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Abstract. The class of n-fundamental algebras is introduced. It is a subclass of string
algebras. For n-fundamental algebras we study the problem of when the Auslander—Reiten
quiver contains, at the beginning or at the end, a component which is not generalized
standard.

Introduction. Let K be a fixed algebraically closed field. We shall con-
sider only finite-dimensional, associative K-algebras with a unit element.
All algebras will be assumed to be basic and connected. For a fixed finite-
dimensional K-algebra A, we shall denote by mod(A) the category of right
finite-dimensional A-modules. For every finite-dimensional K-algebra A we
can study its Auslander—Reiten quiver I'4 [1, 3]. Even if A is of tame repre-
sentation type, it is difficult to describe the whole quiver I'4. Consequently,
one usually studies the properties of the connected components of I'4.

A. Skowronski introduced in [17] a useful notion of a generalized stan-
dard component. A standard trick in representation theory is to indicate a
generalized standard component C of I'y; if it has nice properties then one
can derive some interesting information about the algebra A.

Our objective is different. We consider the following question. The
Auslander—Reiten quivers of a wide class of triangular algebras have some
components at the beginning and some components at the end. Is it possi-
ble that at least one of them is not generalized standard? We shall indicate
a class of algebras for which this phenomenon can occur. This class is a
subclass of special biserial algebras.

Biserial rings were introduced by K. Fuller [9]. Later A. Skowroniski and
J. Waschbiisch observed that any representation-finite biserial K-algebra is
special biserial [18]. Further B. Wald and J. Waschbiisch proved that any
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special biserial algebra is of tame representation type [19]. The same result
was obtained by P. Dowbor and A. Skowronski in [6] by an application of
Galois covering techniques. Finally, W. Crawley-Boevey proved in [5] that
every finite-dimensional biserial K-algebra is of tame representation type.
Nevertheless our knowledge of Auslander—Reiten quivers of biserial algebras
is still poor, even in the case of representation-infinite special biserial al-
gebras. The main aim of this paper is to look for nongeneralized standard
components at the beginning or end of their quivers.

The paper is organized as follows. Section 1 contains all needed defini-
tions and facts from representation theory.

Section 2 is devoted to one-point extensions. It also contains some fun-
damental information about vector space categories and their subspace cat-
egories.

Section 3 contains a description of the Auslander—Reiten quivers of a
narrow class of special biserial algebras.

The class of fundamental algebras is introduced in Section 4. The struc-
ture of their Auslander—Reiten quivers is also studied.

In Section 5 the class of n-fundamental algebras is introduced. More-
over, 2-fundamental algebras are studied. This section contains Theorem 5.7,
which is our first main result.

Section 6 is devoted to n-fundamental algebras for arbitrary n > 2.
Theorem 6.8 gives a sufficient condition for the Auslander—Reiten quiver of
an n-fundamental algebra to have a starting or an ending component which
is not generalized standard.

We shall use freely all information on the Auslander—Reiten sequences
and irreducible morphisms which can be found in [1, 2, 3]. Moreover, we
shall apply the description of morphisms between indecomposable modules
from [11]. Furthermore, we shall view our algebras as factor algebras KQ/I
of the path algebras K@ of some quivers ¢ modulo admissible two-sided
ideals I. Then to each vertex z of a quiver () we can attach a right simple
KQ/I-module S,, a right projective K@ /I-module P, and a right injective
KQ/I-module E,.

1. Preparatory facts

1.1. Recall that a finite-dimensional K-algebra A is said to be tame pro-
vided that for every dimension d there exist finitely many K [X|-A-bimodules
Qi, 1 < i < ng, which are free left K[X]-modules of finite rank and satisfy
the following condition: all but finitely many isoclasses of indecomposable
right A-modules of dimension d are isoclasses of A-modules of the form
K[X]/(X = A) ®(x) Qi for some A € K and some 1 <i < ng (see [7]).
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Let pa(d) denote the smallest number of bimodules @; satisfying the
above conditions. Then the algebra A is said to be of polynomial growth if
there is a positive integer m such that pa(d) < d™ (see [16]).

1.2. Let A be a finite-dimensional K-algebra. Following Gabriel [10] we
can associate to A a bound quiver (Q 4, I4) in such a way that A = KQ /14,
where K@, is the path algebra of the quiver @4, and I4 is a two-sided
ideal in K@ 4 contained in the square of the two-sided ideal generated by
the arrows. The algebra A is called triangular if Q4 has no oriented cycles.

