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CONVOLUTION OPERATORS WITH
ANISOTROPICALLY HOMOGENEOUS MEASURES ON R*"
WITH n-DIMENSIONAL SUPPORT

BY

E. FERREYRA, T. GODOY and M. URCIUOLO (Cérdoba)

Abstract. Let a;,3; > 0,1 < ¢ < mn,and for t > 0 and =z = (z1,...,zn) € R",
let tex = (tYzy,...,t%an), tox = (P ay1,...,t%x,) and |z|| = Sy |2i| Y/ Let
©1,-..,%n be real functions in C°°(R"™ —{0}) such that ¢ = (¢1,..., pn) satisfies p(tex)
=top(z). Let v > 0 and let p be the Borel measure on R*" given by

w(B) = | xo(@,e@)|2I" " dz,
Rn
where o = ZZL=1 a; and dz denotes the Lebesgue measure on R™. Let T}, f = p* f and

let || Tyu||p,q be the operator norm of T}, from LP(R?*") into L9(R?™), where the LP spaces
are taken with respect to the Lebesgue measure. The type set E,, is defined by

Ey={(1/p,1/q) : |Tullp,q < 00, 1 < p,q < oo}

In the case a; # B for 1 < i,k < n we characterize the type set under certain additional
hypotheses on ¢.

1. Introduction. Let «;,3; > 0,1 < i < n, and fort > 0 and =z =
(T1,...,2,) € R™ let

loex = (talxlv’ .. 7tanxn)7 tox = (tﬁlwl,. . ,tﬂnﬂj‘n)

and let ||z| = 31, |z:/*/® be a homogeneous norm associated to the first
group of dilations. Let ¢1,..., ¢, be real functions in C*°(R™ — {0}) such
that p(z) = (p1(x),...,pn(x)) is a homogeneous function with respect to
these groups of dilations, i.e. p(tex) =top(x). Let v > 0 and let u be the
Borel measure on R?" given by

w(E) = | xp(e, o))z~ de,
Rn
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where a = Y7 | «; and dz denotes the Lebesgue measure on R™. Let T},
be the convolution operator defined, for f € S(R?*"), by T}, f(x) = (u* f)(z)
and let ||7,|l,, be the operator norm of T, from LP(R?") into L7(R?"),
where the LP spaces are taken with respect to the Lebesgue measure. The
type set E, is defined by

E,={1/p,1/q) : [T,

A very interesting survey of results concerning the type set for convolution
operators with singular measures can be found in [R]. The type set associated
with fractional measures on R? supported on the graph of the parabola
(t,t?) has been characterized by M. Christ in [C], using a Littlewood—Paley
decomposition of the operator. Also, convolution operators supported on
surfaces of half the ambient dimension have been studied by S. W. Drury and
K. Guo in [D-G], covering a wide amount of cases. As there, if ¢ : R" — R™ is
a twice continuously differentiable function, we say that x € R” is an elliptic
point for ¢ if there exists A = A\, > 0 such that |det(¢”(z)h)| > A|h|™ for
all h € R™ ([D-G], p. 154).

When we deal with isotropic dilations, in [F-G-U] we have already ob-
tained a complete description of E,, in the case that every = # 0 is an
elliptic point for ¢. In this paper we obtain an explicit description of F,,,
for an anisotropically homogeneous and smooth ¢, under the following as-
sumptions:

p,qg < OO, 1§p,q§oo}.

(H1)  The dilations satisfy «; # Ok for 1 < i,k < n.
(H2)  The first differential ¢'(z) is invertible for all x € R™ — {0}.
(H3)  Every x # 0 is an elliptic point for .

For some families of dilations, it is enough to require hypothesis (H3),
since (H2) is its consequence. We will adapt M. Christ’s arguments ([C]) to
our setting, using some results obtained by S. W. Drury and K. Guo in [D-G].
Throughout the paper we will assume that all the hypotheses concerning ¢
and «;, Bk, 1 <1,k < n, stated in this introduction hold. Also ¢ will denote
a positive constant not necessarily the same at each occurrence.

Acknowledgments. We wish to express our thanks to Prof. Fulvio Ricci

for his useful suggestions.

