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Abstract. Assume that S is a commutative complete discrete valuation domain of
characteristic p, S™ is the unit group of S and G = G, X B is a finite group, where Gp
is a p-group and B is a p’-group. Denote by S*G the twisted group algebra of G over S
with a 2-cocycle A € Z2(G, S*). We give necessary and sufficient conditions for S*G to
be of OTP representation type, in the sense that every indecomposable S*G-module is
isomorphic to the outer tensor product V # W of an indecomposable S*G,-module V and
an irreducible S* B-module W.

0. Introduction. In [I0], Brauer and Feit proved that if G = G, x B
and L is an algebraically closed field of characteristic p, then the group al-
gebra LG is of OTP representation type. Blau [9] and Gudyvok [17, 18]
independently showed that if L is an arbitrary field of characteristic p, then
LG is of OTP representation type if and only if Gy, is cyclic or L is a split-
ting field for B. Gudyvok [19, 20] also investigated a similar problem for
group algebras RG, where R is a commutative complete discrete valua-
tion domain. In particular, he proved that if R is of characteristic p and
F' is the quotient field of R, then RG is of OTP representation type if and
only if |G,| = 2 or F' is a splitting field for B. In [3]-[6], the results of
Blau and Gudyvok are generalized to twisted group algebras L G, where
L is either a field of characteristic p, or a commutative complete discrete
valuation domain of characteristic p and A € Z2(G, L*) satisfies a specific
condition. Let L be a field of characteristic p. The main theorem in [4] as-
serts that, under suitable assumptions, L*G is of OTP representation type
if and only if L*G), is a uniserial algebra or L is a splitting field for L*B.
In [5], necessary and sufficient conditions on G and L were given for G to
be of OTP projective L-representation type, in the sense that there exists
a cocycle A € Z%(G,L*) such that L*G is of OTP representation type.
Let L = K[[X]] be the ring of formal power series in the indeterminate
X with coefficients in a field K of characteristic p. Twisted group algebras
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L*G of OTP representation type with A\ € Z%(G,K*) were described in
I3, [6].

The reader is referred to [22, p. 66] for a definition of the twisted group
algebra.

In the present work we determine new classes of twisted group algebras
SAG of OTP representation type, where G = Gpx B and S is a commutative
complete discrete valuation domain of characteristic p > 2.

By [28] p. 307], S is isomorphic to the ring K[[X]], where K is a field of
characteristic p. Throughout this paper, S denotes K[[X]] and T' the quotient
field of S. By a principal unit in S we understand an element f(X) € S
such that f(X) = 1 (mod X). Denote by S§ the group of principal units
of S. Then S* = K* x 5. Let ¢ be a prime and ¢ # p. Then (53)? = S§.
Moreover S§ does not contain a primitive gth root of 1. By [22] Theorem 1.7,
p. 11], every 2-cocycle o € Z%(B, S§) is a coboundary. Hence each 2-cocycle
T € Z%(B, %) is cohomologous to a 2-cocycle v € Z2(B, K*). Therefore we
shall use as a rule only K*-valued 2-cocycles of B. We also assume that if G,
is non-abelian, then [K (&) : K] is not divisible by p, where ¢ is a primitive
(exp B)th root of 1.

Let us briefly present the main results obtained. Let p # 2, G = G\, X B,
2 be the subgroup of S* generated by K* and (S*)P, u € Z%(Gp, 2), v €
Z%(B,K*) and A\ = u x v. We prove in Theorem that the algebra S*G
is of OTP representation type if and only if one of the following conditions
is satisfied:

(i) G, is abelian and THG), is a field;
(ii) K is a splitting field for K”B.

Assume now that p = 2, G = G2 x B, |G| # 2; £2 is the subgroup of S*
generated by K* and (S*)*; p € Z?(Go,02), v € Z*>(B,K*) and A = u x v.
We show in Theorem that the algebra S*G is of OTP representation
type if and only if one of the following conditions is satisfied:

(i) Ga is abelian and dimgp (T+Ge/rad TFG2) > |G| /2;
(ii) K is a splitting field for K B.

We obtain similar results also in the case when {2 is a subgroup of 5* gen-
erated by K* and f(X), where f(X) =1 (mod X) and f(X) # 1 (mod X?)
(Theorem [3.10).

We note that the results derived are generalizations of Proposition 3
in [6], where p € Z%(Gp, K*).

Throughout the paper, we use the standard group representation theory
notation and terminology introduced in the monographs by Alperin [I], Ben-
son [7], Curtis and Reiner [11 12} 13], and Karpilovsky [21] 22]. The books
by Karpilovsky give a systematic account of the projective representation
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theory. For problems and solutions of the representation theory of orders
in finite-dimensional algebras, we refer to the books by Curtis and Reiner.
A background of the representation theory of finite-dimensional algebras can
be found in the monographs by Assem, Simson and Skowronski [2], Drozd
and Kirichenko [I5], Simson [24], and Simson and Skowronski [27], where
among other things the representation types (finite, tame, wild) of finite
groups and algebras are discussed. Various aspects of representation types
are considered also in the papers by Dowbor and Simson [14], Simson [25],
and Simson and Skowroriski [26].