1.3. An algebra A is said to be special biserial (see [18]) if there exists
a bound quiver (Q4,I4) with A =2 KQ4/14 such that:

(1) Every vertex of Q4 is the source of at most two arrows.
(2) Every vertex of @ 4 is the target of at most two arrows.

(3) For every arrow « in 4 there exists at most one arrow (3 (resp. 7)
such that af & I4 (resp. ya & 14).

Throughout the paper we shall always consider special biserial algebras of
the form KQa/Ia with (Qa,4) satisfying the above conditions.

1.4. Let (Q,I) be a bound quiver. Recall that a walk in the quiver Q
is a formal composition of arrows and their formal inverses. We shall also
consider trivial walks e, attached to vertices x of Q. A walk w in the bound
quiver (@, I) is a walk in @ such that no subpath v in w or its formal inverse
belongs to I.

We are interested in closed walks, i.e. ones with start vertices coinciding
with end vertices. A closed walk w in a bound quiver (@, I) will be called
small if it is not of the form v™ for any integer n > 2, and for any positive
integer m the walk w™ does not contain aa™! or o la, and it is not of the
form w™ = wjuwsg, where u is a path (resp. its formal inverse) such that
either u (resp. u™1) lies in I, or u — 2z (resp. u~! — z) belongs to I for some
path z in Q.

A pair of two different small closed walks w1, wo is said to be inadmissible
if:

(i) w1, wy have the same start vertex,

(ii) for every prime p and any decompositions p = Z;Zl(z’j + 1), ij,1;

> 1, the closed walks wll'1 wélw?w? . ~wii wét are small and pairwise
different.

1.5. LEMMA. Let A= KQa/I4 be a special biserial K-algebra. If there
is an inadmissible pair of walks w1, we in a bound quiver (Qa,I4) then the
algebra A is not of polynomial growth.

Proof. Repeat the arguments from the proof of Lemma 1 in [16].
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1.6. Let A = KQ4/I4 be a special biserial algebra which is a string
algebra, that is, I4 is generated only by paths. Then there is a full classi-
fication of indecomposable finite-dimensional right A-modules (see [6, 19]).
For every such module X we have two possibilities. The first is that X is
induced by a walk w satisfying: w # wiaa lws, w # w1 S fwy and w
does not contain a subwalk of the form w or u~! with w € I4. In this case
we shall denote X by X (w). The other possibility is that there is a small
closed walk v, an integer n > 1 and an element A € K* such that X is
uniquely determined (up to isomorphism) by these data. In this case we
write X = X (v,n, A).

Under the above notation we have the following algorithm for computing
Auslander—Reiten sequences, found by Skowronski and Waschbiisch in [18].
If X =2 X (w) for some walk w in Q4 then we construct a walk wg in the
following way. If

_ -1 -1 -1 -1
W= Q1 " Q11097 " Qg gy " Qr—T,5,_q * " Qr—1,10 1 =" Qg

-1

15, may be

. . -1
where each «;; is an arrow in Q4 and oy, -+ - 1,1 or Q.
trivial, then

-1 —1
wR f— a1,81 PP a171a2’1 oo a2782 . e aT—1,8T71 PP aT’—l,l

-1 -1 -1
. O[T"l PPN ar,srar,sr+1aT+l,sr+1 o e ar+1,l,

where 41,5, - - rp1,1 € L4 is a maximal path, provided that such a
walk wp exists. If there is no walk a;slﬁlarﬂ,srﬂ - apq1,1 then wp =
Qg - oq,la;j e 042_7;2 S Qp_1s,_, " Qp_1,2. Similarly we can construct a
walk wy using the same rules on the other end of the walk w. Then we
can compose our constructions and obtain a walk wgr. Finally, if X (w)
is noninjective then we have the following Auslander—Reiten sequence in
mod(A):
0— X(w) — X(wgr) ® X(wr) - X(wgr) — 0.

Furthermore, if X = X (v,n,\) then it is known from [19] that the Auslan-
der—Reiten sequence ending at X is of the form

0— X(v,n,\) = X(v,n—1,\) @ X(v,n+1,\) = X(v,n,\) — 0,

where X (v,0, \) is always the zero module.