2. Preliminaries. The Riesz-Thorin theorem implies that £, is a con-
vex set. On the other hand, it is well known that £, lies below the principal
diagonal 1/q = 1/p. Also, a result of Oberlin (see e.g. [O], Th. 1) says that

(2.1) E, c{(1/p,1/q):1/q=2/p—1}.
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Since the adjoint T} is a convolution operator with a measure of the same
kind, we also have

(2.2) B, c{(1/p,1/q) = 1/q =2 1/(2p)}-
Let n be a function in CZ°(R") such that
supp(n) C {z € R" : 1/4 < [|z| < 2},
0<n<land} ;;n(2 ex)=1ifz#0. Forj€Z, let yi; be the Borel
measure on R2" defined by
wi(B) = | xp(e, o(2))n(2 o z)||z|"~* dz

Rn
and let T,; be the associated convolution operator. So T), = >, T),;. For
t >0 and (z,y) € R*™ we set

to(xz,y)=(tex,toy)

and for f : R*" —C, we define (to f)(z,y)=f(to(z,y)). So [to flloc = || /]l
and [t o f||l, = t=@F/q||f|l,, 1 < g < oo, where 8 = _, Bi. A standard
homogeneity argument gives

LEMMA 2.1. Let 1 < p,q < oco. Then

HT#J' Hp,q = 2(7v7(a+6)/q+(a+ﬁ)/p)jHT#oHp,q

for all j € Z. Moreover, if T,, is bounded from LP(R?"™) into L1(R*") then
1/g=1/p—~/(a+ ).
Proof. For (z,y) € R?"™ a change of variable gives
Ty (277 0 f)(2,y)
=\ f27ex—27 0w, 277 oy — (277 ew))n(w)||w|’ " dw
| ¢ 7
Rn
— e | f@2 T en— 2,27 oy — p(2)n(2 e )2 e 20 da
Rn
=27(277 0 Ty, f)(,y)-
So _
HT#J' lp.q = 2(mr kB at(at)/p)] HT#O Ip.q
and the first assertion of the lemma follows. On the other hand, if T}, is
bounded then sup,cz || Ty, [[p,q <co and so —y—(a + B)/q+ (a + 3)/p=0. =

REMARK 2.2. Let D be the intersection, in the (1/p,1/q) plane, of the
lines 1/¢g =2/p—1,1/q =1/p—v/(a+ (), and let D’ be its reflection in
the non-principal diagonal. So

v 2y / 2y Y
D=(1- 11— d D = , .
( a+pf a+ﬁ> o (a+ﬁ oz+ﬁ>
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Then (2.1), (2.2) and Lemma 2.1 imply that E, is the empty set for v >
(a + B)/3, and, for v < (a + (3)/3, E, is contained in the closed seg-
ment with endpoints D and D’. Let vg be the Borel measure given by
v (E) = {xe(w, o(w))n(w) dw. Then Theorem 3 of [D-G] and a compact-
ness argument imply that (2/3,1/3) € E,,. Now T),,f < ¢TI, f for f > 0,
thus (2/3,1/3) € E,,,. Since (1,1) € E,,,, the Riesz-Thorin theorem implies
that if v < (o + (3)/3 then D belongs to E,,. Moreover, for these v, if
pp,qp are given by D = (1/pp,1/qp), Lemma 2.1 says that there exists ¢
independent of j such that

(2.3) ||Tuj ||pD7QD <c
for all j € Z.

3. LP-L1 estimates. We modify, to our present setting, Christ’s argu-
ments developed in [C], involving a Littlewood—Paley decomposition of the
operator. A similar decomposition, in a different setting, can be found in
[Se].

Consider the Fourier transform fig. For £ = (&1,...,&,) € R?™ we put

5/ = (517 s agn)v EN = (gn—l-la cee a£2n)- Then

fo(§) = S €7i<£,’w>*i(§”7<P(w)>77(w)||wH7*o¢ duw.
Rn

For a fixed &, let &(w) = (¢, w) + (£”, ¢(w)), w € R™. Suppose that ¢ has
a critical point wg belonging to the support of 7. Then

" 8g0k .
£ "‘kzlfmka—wj(U)O) =0 forj=1....n.