1. Preliminaries. Throughout this paper, we use the following nota-
tion: K is a field of characteristic p; K* is the multiplicative group of K,
S = K[[X]], 8" = {a' : @ € S}, S* is the unit group of S, (5*)! = {da’ :
a € S*}, T is the quotient field of S; G = G, x B is a finite group, where
Gp is a Sylow p-subgroup and |G)| > 1, |B| > 1; G}, is the commutator
subgroup of a group Gj; e is the identity element of a group H, |h| is the
order of h € H; soc A is the socle of an abelian group A and exp H is the
exponent of H. Unless stated otherwise, we assume that if G, is non-abelian,
then [K(§) : K] is not divisible by p, where £ is a primitive (exp B)th root
of 1. We assume also that all cocycle groups are defined with respect to the
trivial action of the underlying group on S*. An S-basis {u, : h € H} of
S H satisfying uqup = AapUay for all a,b € H is called canonical (corre-
sponding to A\ € Z2(H,S*)). We often identify yu, with v € S. If D is a
subgroup of H, then the restriction of A\ € Z2(H,S*) to D x D will also
be denoted by A. We suppose that in this case S*D is the S-subalgebra of
SMH consisting of all S-linear combinations of the elements {uy4 : d € D},
where {uj, : h € H} is a canonical S-basis of S*H corresponding to . Given
A€ Z%(H,K*), K*H denotes the twisted group algebra of H over K and
K*H the quotient algebra of K*H by the radical rad K*H.

Let Gp = (a1) X - -+ X (am,) be an abelian p-group of type (p"™,...,p"™).
For each cocycle u € Z*(Gp, S*), the algebra S*G,, is commutative. The
algebra S*G), has a canonical S-basis {v, : g € G} satisfying the following
conditions:

(1) ifg:ajl'l---aﬁ'ﬁn and 0 < j; < p™ for every i € {1,...,m}, then
vg =V uim
(2) vh," = vive, where 7; = Hagaittasa? - - Py ali Ti = i — 1.

We denote the algebra S*G), also by [Gp, S, 71, ..,Ym]. Similarly, if 4 €
Z2(G,p, K*), then we denote the algebra K*G), by [Gp, K, V1, .. ., Vm) as well.

Let R be either a field of characteristic p, or a commutative complete
discrete valuation domain of characteristic p, and G = G, x B. Given p €
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Z?(Gyp, R*) and v € Z?(B, R*), the map p x v: G x G — R* defined by

(:u X V)mbhxzbz = Haz1,22 " Vby,bas

for all 1,29 € G)p, b1,ba € B, belongs to Z%(G,R*). Every cocycle \ €
Z?(G, R*) is cohomologous to 1 x v, where y is the restriction of A to G x G,
and v is the restriction of A to B x B.

From now on, we assume that each cocycle A € Z?(G, R*) under consid-
eration satisfies the condition A = y x v, and all R*G-modules are assumed
to be finitely generated left R*G-modules which are R-free.

Let A = ux v € Z?(G,R*) and {u, : g € G} be a canonical R-basis of
RAG. Then {uy, : h € G} is a canonical R-basis of RFG), and {uy : b € B}
is a canonical R-basis of RVB. Moreover, if g = hb, where g € G, h € G,
b € B, then uy = upuy = upuy,. It follows that RM\G R'G, ®r R”B.

Given an R*Gp-module V' and an R” B-module W, we denote by V # W
the R*G-module whose underlying R-module is V ®z W with R*G-module
structure given by

Upp(V @ W) = upv @ upw

forallh € Gy, be B,veV,we W, and extended to R)\G and V @pr W by
R-linearity. The module V# W is called the outer tensor product of V-and W
(see [22, p. 122]). The algebra R G is defined to be of OTP representation
type if every indecomposable R*G-module is isomorphic to the outer tensor
product V # W, where V' is an indecomposable R*Gp,-module and W is an
irreducible R¥ B-module.

Given an R* H-module V, we write End paz (V) for the ring of all R*H-
endomorphisms of V', rad End pa ;7 (V') for the Jacobson radical of End pa (V)
and End pa g (V) for the quotient ring

EndR)\H<V)/rad EndRAH(V)

LEMMA 1.1. Let R be either a field of characteristic p, or a commuta-
twe complete discrete valuation domain of characteristic p, G = G, X B,
p€ Z%Gy, R), v € Z%B,R*) and A = pu x v. The algebra R G is of OTP
representation type if and only if the outer tensor product of any indecom-
posable R*G,-module and any irreducible R” B-module is an indecomposable
R G-module.

The proof is similar to that of the corresponding fact for a group algebra
(see [9, p. 41], [20, p. 68] and |21, p. 658]).

LEMMA 1.2. Let R be either a field of characteristic p, or a commutative
complete discrete valuation domain of characteristic p, G = Gp X B, u €
Z2(Gp, R*), v € Z*(B,R*) and A = pu xv. If V is an indecomposable R*G-
module and W is an irreducible R¥ B-module, then
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Endpag(V # W) = Endpuc, (V) @ Endpe (W),
where R is the residue class field of R.
Proof. See [0, p. 15]. »

LEMMA 1.3. Let R be either a field of characteristic p, or a commutative

complete discrete valuation domain of characteristic p, H a finite group,
A € Z2(H,R*) and V an R H-module. Then V is indecomposable if and
only if Endpag (V) is a skew field.

Proof. Apply Proposition 6.10 of [12 p. 125|. =

LEMMA 1.4. Let S = K[[X]], H be a finite p-group, D a subgroup
of H, \ € Z?(H,S*) and M an indecomposable S* D-module. Assume that
Endgrp(M) is isomorphic to a field F', F D K, and one of the following
conditions is satisfied:

(i) H is abelian;
(ii) [s(F) : K] is not divisible by p, where s(F) is the separable closure
of K in F.

