12], [14], [15] for further facts on tiled orders).
In [6], Jansen and Odenthal found a series of tiled orders having large
global dimension. In order to compute the global dimension of their tiled
orders, they used a short exact sequence constructed with three irreducible
lattices. We begin by clarifying the short exact sequence used in [6].

PRrROPOSITION 1. Let X,Y,Z be R-submodules of a right R-module M.
Let

(XNnZ)a¥nX)e(ZnY) L XeYeZ2X+Y +2Z—0
be a sequence of R-modules and R-homomorphisms defined by

go(x,y, Z) =r+y+z, ¢(33an0720) = (;UO — Y0, Yo — 20, 20 — ZCO)
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forall (x,y,2) € X®Y ® Z and (x9,y0,20) € (XNZ)d (Y NX)D(ZNY).
Then:

(1) Kery 2 XNYNZ, Imyp C Kery and ¢ is surjective.

(2) The following are equivalent:
(a) Imvy) = Ker .
(b) (X+Y)NZCcX+(YNZ).
(¢c) For any (x,y,z) € Kerp, there exists xg € X N Z such that

To—T €Y.

(3) If two of X,Y,Z are related by inclusion, then Imy = Ker .

(4) Suppose that XNY NZ =Y NZ. ThenImy =2 (X NZ)d (Y NX).
If the equivalent conditions of (2) hold, then there is a short exact
sequence

0-(XN2)e(YNX)-XoY®Z5X+Y+2Z—0.

Proof. (1) Straightforward.

(2) (a)=(b) Take an arbitrary z +y =z € (X +Y) N Z where z € X,
y€e€Y,z€eZ. Then (z,y,—z) € Ker p. Hence (z,y,—2) = (20 — Y0, Yo — 20,
29 — xp) for some (zg,y0,20) € (X NZ)@ (Y NX)®(ZNY). Then z =
xo—2€ X+ (Y NZ).

(b)=(c) Let (x,y,2) € Kerp. Then z = —z —y € (X +Y)NZ C
X+ (Y NZ). Hence z = —z¢ + 2o for some xzp € X and 29 € Y N Z. Hence
ro—x=x0+y+z=y+z2 €Y.

(¢c)=(a) Take an arbitrary (x,y,z) € Ker¢. Then there exists zp €
X NZ such that xg —z € Y. Put yp = g — = and 29 = yo — y. Then
w=xo—crz€EYNXandzp=y—y=yo+r+z=x90+2€ ZNY. Hence
(z,v,2) = Y(z0, Y0, 20) € Imp.

B)IXCY,then ( X+Y)NZ=YNZCX+(YNZ).IfY C X, then
(X+Y)NZ=XNZ C X+(YNZ). It X C Z, then (X+Y)NZ = X+(YNZ)
by the modular law. If Z C X, then (X +Y)NZ CZcCc X+ (Y NnZ). If
Y C Z then ( X+Y)NZ C X+Y =X+ (YNZ).If Z CY, then
(X+Y)NnZcZcCcX+(YNnZ).

(4) Since X NY NZ=2ZNY, we can define an R-isomorphism

0: ( XNnZ)ya(YNnX)e(ZnY)—= (XnZ)a(YNX)® (ZNY)

by O(x,y,2) = (x—z,y—2z,2) for all (z,y,2) € (XNZ)d (Y NX)B(ZNY).
Then we have a commutative diagram with exact rows

0 —— XNYNZ = (XNnZ)a(YNX)® (ZNY)

H g

0 —— XNYNZ —— (XnZ)a(YnX)&(ZNY)
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where n(t) = (t,t,t) and i(t) = (0,0,¢) for all t € X NY N Z. Hence
Im1 = Coker n = Coker i = (X NZ)® (Y NX). u

In what follows, D is a discrete valuation ring with a unique maximal
ideal 7D and a quotient field K.

Let n > 2 be an integer, and let {)\;; | 1 < 1,7 < n} be a set of n? integers
satisfying A = 0, Aik + A > Aij for all 1 < 4,5,k <n. Then A = (mii D)
is a semiperfect Noetherian D-subalgebra of the full n x n matrix algebra
M, (K), and A is a D-order in M, (K) (see [9]). Following [7] and [13], we
call such a D-order A a tiled D-orderin M, (K) (see also Chapter 13 of [11]).
We note that A is basic if and only if A;; + Aj; > 0 for all 1 <, 5 < n with
i # j.

Let V = K" = (K,...,K) be a simple right M,,(K)-module. Assume
that ai,...,a, are integers satisfying a; + \;; > a; for all 1 <14, j < n. Then
L= (m"D,...,m D) is aright A-submodule of V. We call L an irreducible
right A-lattice in V' (see [10] and [15]).