Now, the maps w — ¢'(w) and (from (H2)) w — [¢’(w)]~! are continuous
on R™ — {0}, hence there exist two positive constants c;, ¢y (independent
of £) such that £ belongs to the cone

To={eR™: c|¢"| < [¢] < cal€”]}.
For 1 <i,k <mn, let
Iy* ={ee Iy €] < 2vnl&] and |€7] < 2/ [€nrnl}.
Cof ={€e Iy || <4vnl&| and €] < 4v/n|&nikl}-
LEMMA 3.1. If «a; # Bk for 1 <i,k <n, then
{ieZ: (¥ oCi*)nCy* 0}

s a finite set.
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Proof. Let j € Z and £ € C2¥ be such that 2/ o¢ € Ci*. Then |27 o ¢'| <
4y/m27% | and |27 o €| < 4y/n29Px|¢, 1| Since 27 o & € Ip, we have
1|27 0 &"| < |27 0 &'| < ¢3]27 0 £"|. Now,

12| < a2 0 €| < |27 0 €| < 4y/n270[g|
< 4y/n 27% ey €] < 16m27% oy k).

So 21k =) < 16ncy/cy. In a similar way we obtain ¢; /(16ncy) < 27(8k—ai),
Since «; # By, for 1 < i,k < n, the lemma follows. m

For 1 < i,k < n, let ms" be a function belonging to C>(R?" — {0})
homogeneous of degree zero with respect to the Euclidean dilations on R?"
such that mé’k =1on Fé’k, 0< mé’k <1, supp(mé’k) C C’é’k, and let
m;k(y) = m5F (277 oy). Let Q;k be the operator with multiplier m;k Let
h € C*(R?"), 0 < h < 1, be identically one in a neighborhood of the origin.
Taking account of Proposition 4 in [S], p. 341, from the above observation

about the critical points of @, we note that

(3.1) Ao(l—n) [ (1—mg*)es@™).

1<i,k<n

Let hj(y) = h(277 o y) and let P; be the Fourier multiplier operator with
symbol h;.

REMARK 3.2. Lemma 3.1 implies that there exists N > 0 such that
for all y € R?* — {0} the set {j € Z : 277 oy € C*} has at most
N elements, so mb¥(y) = diez Ejmé’k(y), gj = =£1, is a well defined,
C>°(R?" — {0}) and homogeneous function of degree zero. Moreover, for
each s = (s1,..., S2,), the function >, , ](8/8y)5m;’k(y)\ is homogeneous
of degree —(s1+. ..+ s2y), so Theorem 3 in [St], p. 96, applies, showing that
m®* is an L? multiplier, for 1 < p < oo, and that the norm of the associated
operator has a bound independent of the choices of {¢;};cz. m

THEOREM 3.3. If v < (a+ B3)/3 then E, is the closed segment with
endpoints D and D'.

Proof. By Remark 2.2, it is enough to prove that D and D’ belong to
E,. Let {Q%}1<r<n2 be an arrangement of the set {Q;’k}lgi,kgn. For J € N,
we write

Z TM = Z Tuij—i— Z TM(I_PJ')

lil<J lil<J l71<J

=S TP+ Y. T, (I-P)QY+ D T, (I - P)(I - Q)

lil<J l7l<J lil<J
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= Y TP+ Y T, (- P)QE+ Y T, (I - P - QHQ?

l7l<J l7l<J l71<J

+ Y T,(I-P)I-Q)NU-0QF) =...
l7l<J

= Y T, P+ Y T,,(I-P)Q;

l7l<J l71<J

+ > Y T,-p) ] t-epait!
1<i<n2—1 |j|<J 1<r<l

+ > T,(I-P) [[ d-@p.
l7l<J 1<r<n?

The kernel K; of the convolution operator
S 1,0-p) [ t-a)
lil<J 1<r<n?

satisfies

Ki(~6) = 3 27480502 o ¢)

lil<J

with g = fio(1 — h) [[1<; pen(1 — mgk) So, by using (3.1), a standard ho-
mogeneity argument shows that, for all J € N,

’Kj(g)’ < (Z ’gi’l/ai +Z ’fn+k’1/’8k)_(a+ﬁ_’Y)
=1 1

and so they belong to the weak LPP space, with weak constant uniformly
bounded in J. Also, a similar argument gives the same fact for the kernels
of Z‘ jl<J T, P;. Then the weak Young inequality implies that there exists
¢ > 0 independent of J such that

| S ma-p) I] a-ap| <
\j|<J 1<r<n? PD,9D
and
(DR ——
|j\<J PD,4D

Now Remark 3.2 allows us to use Littlewood—Paley inequalities. As in [C]
we obtain, for 1 <1< n? -1,

| 3 1,0 -p) T - @@ ]| < el Yl L} e

lil<J 1<r<
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where f; = HISTSZ(I — Q;)Q§-+1f. Since the assertions of Remark 3.2 also
i

hold when we replace m;k by a finite product of the form mgl )
1 < T1y.-.3Ts < TZQ, we get H{fJ}HLP(lQ) < c”pr
A similar estimate holds for || 3, ; T}, (I — PQ; flg-
Now, taking account of (2.3) we deduce (as in [C]) that there exist 0 <
0 < 1 and ¢ > 0, independent of J, such that
PD, QD> ’