Then
M .= S H @gp M

is an indecomposable S* H-module and End gy (MH) is isomorphic to a field
that is a finite purely inseparable field extension of F.

The proof is similar to that of Lemma 2.2 in [3]. It uses the same idea as
in Theorem 8 of [16].

LEMMA 1.5. Let L be a finite separable field extension of K and H be a
finite p-group. If |H| > 2 then there exists an indecomposable S H-module M
such that Endggy (M) is isomorphic to L.

Proof. See [0, p. 12]. =

LEMMA 1.6. Let K be an arbitrary field of characteristic p, S = K[[X]],
G =Gyx B, ue Z*Gp,S"), ve Z*B,K*) and \ = p x v. If K is a
splitting field for the K-algebra KV B, then S)G is of OTP representation
type.

Proof. See [0, p. 15]. =

Let H be a subgroup of Gy, u € Z*(G,, S*) and 7 € Z%(H, S*). We say
that STH is a u-extended algebra if there exists a subgroup D of G}, and a
cocycle o € Z?(D, S*) such that the following properties hold:

(i) S¥D = S?D as S-algebras;
(ii) H C D and 7 is the restriction of o to H x H;
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(iii) STH is the S-subalgebra of S?D consisting of all S-linear combina-
tions of the elements {vy, : h € H}, where {vg4 : d € D} is a canonical
S-basis of S D corresponding to o.

LEMMA 1.7. Let G = G, x B, G, be abelian, p € Z*(Gp,S*), v €
Z?(B,K*) and A = p x v. Assume that G, has a subgroup H such that
|H| > 2 and SH is a p-extended algebra. Then S G is of OTP representation
type if and only if K is a splitting field for KV B.

Proof. In view of Lemma , SAG is of OTP representation type if K
is a splitting field for K¥B. Suppose that K is not a splitting field for the
K-algebra KYB. Then there is an irreducible S¥ B-module W such that
A := Endgvp(W) is a division K-algebra of dimension greater than one.
Since K” B is a separable K-algebra, by Proposition 7.25 in [12], p. 157], there
exists a splitting field L for K¥ B, which is a finite separable field extension
of K. Since SH is a p-extended algebra, there exists a subgroup D of G,
and o € Z%(D,S*) such that H C D, S*D = S°D and SH = S°H as
S-algebras. By Lemma there is an indecomposable S H-module M such
that Endgy (M) is isomorphic to L. According to Lemma the S7D-
module

MP .= S8°D ®@gy M
is indecomposable and Endgep(MP) is isomorphic to a field L’ that is a
finite purely inseparable field extension of L. Applying again Lemmal[l.4] we
show that the S*G)-module

V= SHG, @gup MP

is indecomposable and Endgsug, (V') is isomorphic to a field I that is a finite
purely inseparable field extension of L'. The F-algebra F @ A is not a skew
field, because F is a splitting field for A. Applying Lemmas [I.2] and
we conclude that V # W is not an indecomposable S*G-module. Hence, by
Lemma SAG is not of OTP representation type. =

LEMMA 1.8. Let B be a finite p'-group. Assume that [K(§) : K] is not
divisible by p, where & is a primitive (exp B)th root of 1. Then, for any K-
algebra K" B, there exists a splitting field L such that [L : K] is not divisible
by p.

Proof. See [3 p. 548|. =

PROPOSITION 1.9. Let G = Gy x B, |G| > 2, p € Z*(Gy,5%), v €
Z%(B,K*) and A\ = pu x v. The algebra S G is of OTP representation type
if and only if K is a splitting field for the K-algebra KV B.

Proof. In view of Corollary 4.10 in [22 p. 42|, the restriction of p to
Gy, x Gy, is a coboundary. By Lemma there exists a splitting field L
for K¥B such that [L : K] is not divisible by p. The field L is a separable
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extension of K. Arguing as in the proof of Lemma[I.7, we deduce that there
is an indecomposable S#Gp-module V' such that Endgug, (V') is isomorphic
to a field F' that is a finite purely inseparable field extension of L. It follows
that if K is not a splitting field for K”B, then the algebra S*G is not of
OTP representation type. m

LEMMA 1.10. Let G = G, x B, p € Z*(G,, S*), v € Z*(B,K*) and A =
p x v. Denote by V' an indecomposable S*G,-module such that Endgug, (V)

is a finite purely inseparable field extension of K. The S*G-module V # W
is indecomposable for any irreducible S¥ B-module W .

Proof. Let L be a finite purely inseparable field extension of K, and
suppose L is K-isomorphic to Endsug, (V). Denote by W the factor module
W/XW and by A the K-algebra Endgrp(W). By Proposition 5.22 in [12]
p. 112] and Theorem 76.8 in [I1], p. 532|, we have

EDdSVB(W) = EHdSVB(W)/X EDdSuB(W) = EIldKVB(W).

The center of the division K-algebra A is a finite separable field extension
of K, because KV B is a separable algebra (see [11] p. 485]). The index of A
is not divisible by p (see [23]). This implies that L @ x A is a skew field. In
view of Lemmas and V # W is an indecomposable S*G-module. =

PROPOSITION 1.11. Let G, be abelian, G = G, x B, u € Z*(G,, S*),
v e ZYB,K*) and A = p x v. Assume that TFG), is a field and S*G,, is the
valuation ring in THG)y. Then SAG is of OTP representation type.