The following fact is well known (see Lemmas 1.9, 1.10 of [6]).

COROLLARY 2. Let A = (7% D) be a basic tiled D-order in M, (K), and
let X,Y, Z be irreducible right A-lattices in V. = K". Then:

(1) There is an exact sequence
0—-XNYNZL(XnZ)a(¥YnX)®(ZNY)

S XaYoeZA X4V +2Z—0

of right A-lattices.
(2) Suppose that XNY NZ =Y NZ. Then there is a short exact sequence

0O—-XnZ)ea(YNX) - XY Z—-X+Y+2Z—-0
of Tight A-lattices.

Proof. (1) By Proposition 1(1), it is sufficient to show that Im 1) = Ker ¢.
Put X = (X4,...,X,), Y =M,....Y5), Z = (Z1,...,Z,) where Xj, Y,
Z;j (1 < j < n) are nonzero ideals of D. Let (z,y,z) € Keryp, and let
x=(x5),y = (yj),2 = (25) where z; € X;,y; €Y}, 2, € Zyfor j=1,...,n.
Then z; +y; + z; = 0 for each 1 < j < n. Since D is a discrete valuation
ring, X;,Y}, Z; can be linearly ordered by inclusion, for each 1 < j < n.
Hence by (3) and (2) of Proposition 1, we can find zg = (zo;) € X N Z such
that 29 — 2 € Y. Hence Proposition 1(2) implies that Im ¢ = Ker ¢.

(2) This follows from (1) and Proposition 1(4). =

LEMMA 3. Let X,Y,Z be nonzero ideals of a principal ideal domain.
Then (X +Y)NZCc X+ (Y NZ).

Proof. Since each nonzero ideal of a principal ideal domain is generated
by a product of prime elements, it suffices to show that max{min{a, 8},~}
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> min{a, max{F,v}} for any integers a, (3,7 > 0. If « < < ~, then
max{min{«, 5},7} = v > a = min{a, max{3,~}}. Similarly, we can check
the remaining cases. u

REMARK. (1) The converse of Proposition 1(3) does not hold in general.
By Lemma 3, we can find such examples among ideals of principal ideal
domains. In fact, for example, let R = Z be the ring of integers, and let
X =27,Y =3%,7Z = 5Z. Then (2Z+3Z)N5Z = 57 C Z = 27+ (3ZN5Z),
but no two of 2Z, 37, 5Z are related by inclusion.

(2) The sequence of Proposition 1 is not exact in general. In fact, let
R = Z[t] be the polynomial ring over Z in the indeterminate ¢, and let
X =2R,Y=1tR,Z=(2+4t)R. Then (X+Y)NZ ¢ X + (Y NZ), because
24+t X +(YNn2Z).

Next, we explore analogous elementary exact sequences constructed by
using more than three submodules of a given module.

PROPOSITION 4. Let R be an arbitrary ring and let X1,..., X, = Xo
be R-submodules of a right R-module M, where m > 3. Let

i=1 i=1 i=1
be a sequence of R-modules and R-homomorphisms defined by

1, Ym) = W1=Y2, s Y1 —Yms Ym—v1) and @(1, ..., Tn) =Y ;

Jor (yi,....ym) € B~ (XiNXi—1) and (z1,...,2m) € D~ X;. Then:
(1) Kery = (", X;, Imep C Kerp and ¢ is surjective.
(2) For any fized 1 < a < m, the following two statements are equiva-
lent:
(a) Imvy = Ker .
(b) For any (z;) € Ker, there exists y € Xq N Xy, such that y —
(g + -+ ) € Xpyq for allt (a <t < a+m—3), where the
indices are counted modulo m.
(3) Suppose that there exist 1 < a,b < m such that X, C X; C Xj for
all 1 < i < m. Then the following two statements are equivalent:
(a) Imvy = Ker .
(b) Xe CXgp1 C--CXp 1 CXpand X, C Xgo1 C-+- C Xpy1 C
Xy, where the indices are counted modulo m.