Following Auslander and Reiten (see [2, 3]) we attach to any K-algebra
A its Auslander—Reiten quiver I'4. The vertices of I'4 are the isoclasses [M]
of indecomposable finite-dimensional right A-modules M. The number of
arrows from [M] to [N] is dimgIrr(M, N)/Irr?(M, N), where Irr(mod(A))
is the two-sided ideal in mod(A) generated by the irreducible morphisms.
We shall not distinguish between indecomposable A-modules and their iso-
classes.

A component in I'y will always mean a connected component.
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Following Ringel (see [14]) two components Ci, Co in I'4 are said to
be orthogonal if Homa(M,N) = 0 = Homa (N, M) for any M € C; and
N € Cy. A family {C;} ;¢ of pairwise orthogonal components in I'y separates
a component C from a component C’ provided that:

(1) I'n=CUl;e,CuC.

(2) Homa(C',€) = Homa(C', | ;¢ ; C;) = Homu( ;¢ ; C;,C) = 0.

(3) For any nonzero morphism f: M — N with M € C, N € C’ and for
any j € J there exists a finite-dimensional module X; in the additive

category formed by the modules from C; and there are homomor-
phisms f1 : M — X, and f5 : X; — N such that f = f5f1.

1.7. Throughout the paper A = KQa/I4 will denote a string alge-

bra which is triangular. We define a triangular string algebra A to be A

separated provided that for any two subquivers @', Q" in Qa of type A,
such that KQ' NIy =0 = KQ" N 14 we have Q[N Q[ = 0, where Qf,
denote the sets of vertices of ', Q”, respectively.

1.8. Let p = (p1,...,Dpq) denote a strictly increasing sequence of positive
integers. Let [ > 1 be an integer. Consider a quiver @, of the form

Pqg—1 0 D2
g—1,1 g1 0,1 1,1 @21 3,1
. . . ) ) .
) ) ) . . .
. . . . . .
a _ a _
9,Pq—Pg—1 ag,g a1,pq 2,p2—p1
q—1,pg_1-Pg—2 *3,p3—Dp2
Pg—2 Pq p1 p3
\ © © @ @ o o ¢ 0 0 0 0 o o 0 0 0 0 0o 0 0 0 o o /

o *4,p4—p3
9—2,pq_2—Pq—3

The path algebra KQ,;) = A(,,) is a tame hereditary algebra. It is well
known (see [14]) that its Auslander—Reiten quiver is a disjoint union

iy = P(App) UCo(Apy) U Coo(Apa) U || Ca(Apn) UT(Agy)
AEK*
of components, where P(A(Evl)) is the preprojective component and I(A(g,l))
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is the preinjective component. Moreover, the family Co(Ap)) U Coo(A(p 1)) U
LIxe e+ Ca(A(p,y) of pairwise orthogonal components separates P (A, 1)) from
Z(A(p,)- Furthermore, for every A € K*, Cx(A(,,)) is a tube of rank 1 in
the sense of [8]. The component Co(A(y)) is a tube of rank p; + p3 — p2 +
D5 — P4+ ...+ Dg— Pg—1, and COO(A(N)_) is a tube of rank [ + ps — p1 + pg —
p3 + ...+ pg—2 — pg—1. Finally, the fgllowing (*)-condition is satisfied:

(1) if S; is a simple A, ;)-module which is neither projective nor injective
and the vertex ¢ belongs to a clockwise oriented path then S5; €
Co(Awp);

(x2) if S; is a simple A, ;)-module which is neither projective nor injec-
tive and ¢ belongs to a counter-clockwise oriented path then S; €
Coo (A(g,l))v

(x3) if M = M(w) is an A, ;-module and w is a maximal path which is
counter-clockwise oriented then M (w) € Co(A¢,,),

(x4) if M = M(w) is an A, ;-module and w is a maximal path which is
clockwise oriented then M (w) € Coo(Ap))-

1.9. Let B be an algebra. Following Skowronski [17] we shall say that
a component C of I'p is generalized standard if rad®™(X,Y) = 0 for any
indecomposable right B-modules X, Y whose isoclasses belong to C, where
rad® (mod(B)) denotes the intersection of all natural powers of the Jacobson
radical rad(mod(B)) of the category mod(B).