Proof. Let 0 € Z*(Gp, K*) and 0, = pap (mod X) for all a,b € G,,.
Then S*G,/ X S*G), = K°G,. Any indecomposable S*G)p-module is isomor-
phic to the regular S*Gp-module. Since Endgug, (S*G)) = S*G),, we obtain

Endsng, (S*G,) = (S"Gp/ X S*G,) /rad(SFG,/ X S'G,) = KOG,

The K-algebra K9G, is isomorphic to a field that is a finite purely insepa-
rable field extension of K (see [22] p. 74]). By Lemmas|l.1 and SAG is
of OTP representation type. =

2. Twisted group algebras of OTP representation type of a
group G, x B with cyclic G,

PRrROPOSITION 2.1. Let K be an arbitrary field of characteristic p, S =
K[[X]], T the quotient field of S, F a finite purely inseparable field extension
of T, R the valuation domain in F, B a finite p'-group, v € Z*(B, K*) and
R'B=R®g S”B.

(i) If W is an irreducible S” B-module then R ®@s W is an irreducible
RY B-module.
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(ii) If U is an irreducible R¥ B-module then there exists an irreducible
SY B-module W such that U is isomorphic to R ®g W.

Proof. The algebra TV B is separable. If A is a simple component of T B,
then the center of A is a separable field extension of T" and the index of A is
not divisible by p (see [23]). It follows that:

(1) if M is a simple 7% B-module then F' ®7 M is a simple F” B-module,
where F¥B = F @1 TV B;

(2) if M’ is a simple F¥ B-module then there exists a simple 7% B-module
M such that M’ = F @r M.

Assume that W is an irreducible S¥ B-module. Then, by Theorem 75.6
in [II], T ®¢ W is a simple T B-module. It follows that F @7 (T ®g W) is
a simple F” B-module. Since

For(ResW)=ZFar(TesW),

we deduce that R ®¢ W is an irreducible RY B-module.

Suppose now that U is an irreducible R¥ B-module. There exists an ir-
reducible S B-module W such that the F”B-modules F' ®r U and F Q¢
(T'®g W) are isomorphic. Since F @7 (I'®@s W) = F @ (R®s W), we see
that FQrU = F ®@p (R®g W). By Theorem 76.17 in [II], U X R®@sW. n

Let G, be an abelian p-group, G = G, x B, p € Z*(Gp,S*), v €
Z%(B,K*) and A = u x v. Assume that H = (a) is a cyclic group of or-
der p", G, = Ax H, F :=TVA is a field and R := S*A is the valuation
domain in F'. The algebra S*G), can be viewed as a twisted group algebra of
H over R. Denote it by R*H. Let D = H x B. The algebra S*G is a twisted
group algebra R°D of D over the ring R. We have R°D = RF'H ®p RV B.

PROPOSITION 2.2. S G is of OTP S-representation type if and only if
R°D is of OTP R-representation type.

Proof. Let M be an S*G-module. Then M is a finitely generated R-
module. Assume that r € R, v € M, v # 0 and rv = 0. If p' = exp G)p then

P € S. Since *'v = 0 and M is a free S-module, we find that P = 0, hence
r = 0. Therefore M is a torsionfree module over the principal ideal ring R. It
follows that M is a free R-module. This proves that M is an R° D-module.
Conversely, if M is an R D-module then M is a free R-module. Since R is
a free S-module of finite rank, we see that M is an S*G-module. Moreover
M is an indecomposable S*G-module if and only if M is an indecomposable
R? D-module.

Suppose that S*G is of OTP S-representation type. Let V be an inde-
composable R* H-module and U an irreducible R” B-module. By Proposition
there exists an irreducible S B-module W such that U is isomorphic to
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R®sW. By Lemma V ®s W is an indecomposable S*G-module. Hence
V ®g W is an indecomposable R° D-module. Since

VorUZ (VRrR)@sW 2V g W,

we deduce that V®RzU is an indecomposable R D-module. In view of Lemma
[I.1, R?D is of OTP R-representation type.

Conversely, let R°D be of OTP R-representation type. Assume that V'
is an indecomposable S*Gp-module and W is an irreducible S” B-module.
By Proposition U := R®g W is an irreducible R B-module. Since V'
is an indecomposable R*H-module Lemma shows that V ®r U is an
indecomposable R D-module, hence V ®x U is an indecomposable S*G-
module. It follows that V ®g W is an indecomposable S*G-module. By
Lemma SAG is of OTP S-representation type. m

Let F' be a field of characteristic 2 complete with respect to a discrete
valuation, R the valuation domain in F, v € R* and v ¢ R2. Denote by
a root of the irreducible polynomial

Y2n*’}/€R[Y]7 nZ]-a

and by 0 the matrix of multiplication by 6 in the R-basis 1,0,...,0%" ~1 of
the ring R[f]. For n > 1, let p = 6? and p be the matrix of multiplication by
p in the R-basis 1,p,... ,,02”71_1 of the ring R[p]. If n = 1, we shall assume
that p =1 and p is the identity matrix of order 1.

LEMMA 2.3. Let Gy = (a) be a cyclic group of order 2™ (n > 1) and
RFGy = [Ga, R,7%], where 1 € {0,1} and v € R*.

(i) If 1 =0, v € R? and R[0)] is the valuation domain in F(6), then, up
to equivalence, the algebra RFGa has only one indecomposable matriz
R-representation I': uq — 0.