T, <e(1+] Z T,
and so || 32\;1<; Ty, lpp.gp is bounded independently of J. From Fatou’s

Hj

pPD,49D

lil<J l7]<

lemma, it follows that D € E,,. Since T, .. 1s a convolution operator with a
measure of the same kind, a duality argument shows that D' € E,,. =

We now consider a local version of the problem, that is, we study the type
set corresponding to the convolution operator T, with the Borel measure
given by

o(B)= | xu(z ¢@)|z|] " dz
lzll<1

with v > 0.

THEOREM 3.4. If v > (a+ )/3, then E, is the closed triangular region
with vertices (2/3,1/3), (0,0) and (1,1). If v < (a+ 3)/3 then E, is the
closed polygonal region with vertices D, D', (0,0) and (1,1).

Proof. We have E,, C E,. Since E, is a convex set and since o is a finite
measure, (1,1) and (0,0) belong to E,. On the other hand, the constraints
(2.1) and (2.2) hold for E,. Moreover, Lemma 2.1 implies that if (1/p, 1/q) €
E,, then 1/g > 1/p —~v/(a+ ). Thus the case v < (a + (3)/3 follows from
Theorem 3.3.

Ifv > (a4 3)/3, then (2/3,1/3) lies above the line 1/q = 1/p—v/(a + )
and we have noted in Remark 2.2 that (2/3,1/3) belongs to E,,, so Lem-
ma 2.1 1mphes that || Zj>0 Tﬂj ”3/2,3 = CHTP«0||3/2,3' NOW, for f 2 07 To—f S
>_j>0 Ty, f and the assertion follows. m

REMARK 3.5. If either oy = ... = «, or 1 = ... = [3,, then (H3)
implies (H2). Indeed, for 1 < i,k <n,

O  Be—ai 9%k
8—m(t.$)_t 8—:131(90)

Taking the derivative with respect to t, at ¢ = 1, we obtain

n

38%
(B = i) 83:1 Z 83: 8xl
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Thus, the matrix, with respect to the canonical basis of R”, of the linear

operator ¢"(z)(a121, ..., 0,x,) is given by

(B1 — 041)%%(33) coo (Bn— 041)%%(513)
(3.2) : :

(B = an) G2 (@) - (B — 0n) G2 ()
So if either ay = ... =, or f; =...= (3, then

cdet(y'(x)) = det(¢" (z) (121, . .., anzy)).
Hence (H3) implies (H2).
On the other hand, if either oy = ... = ay, or f1 = ... = [, and (HI)

fails, then there does not exist a homogeneous function ¢ that satisfies (H3).
Indeed, in this case, (3.2) implies that

det (" (z) (121, - .., apxy)) =0
for every x € R™. Then no x € R™ is an elliptic point for (.

ExXAMPLES. Let us show two examples of functions ¢ that satisfy the
hypothesis of Theorems 3.4 and 3.5.

1) Let
o(x1,20) = (2] — 62323 + 23, (4r32g — 42y 23)VX? + 23).
In this case p(tex) =top(zr) with oy = ae = 1 and 1 =4, P2 = 5. Taking
account of Remark 3.5, we only need to check (H3). An explicit computation
shows that the discriminant of the quadratic form

(hl, hg) — det(go”(xl, $2)(h1, hg))
is negative for (z1,x2) # (0,0), so (H3) holds.
2) Let
p(x1,22) = (212,25 — 23 Va3 + xt).
In this case p(t @ x) = to p(z) with ag = 1, ap = 2 and 1 = 3, (2 = 4.
A computation shows that
2\/x3 + 2t 23 + 2322 + 42§
A A0, (21,22) #(0,0)
\V T5 + X7
and so (H2) holds. On the other hand, the discriminant of the quadratic
form

det (¢’ (21, 22)) =

(hi1, h2) — det(¢" (x1,22)(h1, h2))
is
—8v/72 + xf 23 — 8\/22 + 2} 2} + 4§
(23 + 21)®
so that (H3) holds.

< 0, (1'1,.%'2) 7é (0,0),
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