A connected component C in I'p is defined to be starting (resp. ending) if
there is no nonzero morphism f : X — Y between indecomposable modules
X, Y such that Y € C and X ¢ C (resp. X € C and Y ¢ C). An example
of a starting component is the preprojective component P(A(m)). It is also
obvious that the preinjective component Z(A,;)) is an ending component.

2. One-point extensions

2.1. Let B be a finite-dimensional triangular K-algebra. Consider the

algebra
(K kMp
o= (5 )

where gMp is a finite-dimensional K-B-bimodule. It is clear that C is
a finite-dimensional triangular K-algebra. Moreover, we can treat finite-
dimensional, right C-modules as triples (V, Xp, f), where V is a finite-
dimensional K-linear space, X g is a finite-dimensional right B-module and
f:V — Homp(xMp, X) is a K-linear morphism. The algebra C is said to
be a one-point extension of B by xMp (see [13, 15]).
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2.2. We can associate a vector space category Xur, (see [15]) to the
bimodule xMp; the indecomposable objects of X/, are the indecompos-
able finite-dimensional right B-modules X with Hompg(xMp, X) # 0, and
morphisms are of the form Homp(xMp, f) for f € Homp(X,Y). The
structure of a left K-linear space on g Mp yields the structure of a right
K-linear space on Homp(xMp,X) for any X € X),, and the functor
|—| : Xap — mod(K) is of the form |—| = Homp(xMp, —). We know
from [13] that there exists a functor n : U(Xyr,) — mod(C) which is full
and faithful and establishes an equivalence between the subspace category
U(Xnrp) and the full subcategory of mod(C') consisting of the modules with-
out direct summands of the form (0, X, 0). Moreover, there is an equivalence
of categories (mod(C))/[mod(B)] = U(Xn,) (see [15]).

A vector space category of the form Xy, is said to be linear if

dimK HOHIB(KMB,X) =1

for every indecomposable object X € Xy, and the partially ordered set
attached to Xy, is linearly ordered.
The next two lemmas were proved by Nazarova and Roiter in [12].

2.3. LEMMA. Let Xy, be a linear vector space category. Then the triples
of the form (K, X, f), where X is an indecomposable object from Xy, and
[+ K — Homp(xkMp, X) is the identity morphism, and (K,0,0) form a
full list of monisomorphic indecomposable objects of the subspace category
U(Xry)-

2.4. LEMMA. Let Xy, be a vector space category which is equivalent
to an additive category add(KS), where S is a disjoint union of two lin-
early ordered sets S1, Sa. Then the triples of the form (K, X,id), (K,Y,id),
(K, X @Y, A), (K,0,0), where X is an indecomposable object of Xy, con-
tained in S1, Y is an indecomposable object of Xy, contained in Sa, and
A: K — Homp(kMp, X ®Y) = K? is given by A(k) = (k, k), form a full
list of nonisomorphic indecomposable objects of U(Xnry).

3. One-point extensions of A,

3.1. Now we shall consider the algebra

A — ( K MA(BJ) )7
0 Ay

where My, = M(w) is a simple regular A, ;-module in the sense of [14].
Then M A(pfl) is either a simple A, ;)-module which is neither projective nor
injective, or a simple regular A(p,-module which is not simple. In both cases
Ma, ) € Co(Agp,) or Ma,, € Coo(A(p,))- In these notations we have
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3.2. LEMMA. (1) The vector space category XMA< 5 is linear.
D,
(2) I'y= P(A(E’l)) (] Co(A) (| COO(A) L |_|)\€K* C/\(A(Q,l)) (| I(A) and:
(21) ]f MA(E»U S CO(A(BJ)) then COO(A) = COO<A(B,Z))'
(Qii) If MA(EJ) € Coo(A(B,l)) then CD(A) = CO(A(BJ))'
(2iii) Fvery indecomposable projective A-module which is not an
A(le)—module belongs to the component which contains MAW).
(2iv) Co(A)UCo (A)Uxe i+ Ca(Apry) separates P(Ag, 1)) from Z(A).

(2v) Z(A) contains all indecomposable injective A-modules and is an
ending component.