(ii) Letl=1,v¢& R? forn >2 and v =1 for n = 1. If R[p| is the val-
uation domain in F(p), then, up to equivalence, the indecomposable
matriz R-representations of the algebra RFGo are the following:

5 (i
Titug—p, Doyt ug = ('0 <7r~>>, j=0,1,2,...,
0 p
where 7 is a prime element of R[p] and (r7) is the matriz in which
all columns but the last one are zero, and the last column consists of
the coordinates of ™ in the R-basis 1, p,...,p*"  ~! of the ring R[p].

Proof. If | = 0 then RFGy = R[6]. Each R*Go-module M can be con-
sidered as a torsionfree module over the principal ideal ring R[f], therefore
if M # 0 then M = R[0] @ --- ® R[f]. Hence, up to equivalence, the algebra
RFG9 has only one indecomposable R-representation ug — 0.
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Let I =1, M be an arbitrary RFGa-module, M # 0 and
N={veM: (uzni1 — yue)v = 0}.
One can view the R*Gao-module N as a module over the ring
R'Go /(w2 = yue) RMGy = R]p).
Since R|[p] is a principal ideal ring and N is an R[p]-torsionfree module, we
get N = R[p]®---® R[p|. The RFGa-module M/N can also be viewed as an
R[p]-module. Since M is an R-torsionfree module, N N aM = aN for every
o € R.If z € R[p] then 22""' € R, and therefore the equality z(v+ N) = N
yields z = 0 or v € N. This means that M /N is a torsionfree module over
R[p]. Hence in the case N # M we have M/N = R[p] @ - -- & R|[p].
Since every R-basis of N can be extended to an R-basis of M (see |11}

p. 100]), we deduce that a matrix R-representation I" of the algebra RMGy
afforded by the R*(Go-module M can be written in the form

(s)
1% *
= "y o)

where p®) = diag[py,...,ps] and py = --- = p; = p. Using the technique
of [8], we conclude that indecomposable matrix R-representations of the
algebra R*Gq are I'1 and I;, where j =0,1,2,.... =

LEMMA 2.4. Keeping the notation of Lemma[2.3], assume that one of the
following two conditions is satisfied:
(i) 1 =0, v & R? and R[] is the valuation domain in the field F(0);
(i) l=1,vy¢ R ifn>2 ~v=1ifn=1, and R[p] is the valuation
domain in the field F(p).

Then for every indecomposable R*Go-module V', the F*Ga-module FF @p V
1s also indecomposable.

Proof. Let V' be an underlying RFG2-module of the representation I5;,
s =2""1 and

s—1
= Z%’Pl, o; € R.
i=0

Denote by (v1,...,v2s) an R-basis of V' such that

s—1
UqUg = Vg1 for allk & {s,25}, wuqvs = yv1, UgV2s = Zaivi+1+7vs+1-
i=0
Let V := F ®r V. We shall identify v with 1 ® v. We set
s—1
W1 = VUs41y ++-y Ws = V2s, Ws41 = Z%%’H + YUs+1,
i=0

Weip = ulé*lwsﬂ fork=2,...,s.
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Then (wi,...,wss) is an F-basis of V, ugwy = wypy fort =1,...,2s — 1
and u,was = y2w;. Consequently, the F*Go-module Vis isomorphic to the
regular F*Go-module.

If V is an underlying R*Go-module of the representation I, then F®grV
is a simple F*G2-module. u

PROPOSITION 2.5. Let Gy be a cyclic group of order 2" (n > 1), G =
Gy x B, p € Z*(Go,R*), v € Z*>(B,R*), A\ = u x v, and £ be a root of a
polynomaal

Y — 72l, v € R".
Assume that R*Gy = [Ga, R,7%], where | € {0,1}, v € R*, v & R? if cither
l=0,0rl=1andn > 2. If R[¢] is the valuation domain in the field F(§),
then R G is of OTP representation type.

Proof. Since FFGy is a uniserial algebra, by Theorem 3.1 in [3], FAG is
of OTP representation type. Let V' be an indecomposable R*Gs-module and
W an irreducible R¥ B-module. By Lemmal[2.4] F®pzV is an indecomposable
FFGo-module. In view of Theorem 75.6 in [11], F' ®p W is a simple F”B-
module. It follows that (F ®g V) ®r (F ®g W) is an indecomposable FAG-
module. Since

For(VerW)=Z(FerV)er (ForW),

the R*G-module V @ g W is indecomposable. By Lemma R G is of OTP
representation type. m

3. Twisted group algebras of OTP representation type of a
group G, x B with |G}| # 2. We recall that K is a field of character-
istic p, S = K[[X]], T is the quotient field of S and G = G}, x B is a finite
group, where Gy, is a p-group, B is a p/-group and |Gp| # 1, |B| # 1. We
assume that if G, is non-abelian then [K (&) : K] is not divisible by p, where
¢ is a primitive (exp B)th root of 1.

Denote by Ip the product of all pairwise district prime divisors of |B].
It is not difficult to see that [K (&) : K] is not divisible by p if and only if
[K(¢) : K] is not divisible by p, where € is a primitive {gth root of 1. This
condition is satisfied if K contains a primitive gth root of 1 for every prime
q dividing | B| such that the characteristic p divides g — 1.

PROPOSITION 3.1. Let G) be abelian and € Z*(G,, S*). If SFGp/ X SFG),
is a field then TFG,, is also a field and S*G,, is the valuation domain in THG),.