Proof. (1) Straightforward.
(2) We can assume that a = 1 by shifting the indices.
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(a)=-(b) Let (x;) € Kery. Since Ker p = Im, we have z; = y; — yi+1
(1 < i < m) for some (y;) € P;"1(X; N X;—1), where Y1 = y1. Put
=y € X1NX,,. Then, fort=1,...,m —2,

t

y—(x1 4+ +x) =y — Z(yz — Yit1) = Y1 € X1 N Xy C Xyp1.

i=1

(b)=-(a) Let (z;) € Ker¢. Then, by (a), there exists y € X1 N X,,, such
that y—(z14- - 4x¢) € Xpy1 for 1 <t <m—2.Puty; :=yandy; :=y—(z1+
cotxiq)for2<i<m.Thenyy =y=y—(z14+ -+ Tm) = Ym — Tm, and
for2<i<m,y;=y—(r1+ - -+xi—1) = yi-1—x;—1. Hence z; = y;—y;4+1 for
1 < ¢ < m, where yp,+1 = y1. Since y1 € X1NX,, and ypp1 = ye — ¢ € X1
for 1 <t <m — 2, it follows that y; € X; N X;_1 for 1 < ¢ <m —1, and
Ym = Ym-1 — Tm-1 € Xm_1 N Xy, because y,, = y1 + T, € X,,. Hence
(zi) = ¥(y;) € Im .

(3) Without loss of generality, we can assume that a = 1.

(=) Let 2 < r < b and take an arbitrary = € X,. For 1 <i < m, we set

—x ifi=r,
Ti=4 if i = b,
0 otherwise.
Then (z;) € Ker ¢. It follows from (2) that there exists y € X1NX,, such that
y+r=y—(r1+---+x,) € X;41. Hence z € X, 1, because y € X1 C X, 41,
and we get X, C X,11. Therefore X1 C Xo C --- C Xp_1 C Xp.
Let b < s < m and take an arbitrary x € X,. For 1 <1 < m, set
T ifi =s,
wi =% —x ifi=b,
0 otherwise.
Then (z;) € Ker¢. It follows from (2) that there exists y € X; N X, such
that y + 2 = y+ (zm + -+ 25) =y — (v1+ -+ + 25-1) € Xs-1. Hence
X, C Xg_q forallb<s<m.

(<) Let (x;) € Kerp. Put y ;=21 € X1 = Xi N X, If 1 <t < b, then
y— (1 +-4ax) = —(ra+-+m) € X4 C Xy b <t <m-—2
then y — (z1+ -4+ 2) =y + (&m + -+ + T141) € Xiy1. Hence (2) yields
Kerop =Imv. n

REMARK. We notice that the sequence of Proposition 4 is not always
exact, even if Xy,..., X;, can be linearly ordered by inclusion. In fact, for
example, consider the submodules X| =47 C X3 =27 C X9 = X4y = Z of
M = 7. Then it follows from Proposition 4(3) that the sequence

4

4 4
=1 =1

=1
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is not exact. However, if we interchange the indices of X9 and X3, then
X1 =47 C X9 =27 C X3 = X4 = Z and the sequence is exact.

The following is a generalization of Corollary 2.

COROLLARY 5. Let A = (7% D) be a basic tiled D-order in M, (K), and
let Ly = (L11,---y L1n), -« s Lin = (Linis - -+, Linn) = Lo be irreducible right
A-lattices in V. = K", where m > 3. For each 1 < j < n, let a;, b; be integers
in {1,...,m} such that Lo, j C Lijj C Ly, ; for all 1 <i < m. Let

m m m
i=1 i=1 i=1
be a sequence of A-lattices and A-homomorphisms defined by
m
YW1 Ym) = (1= V2o Yt — Yo Ym — Y1), P(X1, o T) = Y T
i=1

for (yi,....ym) € Bj~,(Li N Li—1) and (x1,...,zm) € D~ L.
(1) The following statements are equivalent:
(a) Imvy) = Ker .
(b) For each 1 < j < m, L;j C Liy1j for all i € {1,...,m} with
a; < i <b; (modm) and L;j C Li—1; for all i € {1,...,m}
with a; > i > b; (mod m).
(2) Suppose that the equivalent conditions of (1) hold. Then there is an
exact sequence
m m m m
i=1 i=1 i=1 i=1
of right A-lattices. In particular, if (\;=y Li = Ly—1M Ly, then there
1s a short exact sequence

m—1 m m
=1 =1 i=1

of right A-lattices.

Proof. Apply Proposition 4 and the arguments used in the proof of
Corollary 2. m

REMARK. Condition (b) always holds if m = 3.

As an application of our elementary exact sequence, we compute a min-
imal projective resolution of the Jacobson radical of a tiled D-order given
by Fujita and Oshima [5].
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We use the following notations. Let A = (7 D) be a basic tiled D-order
in M,,(K), and let J(A) be the Jacobson radical of A. For each 1 <1i < n,
let e; € M,,(K) be the matrix whose (7,7)-entry is 1 and the other entries
are 0. For each 1 < i <mn, let P; be the irreducible right A-lattice

P = (r*1D,...,mnD)
inV = K", and let
Ji = PiJ(A) ~ e;J ()
be the radical of P; >~ e;A for 1 < i < n. Moreover, we put
Si =P/ J;

for each 1 < i <mn. Then P; (1 <i < n) are the indecomposable projective
right A-modules, and S; (1 <i < n) are the simple right A-modules.