Proof. See [14].
3.3. Let
B:< Apn 0 )
K MA(BJ) K
where M A 18 either a simple A, -module which is neither projective
nor injective, or a simple regular AEPJ)—module which is not simple. Then

the algebra B is called a one-point coextension of the algebra A, ;) by the
K—A(gl)—bimodule KMA(pJ)‘ Under the above notations we have

LEMMA. I'g = P(B)UCO(B)UCOO(B)UU)\eK* C)\(A(QJ))HI(A(QJ)) and:

(i) If MA(E»” € CD(A(BJ)) then Coo(B) = COO(A(BJ)).
(ii) If MA(E»U S Coo(A(E,l)) then CO(B) = CO<A(E,Z))-
(iii) Fvery injective indecomposable B-module which is not an Ap)-
module belongs to the component which contains Ma,, - N
(iv) Co(B) U Coo(B) U sexcx Cr(A(pyy) separates P(B) from I(Ap,y).
(v) P(B) contains all indecomposable projective B-modules and is a
starting component.

Proof. See [14].

4. Fundamental algebras

4.1. A triangular string algebra A is defined to be fundamental if A =
KQa/I,4 is connected and in the bound quiver (Q 4, I4) there exists exactly
one full subquiver Q' of type A, such that KQ' N I4 = 0 and the quiver
obtained from Q4 by removing all arrows belonging to @’ and identifying
all vertices in Q' with vertex 0 is a tree.

For a K-algebra B, a right finite-dimensional B-module M is said to be
uniserial if the lattice of its submodules is a chain.
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4.2. LEMMA. If A is a fundamental K-algebra then there exists a se-

quence p, an integer | > 1 and a sequence Ao, A1, ..., A, of fundamental
algebras such that:

(1) AO = A(B’l)'

(2) For each i = 1,...,r the algebra A; is a one-point extension or a

one-point coextension of A;_1 by a uniserial module.
(3) A, = A.

Proof. Let Q" be as in the definition of a fundamental algebra. Then
there exists a sequence p and an integer [ > 1 such that Q" = Qp1)- We

put Ag = A(B:l)‘ Let @ denote the quiver obtained from @ 4 by removing all

arrows in Q' and identifying all vertices in Q' with vertex 0. Since @ is a
tree, there is a vertex x # 0 which is either the source of exactly one arrow
and the target of none, or the target of exactly one arrow and the source of
none. If Q has r + 1 vertices then we put 4, = A. Let Q,_1 be the quiver
obtained from (4 by removing the vertex x and the only arrow a whose
source or target is x. Let I._1 be the two-sided ideal in K(@),_1 generated
by the paths in I4 which do not contain o. We put A,_1 = KQp—1/I_1.
Then A,_1 is fundamental by construction.

Suppose that the removed arrow « has source x. Let P, be an indecom-
posable projective right A-module which is not an A,_j-module. It is clear
that rad(P,) is a uniserial right A-module which is an A,_j-module. Thus
clearly

Ao < K rad(Py) )
0 Ar—l

and rad(P;) is a uniserial A,_j-module.

If « has target x then consider an indecomposable injective right A-
module E, which is not an A,_j-module. Again it is clear that E, /soc(E;)
is a uniserial A-module which is an A,_1-module. Thus

4= ( Ex/ig;gEz> 10<>

and E,/soc(FE;) is a uniserial right A,_;-module.

Consequently, A, = A is a one-point extension or coextension of A,_1
by a uniserial A,_j-module.

Repeating the above arguments we construct algebras A, o, ..., A1 such
that the fundamental algebras Ao, 41, ..., A, satisfy (1)—(3).

4.3. LEMMA. If A= KQa/I4 is a fundamental K -algebra then for any
verter x in Qa there exists at most one walk w in Q4 of minimal length
which starts at x and ends at a vertex of Q'.
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Proof. Since the quiver @) obtained from @4 by removing all arrows in
@' and identifying all vertices in Q" with vertex 0 is a tree, the assertion is

obvious.

Define a +-arrow of a quiver () to be an arrow of @) or its formal inverse.