Proof. The ring S#G), is an integral domain. It follows that the algebra
THG) is also an integral domain, hence T#G), is a field. Denote by R the
valuation domain in F' := THG). It is well known that [F' : T| = e(F/T) -
f(F/T), where e(F/T) is the ramification index and f(F/T) is the residue
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class degree. Since S*G, /X S*G), is a field extension of K of degree |G| and
[F: T] = |G|, we conclude that e(F/T) = 1 and f(F/T) = [F : T]. Let
{ug : g € Gp} be a canonical S-basis of S*G,, corresponding to p. The set
Ir:={ geG, Qglly = g € K } is a full set of residue class representatives

in R of the residue class field R = R/m, where m is the unique maximal
ideal of R. Each p € R is uniquely expressible as

P:710+111X+1)2X2+--- , v el
Therefore R = S*G). =

PROPOSITION 3.2. Let G, = (a1) X - -+ X (am), m > 2, H = (az) X -+ X
(am), H=socH and

S“Gp = [Gp, S,’yl(l + X)772(1 + X)pT2’ o 7,Ym(l + X)prm],

where Yi,...,Ym € K*. If K’H = [H, K, ¥, ...,%m] is a field, then T*G,
is a field and S*G), is the valuation domain in THG),.

Proof. Let G, = socG,. Since K7H is a field, the T-algebra THG), is a
field. It follows that TG, is a field. Suppose that a € Gy, |a| = p™ and
u?" =514 X)" u,,
where v € K*, 0 <t <mn, i€ Z and (i,p) = 1. There exist integers y and z
such that yi 4+ zp"~t = 1. We have

()" =4 (1 + X)P (1+ X) " .
Consequently, we may assume that
ul" = ~(1 —i—X)ptue, ye K5 0<t<n.
We put
w=1+X)"""" ift>o0.

Then w?" = ~u,, W= (1+ X)w.
Let |aj| = p™ for j =1,...,m. The argument above yields the existence
of a canonical S-basis in S#G), such that

S“Gp = [Gp, S,y(1+ X)),y (1+ X)k2pt2’ (14 X)km,pt7"]’
ugjjitj = (1 + X)w], where w?tj = ’yjue_

If kj =0o0rt; =0, we set w; = e We suppose that ¢t; = 0 if k; = 0.
Let L = K(ws,...,wy) and S = L[[X]]. Then

SEG, = [Gpy S, 711 (1 + X)ue, wo(1 + X)*2, .. w (1 + X)km],

where @p = (b1) X -+ X (by,) is an abelian group of type (p™,p e
p"m~tm) In the case ky + -+ + ky, # 0 we may assume that ky = 1,

n2—t



TWISTED GROUP ALGEBRAS 225

ks=0,...,kyn=0.If ny > ny and ky = 1 then
Squ = [épa Sa'}/l(l =+ X)ue,fyl_lwg,wg, . 7wm]‘
If n1 < no and ky = 1 then
StG, = [G'p, §,71w517w2(1 + X), w3, ..., Wyl
We restrict ourselves to the case ko=0,...,k, =0. X
Denote by F the field [H, L,wa,...,wy], where H = (bg) X -+ X (by,).
Then S#H = F[[X]]. Let R be the valuation domain in T#Gp, and R # SHG),.

Since
pri-1

§'Gy= @D SPHuL, ' =m(l+ X,
i=0
the ring R contains a non-zero element

with d; € F for every i. It follows that F[[X]] contains the non-zero element
pri—-1
XY A+ X
=0
a contradiction. Hence R = S*G),. »

PROPOSITION 3.3. Let G be abelian, G = G, x B, p € Z*(G,, S*),
v € Z4B,S*) and A = p xv. If the K-algebra S*G,/ X SFG,, is a field, then
SAG is of OTP representation type.

Proof. By Proposition SHG, is the valuation domain in the field
THG,,. Therefore, in view of Proposition SAG is of OTP representation
type. =

PROPOSITION 3.4. Assume that p # 2, G = G, x B; {2 is a subgroup
of S*, generated by K*, (S*)P and f(X), where f(X) = 1 (mod X) and
f(X) # 1 (mod X?). Let p € Z%(G,, 2), v € Z*(B,K*) and X\ = p X v.
If the algebra S*G is of OTP representation type then one of the following
conditions is satisfied:

(i) Gp is abelian and THG), is a field;

(ii) K is a splitting field for K¥B.

Proof. If G, is non-abelian then, by Proposition SAG is of OTP
representation type if and only if condition (ii) holds. Suppose that G, is
abelian. Let G = (a1) X --- X (am), m > 2 and G, = socGp. We have
(f(X)—1)S = XS, hence we may assume that f(X) =1+ X and

SHGy = [Gp, S 11 (L + X)' (X7, 12 f(X)P, o Y fon (X)P],
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where v1,...,vm € K* and f1(X),..., fim(X) are principal units in S. De-
note A = (ag) x -+ x {an), A = socA and K°A = [A, K,7y2,...,vm]. If
KA is not a field then K°A = KA = [A,K,72,...,%Ym_1, 1]. It follows
that S*G,, contains a p-extended group algebra of a group of order p over S.
By Lemma SAG is of OTP representation type if and only if K is a
splitting field for K" B.

Suppose now that KA is a field. By Proposition THA is a field and
SHA is the valuation domain in THA. If 1 (1 + X)'u, & (SFA)P then THG,
is a field. If 1 (1 + X)'u. € (S*#A)P then S*G, contains a p-extended group
algebra of a cyclic group of order p over S. In view of Lemma SAG is of
OTP representation type if and only if condition (ii) holds. =

THEOREM 3.5. Letp # 2, G = G, xB; §2 be the subgroup of S* generated
by K* and (S*)P; p € Z%Gp,2), v € Z*(B,K*) and A = p x v. The
algebra SMG is of OTP representation type if and only if one of the following
conditions is satisfied:

(i) G, is abelian and THG), is a field;
(ii) K is a splitting field for K¥B.