EXAMPLE 6. We compute minimal projective resolutions of J; (1 <1 <
13) for the following basic (0, 1)-tiled D-order A in M;3(K) where w = 7D
(see [15] and Chapter 13 of [11]):

D m = D D ~ D D D D D D
@ D m D D D D w w D D D D
@ = D  ~ D D D D D D D D
™ 7« m D w x wmw w D w D 7w
™ # 7 D w7 ™ ™ D w™ D
T # wm ™ w D w ® w DD w™ 7
A=|lm # « « @« # D m «# © m D D
™ wm w w ™ ® ® D & w D D 7w
T 7« ™ ® ®w wm ® D D ™ w™ D
™ wm w w ™ w® ® ® ® D w wow
T 7 ™ T ®™w w® ™ ™ D ww
™ wm w w™ w®™ ® ® ® ® °w® ®w® D 7w
T w ® ®w ® ®w w® w™ D

Let F' := D/m be the residue field, and let A be the F-algebra A/M3(7). It
follows from [2] that the link graph of A is obtained from the Gabriel quiver
Q(A) of A by adding the arrows from non-domains in Q(A) to non-ranges
in Q(A) to the set of arrows of Q(A). Note that Q(A) is the quiver
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e % |
10 11 12 13

STEP 1. Since Ji/J1J(A) = Sy & S5 @ Ss @ Sy, J; has the projective

cover

@:P4@P5@P8@P9 — Ji, (.%'4,.%5,1’8,$9) — X4+ X5 + X8 + Xg.

Note also that the modules Py, Ps, P5, Py satisfy condition (b) of Corollary
5 in that order. Moreover, Py N Py = Pyg, PsN Py = Py, PsN Py = Pjq,
PynNPs = Pisgand PyN PsN Ps N Py = Jyp. Hence, by Corollary 5, we have
the exact sequence

0 — Jio - Pio® Pia @ P11 ® Py3 £P4€BP8@P569P9 2 —0.
Note that Pig @ Pia & P11 & Pi3 iz}» Im is a projective cover, because
Imn C (Pio® P11 @ Pia @ Pi3)J(A). Similarly, we get the exact sequences

0—-Jog—=Po®PodPriPPi3s—PLdFPdPsdPr— J,— 0,

0—Jio—=PoPPiu® PP Pz = PO PRSP, &Py — J3— 0.

STEP 2. Note that J; (4 <1i < 9) have the following projective covers:
0— Jig— Pio® P2 — Jy — 0,
0—>J10—>P11€BP13—>J5_’07
0— Jig— Pio® P11 — Jg — 0,

0— Jig— Po® Pi3s— J;— 0,
0— Jig— Pi1® Py— Jg— 0,
0— Jig— Pio® P13 — Jg — 0.

STEP 3. Note that X = (D,...,D) = Jio = Ji1 = Ji2 = Jiz and
X/XJ(A) =8, & Sy@ Ss. Hence by Corollary 2, we get the exact sequence

0 — PINPNP; 5 (PINPy)@(PanP) @ (PsNPy) % PLaPaPs L X — 0.
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If we put Y := Ker f, then we get two short exact sequences

0-Y >PaPeP X -0,
0P NPNPL (PNP) @ (PNP) @ (P3N P) 5 Y —0.

Note that the projective covers of Py NP3, PoN P;, and P3N P, are given by
0—=Jig—FReP—PNP;—0,
0—Jigo— PP, — PNP —0,
0—Jig— FPsd Pr— P3NPy, —0.

Hence (P, N P3) @ (P, N Py) @ (P3N P») has the projective cover

O—>J10@J10@J10—>Pi> (Plﬂpg)@(Pgﬁpl)@(PgﬂPQ) — 0,
where P:= P, ® Ps @ Py ® P; & Py ® Py. Note that
Imh C[(PLNP3)® (PN P)® (P3N Py)]J(A).

Hence, the projective cover of Y has the form

0—-z-PX%y o
where
Z:=Kerfog
= {(x4, x5, 6, 27,28, T9) € P | x4 + x5 = 26 + x7 = T8 + X9 }.
STEP 4. Note that

Pyo+Po=Jy,CPy, P+ Pi3=JsCPhHs,

Po+Pu=Js C P, Pao+hP3=J;CPh,

P+ Po=Jg C P, P+ Pi3z=JyCDh.
Hence, we obtain a A-homomorphism « : Pig® P11 ® Pio ® P13 — Z defined
by

1 01 0
10 01 01 10
11 1 1 0 0 11
(0% —
12 0 0 11 T12
13 01 1 0 I13
1 0 01

CrAam 1. If char F' # 2 then « is an isomorphism.