4.4. PROPOSITION. Let A be a fundamental K—algebm. Then

Ta=P(A)UC(A)U | | CA(A) UCuo(A) LUI(A)
AeK*

and the following conditions are satisfied:

(1) If X € P(A) then X = X(w) for some walk w in (Qa,la); con-
versely, P(A) contains all X (w) for the walks w satisfying one of the
following conditions:

(1)
(1ii)

(1iii)

w is a walk in Q1) with X(w) € P(Ap))-

w = w'ww' for some walks w", w' which do not contain any
+-arrow from Q,1), and w' = a~twy, where o is an arrow
with source in Q1) different from 0,p2,pa,...,pg—1, and W is
a walk in Q) such that X(w) € P(Ap))-

w does not contain any *-arrow in sz,l) and there exists a
walk w' (maybe trivial) which does not contain any +-arrow in
Qp,) such that w' = a~lw”, where o is an arrow with source
in Qe different from 0,p2,ps,...,pg—1 and the other frame
vertex of w' is the ending point of w. Moreover, if the source
of « is different from pi1,ps,...,pq then w' = w1 B for some
arrow [ whose target coincides with the ending point of w.

(2) If Xo € Co(A) then Xo = Xo(w) for some walk w in (Qa,Ila);
conversely, Co(A) contains all Xo(w) for the walks w satisfying one
of the following conditions:

(2i)
(2ii)

(2iii)

w is a walk in Q) such that Xo(w) € Co(Ap,y))-

w = w'ww’ for some walks w”, w' which do not contain any -
arrow from Q(p 1y, and either the end of w' is a vertex in Q(p )
which belongs to a maximal counter-clockwise oriented path in
Qp,) and is neither the starting nor the ending point of this
path, or the end of w' is one of 0,p1,ps,... ,Dq- Furthermore,
W is contained in Q1) and Xo(W) € Co(Agp,))-

w consists of +-arrows which do not belong to Q(pl and there
is a walk w' (maybe trivial) which does not contain any +-
arrow from Q(p) such that either w' = a~ ", orw' = ow”. If
w' = o~ then a is an arrow whose source is a vertex of some
mazimal counter-clockwise oriented path in Q) and is neither
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the starting mor the ending point of this path, and w' = w1
for some arrow B whose source coincides with the ending point
of w. If w' = aw” then « is an arrow whose target belongs
to a mazximal counter-clockwise oriented path in Q) and is
neither the starting nor the ending point of this path. Moreover,
w' = w1 B! for some arrow 3 whose target coincides with the
ending point of w.

(3) If Xoo € Cxo(A) then Xoo = Xoo(w) for some walk w in (Qa,la);
conversely, Coo(A) contains all Xoo(w) for the walks w satisfying one
of the following conditions:

(3)
(3ii)

(3iii)

w is a walk in Q) such that Xeo(w) € Coo(Agp,)-

w = w'ww’ for some walks w”, w' which do not contain any
+-arrow from Q ), and either the ending point of w’ belongs
to a mazimal clockwise oriented path in Q(, 1y and is neither the
starting nor the ending point of this path, or the ending point
of w' is one of 0,p1,p2,...,pq. Furthermore, W is contained in

Q(Evl) and XOO(W) € Coo(A(E,l))

w contains no £-arrow from Q) and there is a walk w’ (maybe

trivial) which does not contain any =+-arrow from Q(p,1) such

that either w' = a= " or w' = aw”. If w' = o~ 'w” then o is

an arrow whose source is a vertexr of a maximal clockwise ori-
ented path in Q) and is neither the starting nor the ending
point of this path. Moreover, w' = w13 for some arrow B whose
source coincides with the ending point of w. If w' = aw” then
a is an arrow whose target belongs to a maximal clockwise ori-
ented path in Q1) and is neither the starting nor the ending

point of this path. Moreover, w' = wiB~" for some arrow 3
whose target coincides with the ending point of w.

(4) Any Xy € Ci\(A), A € K", is an A(,y-module which belongs to
Cr(Ap)-
(5) If Y € Z(A) then Y = Y (w) for some walk w in (Qa,14); conversely,

Z(A)

contains all Y (w) for the walks w satisfying one of the following

conditions:

(51)
(5ii)

w is a walk in Q) such that Y (w) € I(A,y)-

w = w'ww' for some walks w”, w' which do not contain any
+-arrow from Q, 1y, and w' = aw], where « is an arrow whose
target belongs to Q) and is different from p1,ps, ..., pq. Fur-
thermore, W is contained in Q) and Y (W) € I(Ap)-
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(5iii) w does not contain any +-arrow from Qp) and there is a walk

w' (maybe trivial) which does not contain any +-arrow from
Qp,y such that w' = aw"”, where a is an arrow whose target
belongs to Q(p,) and is different from p1, ps, ..., pq and the other

frame vertex of w' is the ending point of w. Moreover, if the
target of « is different from 0,p2,pa,...,pg—1 then w' = wif
for some arrow B whose source coincides with the ending point
of w.