Proof. The necessity part follows from Proposition Let us prove the
sufficiency. Keeping the notation of Proposition assume that (i) holds.
Then [Gp, K, 71, - - -, Ym) is a field. It follows that [Gp, K, 71, . - . , Vi) is a field,
hence the K-algebra S*G)/X S*G) is a field. By Proposition SAG is of

OTP representation type. If (ii) holds, we apply Lemma .

PROPOSITION 3.6. Let p = 2, G = Gy x B, where |G| # 2; 2 is the
subgroup of S* generated by K* and (S*)%; p € Z%(G2, 2), v € Z*(B, K*)
and X = p x v. If the algebra S*G is of OTP representation type then one
of the following conditions is satisfied:

(1) Go is abelian and dimp TFGy > |Ga|/2;
(ii) K is a splitting field for K¥B.

Proof. If Go is non-abelian then, by Proposition SAG is of OTP
representation type if and only if condition (ii) holds. Assume that Gy =
(a1) x -+ X (am), G2 = soc G and

SMGQ = [GQ, S» ’Ylfl(X)Qv s alymfm(X)Q]v
where v1,...,ym € K* and f1(X),..., fm(X) are the principal units in S.
Choose a canonical S-basis of S#G9 such that SFGy = [G2,S,71, ..., Ym]-
Let K7Gy := [Go, K, 71, ..., ym]. If dimg K7Gy < 22 then (i) is not sat-
isfied and we may assume that S*Gy = S"G2 = [G2, 5,71, .-, Ym—2, 1, 1].
According to Lemma S G is of OTP representation type if and only
if condition (i) holds. Suppose now that dimg (K?Gy/rad K°Go) = 2™ 1.
Let H = (a1) X --+ X (am—1) and H = soc H. We may assume that K°H =
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[H,K,71,...,Ym—1] is a field. Then S*H/XS*H is a field and, by Propo-
sition , SHFH is the valuation domain in the field T*H. If dimp TGy <
|G2|/2 then S#G9 contains a p-extended group algebra of a cyclic group of
order 4 over S. By Lemma SAG is of OTP representation type if and
only if condition (ii) holds. m

LEMMA 3.7. Leta,61,...,0, € T; p be a root of the polynomial y2H! —a;
0; a root of the polynomial Y —6; fori =1,...,r; L := T(w1,...,w),
where L,
wi:{@gz z'fn1'22,
(92‘ Zf n;, = 1.
Assume that [T(61,...,0,) : T] = 2!, where | = ny + -+ +n,, and a = 32,
where B € L and B & L%. Then [T(61,...,0,,p): T] =21+,

Proof. Suppose that n; > 2fori=1,...,jandn; =1fori=j+1,...,7.

Let F:=T(w?,... ,W?,Wj+1, ...,wy). We have
1 1
k k;
8= E nykh-..,kjwll"'wjjv
ki=0  k;=0

where Ve, k; € F. Then

1 1
2 _ 2 2k 2k,
B = E E Vit by WL Wy

k1=0  k;=0
Since '7131,...,1%- e T, it follows that Vey,k; = 0 if k. = 1 for some r €
{1,...,7}. Therefore § € F. Denote by w a root of the polynomial Y? - 8.
Then [L(w) : L] = 2, hence [F(wy,...,wj,w) : F] =271 Since
[T(ela"wehp) : F(Wl,...,&.}j,ﬂ])] = 2k7

where k = nqy + -+ +mn; —2j+d—1, and [F : T] = 2", we obtain
[T(01,...,00,p):T] =27 u

PROPOSITION 3.8. Let p = 2, and {2 be the subgroup of S* generated
by K*, (S*)* and f(X), where f(X) =1 (mod X) and f(X) # 1 (mod X?).
Assume that G = Ga x B, |Gh| # 2, u € Z%(Ga, ), v € Z*(B,K*) and
\ = p x v. If the algebra S G is of OTP representation type then one of the
following conditions is satisfied:

(i) Go is abelian and dimp TFGy > |G| /2;

(ii) K is a splitting field for K¥B.

Proof. 1f |GY| > 2, we apply Proposition . Let G5 be abelian. We may

assume that f(X) = 1+ X. Suppose also that S*G is of OTP representation
type and K is not a splitting field for K¥B. Let G2 = (aj) X -+ X {ap,),
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m >2and D = {g € Gy : g* = e}. By Proposition we may assume that
SMGQ = [G27 S7 ’)/1(1 + X)fl(X)Llu,YQ(l + X)lfQ(X)Zl: v 77mfm(X)4]a
where v1,...,vm € K*, i € {0,2} and f1(X),..., fm(X) are principal units

in S. In this case

SED = [D78771(1+X)772(1+X)17’Y37--~77m]'
Let H = {ag) x -+ x (am) and H =soc H. If K’H := [H,K,72,...,7m] is a
field then, by Proposition THD is a field. It follows that THGs is a field.
If K°H is not a field then, by Lemma , dimyg K°H = |H|/2. In view of

Lemma and Proposition dimp T*D = |D|/2. Applying Lemma
we conclude that

dimT T“GQ == |G2‘/2 u

THEOREM 3.9. Letp =2, G = Gox B, |G}| # 2; §2 be the subgroup of S*
generated by K* and (S*)*; u € Z*(Ga, 2), v € Z*(B,K*) and A = pu X v.
The algebra S*G is of OTP representation type if and only if one of the
following conditions is satisfied:

(1) Ga is abelian and dimg TFGy > |Ga|/2;
(il) K is a splitting field for KV B.