Proof. First note that 2 € D \ 7D and 2 is invertible in D, because
char F' # 2.

Let (x10, 711,212, 213) € Kera.. Then 2z19 = x19 + 212 + 210 + 211 = 0,
and similarly 2217 = 0, 2212 = 0, 2213 = 0. Hence (z10, 211, 212, 713) =
(0,0,0,0), so that « is a monomorphism.
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Let (x4, x5, x6, x7, 28, 9) € Z. Since x4+ x5 = T+ 7 = T8+ x9, We put
2210 ;= x4 + Tg — T§ = T9 — Ty + Tg = T4 + T9g — T7,
211 := x5+ g — T9g = xg — T4 + Tg = Ty + T — T7,
2010 ;= x4+ X7 — 9 = X8 — Ty + T7 = T4 + T — Tg,
2x13 1= x5 + X7 — g = X9 — Ty + T7 = T5 + Tg — Tg.
Further, we put x; = (z1,...,2513) € P; (4 < i < 9). Then, for each
1 < j <13 with j # 10, we have T45+Tej — T8 = X9j —T5j+X6j = T4j+T9;j—
x7; € mD. Hence x19 € Pjo. Similarly, we check that x11 € P11, 212 € P2,
x13 € Pi3. Hence « is an epimorphism, because a(zig,z11,%12,213) =
(1'4, L5, L6, L7, T8, IEQ)- u
Cram 2. If char F' # 2, then gl.dim A =5 and A has no neat primitive

idempotent.

Proof. 1t follows from Steps 3, 4 and Claim 1 that Jj (10 < k < 13) has
the minimal projective resolution

13 9 3

i=10 i=4 i=1
Note that every P; (1 <1 < 13) appears in the above resolution, and that
minimal projective resolutions of Ji (1 < k < 9) are given by connecting
the above resolution to the sequences of Steps 1 and 2. Hence gl.dim A =
sup{pd J; | 1 <i <13} +1 =5, and it follows from Proposition 1 of [4] that
no ¢; (1 <4 <13) is neat. m

STEP 5. Note that for any x19 = (.%'1071, .. .,1'10,13) € Jig C Pio, 105 €
wD for each 1 < 5 < 13. Hence we get a A-homomorphism 3 : Jig — Z
defined by

B(x10) = (710, 0, 10,0, 210, 0).
CraM 3. If char F' = 2 then 3 is a split monomorphism.

Proof. For any (x4, x5, %6, T7,2T8,29) € Z, put y := x4 + x5 = Tg + T7 =

g + 19 and z 1= x4 —x¢ + x8 = —x5 + x7 + 83 = T4 + 7 — T9. Put
y = (y1,...,913) and z = (z1,...,213). Then for each 1 < j < 13 with
J#12, z; = 245 — xej + x8j = —T5; + T7j + X8j = Taj + T7; — 9 € wD. If

J =12, then z12 = T4,12 — ®6,12 + T8,12 = 2Y12 — T5,12 — T6,12 — T9,12 € ™D
because 2 € mD. Hence we get a A-homomorphism 3’ : Z — Jyg defined by

/
B' (x4, x5, 6, 77,78, T9) = Ty — T + Ts.
Since we can check that 5 o 3 =idj,,, 0 is a split monomorphism. =

CramM 4. If char F' = 2, then gl.dim A = co.
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Proof. 1t follows from Step 3 that there exists a long exact sequence
9 3
O—>Z—>@P¢—>@PZ’—>J10HO.
i=4 i=1
Claim 3 shows that Z ~ Jjg @ W for some right A-lattice W. Therefore
pd Jig = ¢ and gl.dim A = oc0. =

REMARK. Extending the (0, 1)-tiled D-order A in M;3(K) of Example 6,
for each n > 14, one can construct a basic (0, 1)-tiled D-order A,, in M, (K)
such gl.dim A = 5 if char F' # 2, and gl.dim A = oo if char F' = 2. In fact,
for example, let A,, be the F-algebra whose quiver Q(A,) is obtained by
adding arrows n — n — 1 — --- — 13 to the quiver Q(A) of the F-algebra
A = A/Mi3(7), and let A, be the (0,1)-tiled D-order in M, (K) such that
Ay, = Ap /My, (7). Then gl.dim A, = 5 if char F' # 2 and gl.dim A,, = oo if
char F' = 2 as in Example 6.
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