Proof. Let Ag, A1,..., A, be given by Lemma 4.2. We shall prove the
assertion by induction on 7.

If » =1 then the assertion is clear by Lemmas 3.2, 3.3.

Assume that the assertion is true for all fundamental algebras A with
r < rg. Let A’ be a fundamental algebra such that there is a sequence
of fundamental algebras Ay, A1, ..., Ay, Ary,+1 which satisfies the relevant
conditions. Assume that A,,11 = A’ is a one-point extension of A,, = A.
Every bound quiver (Q 4, 4/) of A’ is obtained from a bound quiver (Q 4,14)
of A by adding to @ 4 one vertex 0" and one arrow x with source 0" and target
x € Q4. Furthermore, I 4/ is a two-sided ideal which contains I4 and possibly
new paths starting with «.

Consider rad(Py ), which is a uniserial A-module. There is a nonzero path
En---€11n (Qa,I4) starting at = such that rad(Py) = M(ey, - - - £1), because
A is a string algebra. It is clear that A’ is a one-point extension of A by the
module M (e, ---e1) = M.

If no walk in (Qa,I4) starts at  and ends at a vertex of Q,; then
the vector space category Xs contains only finitely many indecomposable
A-modules Z1, ..., Zy,, with Z; = S, or Z; = Z;(wj), where wj = w'e; - - - €1,
i =1,...,n, and either w' is trivial, or w’ = w"771, or else w; = w't™ 1,
where 7 is an arrow in Q)4 whose target is x. Then X); is linear by [12].

If there is a walk w in (Q 4, I 4) which starts at = and ends at a vertex from
Q(p,) then by Lemma 4.3 there exists exactly one such walk w of minimal
len_gth. If w=wdey,---e1 then Homs (M, M(w)) = 0 and X, consists of
finitely many indecomposable A-modules of the above form. Hence X is
linear. If w = w'é le;---e1, i = 1,...,n, or w = w'é ', where § is an
arrow in Q4 whose target is x, then Homa (M, M(w)) = K. Let y € Q)
be the end of w. Then there are walks w in Q(,;) which start at y such
that Hom4 (M, M (ww)) = K. Now consider the case w = w8 e; ey,
i=1,...,n,0or w= an”é_l. Then y is the target of the arrow 7. Thus y #
P1,P3, -, Dg- If y € {0,p2,p4,...,pg—1} then by the inductive assumption
for every walk w in @, ;) starting at y we have either M (w) = Y (w) € Z(A),
or M (W) = Xo(W) € Co(A), or else M(W) = Xoo(W) € Coo(A). Since A is
fundamental, we have either X; C Co(A) UZ(A) or Xy C Coo(A) UZ(A).



STARTING AND ENDING COMPONENTS 123

Consider the case Xy C Co(A) UZ(A). First suppose that y € {0, p2,
P4, --.,Pg—1}. Then Xo(ww) € Co(A) N Xar, where W = Wt p,—p, 4+ Qi1
ify=p;, and p; —p;i—1 =1ify=0. In this case all Xo(ww) are of the form

Xo(@ipi—p;_y - igw),  Xo(oy W),

@ 1p1 1—pi_2 Yipi—pi—1
and it is easy to see that

K if l(w) < l(w),
0  otherwise.

Furthermore, X (w"ww) € Co(A)NAXs provided that Xo(ww) € Co(A)NXas
and w is as above. Then

HomXM (Xo(w’w), Xo(wl’w)) = {

K if (@) < (W),
HomX]W (Xo(w”ww)’XO(wlllwlw)) = " fll( ,j( é( _))a;l;i< //_1)) #0
om w wiw ,

0  otherwise.
Moreover, Y (ww) € Z(A) N Xy provided that

W= 01, Q2015 -y Qipi—p; g """ Qi 1,

-1 -1
Q11 Q1 —pi o Yipi—pio1 T Ly e

Then it is easy to see that

N
Homy,, (Y (ww),Y (wi1w)) = {K if [(w) < (W),
0 otherwise.