Proof. The necessity follows from Proposition Let us prove the suf-

ficiency. Let G = (a1) x -+ X {a;,) and Gy = soc Go. We have

SuGQ = [G2a 57 ’Ylfl(X)4’ s v'mem(X)4]7
where v1,...,vm € K* and fi1(X),..., fin(X) are principal units in S. If
THG, is a field then SFGy/ X S*Gy is also a field. By Proposition SAG
is of OTP representation type.

Let dimp THGy = |G2|/2 and m > 2. Up to renumbering ay, ..., Gy, we
may assume that F':= T#A is a field, where A = (a1) X -+ X {(@y,—1). Then
SFA/XSHA is also a field. By Proposition , R := S*A is the valuation
domain in F. Let |a;| = 2™, @; = a?ni_l for i = 1,...,m and A = soc A.
Then A = (@1) X - - - X (@y—1). Denote by {u, : g € G2} the canonical S-basis
of S#¥G4 corresponding to p. We put

V; = fi(X)72uai.
Then v} = yue, L := Klv1,...,vm-1] is a twisted group algebra of A over
the field K, and L is a subfield of S*A. We have v, ue = v2,, where v, € L

and vy, € F? if |a,,| > 4. The ring R is a twisted group algebra of the factor
group A/A over the ring S = L[[X]]. Assume that A # A and n,, > 2. Then

R= [A/Z7 Sa vlfl(X)27' . -,Utft<X)2]a

where t is the number of invariants of A/A.
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Let w be a root of the irreducible polynomial
Y2t fm(X)2 € S[Y].
By Proposition R[w] is the valuation domain in the field F(w). Let
D = (a;,) x B. The algebra SAG is a twisted group algebra R°D of D over
the ring R. By Proposition R°D is of OTP R-representation type. It

follows, by Proposition that S*G is of OTP S-representation type. The
case when m = 1 is treated similarly. =

THEOREM 3.10. Let G = G, x B, |G| # 2; 2 be the subgroup of S* gen-
erated by K* and f(X), where f(X) =1 (mod X) and f(X) # 1 (mod X?);
pe€ Z%(Gp, ), ve Z*(B,K*) and A = u x v. The algebra S*G is of OTP
representation type if and only if one of the following conditions is satisfied:

(i) G, is abelian and THG), is a field;
(ii) p =2, Gq is abelian and dimp TFGy = |Ga|/2;
(i) K is a splitting field for K" B.

Proof. The necessity follows from Propositions [3.4] and Let us prove
the sufficiency. We may assume that f(X) = 1+X. Let G, = (aq) X+ - X {ap,),
laj| =p™ for j=1,...,m, m > 2 and

SHGy = [Gp, S (14 X)™, 21+ X )72,y (14 X7,
where v1,...,vm € K*. If TFG), is a field then, by Propositions[I.11], [3.1] and
, SAG is of OTP representation type.

Now, let p = 2 and dimy THGy = |Ge|/2. If 41 is divisible by 2, argue as
in the proof of Theorem Let iy =1, [K(\/72, .-,/ ¥m-1) : K] = om=2
215 = kj - Qtj, where k; € {0,1}, 0<tj<njandt; =0 if k;j =0, for any
7 =2,...,m. Denote

Cj = a?njitj,
C = (ca) X -+ X (em1), D= (a1) X -+ X {am—1), Ga = G2/C, D = D/C;

let w; be a root of the irreducible polynomial
Y2 _ e K[Y], jef{2,....m—1},

L =K(wy,...,wy 1), S = L[[X]], and let T be the quotient field of S. By
Proposition F:=T!D is a field and R := S#D is the valuation domain
in F.

We have
SHG,
= [Ga, Sy (1+ X),wa (14 X2,y (14 X)Fmt oy (14 X)),
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If ko+---+kp_1 # 0 then we may assume that ko = 1,k3 =0,...,k,_1 =0.
Therefore

R=1[D,S,v(1+X),wa(1+ X)* ws, ..., wmn_1]

and v, = w2,, where w,, € L. If n,, = 1 then, by Propositions and
SAG is of OTP representation type. Let n,, > 2. Denote by v a root of the
irreducible polynomial

Y

onm—1 2tm—1

— Wy (1 + X)km € R[Y]

with ¢,,, > 1. Let
Cl =(C x <a2nm71> and é’g = Gg/Cl.

m

Then
R[v] = §"@,
=[G, S,y (1 + X), wa(1 4+ X)* ws, ..., w1, wm (1 + X)Fm2™ 7.

If n1 > ng —to then we may suppose thAat ko =0.If ny <ng—toand ko =1,
then choose a canonical S-basis of S#(5 such that

ShGy = [GQ, g,ylwgl,wg(l + X)), w3,y W1, Wi (1 + X)km'2tm71].

Let ¢, > 2. Then wp, A¢ F?. By Proposition SAG, is the valuation
domain in the field T#Gy. Hence, by Propositions and SAG is of
OTP representation type. Now let ¢,, = 1 and k,;, = 1. Then

R[/U] = [ézag7pl(1 +X),p2,. ..,pm]7

where p1,...,pm € L*. In view of Propositions , and SAG is of
OTP representation type. m
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