Furthermore, Y (w"ww) € Z(A) N X provided that Y (ww) € Z(A) N Xy

and w is as above. Then

K if l(w) < l(wy),

K if [(w) = l(w;) and
HOIHA(Y(’(U”E), Y(w/{wl)) #0,

0 otherwise.

Moreover, all indecomposable modules Z(w’) in X for the walks w’ of the

form w' = wr~le, -+ -1 with a > i such that w' is disjoint from Q y form

>~

Homy,, (Y (w"ww), Y (w{ww))

a linear vector space category by [12], and
Homy,, (Z(w'"), Xo(w"ww)) =2 K = Homy,, (Z(w'), Y (wiwiw)),
Homy,, (Xo(w"ww), Z(w'")) = 0 = Homy,, (Y (wjwiw), Z(w')).

Likewise, the indecomposable modules Z(w’) in X); for the walks w’ of the
form w' = wr ey -1 with b < i such that w' is disjoint from Q(p,y form

a linear vector space category and
Homy,, (Xo(w"ww), Z(w'")) 2 K = Homy,, (Y (wjwiw), Z(w')).

Finally, the indecomposable modules Z(w1) in Xps for wy = wié te; - &1
disjoint from @, ) also form a linear vector space category. Next, for every
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walk wq it is easy to see that either

Hom y,, (Z(w1), Xo(w"ww)) = K = Homy,, (Z(w),Y (wjww))
and
Homy,, (Xo(w"ww), Z(w)) = 0 = Homy,, (Y (wiww), Z(w1)),

or vice versa.
In view of the above remarks the vector space category Xy is linear.
Now consider the case y # 0, p2,p4, . ..,pq—1. Then y is a vertex of a max-
imal counter-clockwise oriented path in @)(,;), and y is neither the starting
nor the ending point of this path. To simplify notation assume that y is the
target of the arrow ag;, i # [. Then Xo(ww) € Co(A) N Xyr provided that
w is one of the following walks:

-1 -1 -1 —1 -1 -1 —1
Cys Ag i Ag 1% 40 -+ Qg2 " Qggs Alpy """ Q1101 """ Qg gy - -

It is easy to see that

K if l(w) < l(wy),
0 otherwise.
Furthermore, X(w”ww) € Co(A) N Xy if W is as above. Then

HOHIXM (X()(ww), Xo(@lw)) = {

Homy,, (Xo(w"ww), Xo(wiwiw))
K if l(w) < l(w),
K if [(w) = Il(w;) and
Hom 4 (Xo(w"w), Xo(wjw1)) = K,
0 otherwise.

Moreover, Y (ww) € Xy N Z(A) provided that w is one of the following
walks:
aﬁ---aaﬂl, alylaﬁ---aa’}-a172a171a5&---aa},
Then it is easy to see that
Homy,, (Y (ww), Y (ww)) = {g( i ;E;i; i §§;§’
Furthermore, Y (w"ww) € X3 NZ(A) if w is as above. Then
K ifl(w) < l(w),
K if [(w;) = l(w) and
Homy (Y (w"w), Y (ww)) = K,
0 otherwise.
Additionally, for every Xo(ww) € Xy NCo(A) and every Y(wiw) € Xy N
Z(A) we obviously have

Homy,, (Xo(ww), Y (wiw)) = K, Homy,, (Y (wiw), Xo(ww)) = 0.

Homy,, (Y (w"ww), Y (wiww)) =
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Thus for every Xo(w"ww) € XprNCo(A) and every Y (wiwiw) € Xpy NZ(A)
we have

Homy,, (Xo(w"ww), Y (wiwiw)) = K,

Homy,, (Y (w{wyw), Xo(w"ww)) = 0.

Next, the indecomposable modules Z(w') in Xy for w' = wr~le, - &1

with @ > 4 such that w’ is disjoint from Q(p,) form a linear vector space
category by [12], and

HomXM (Z(w/) (w ww)) =K = HomXM (Z(w,)v Y(wlllwlw))a
Homy,, (Xo(w"ww), Z(w'")) = 0 = Homy,, (Y (wjwiw), Z(w')).

The 1ndecomposable modules Z(w ) for w' = wrley- -1 with b < i such
that w’ is disjoint from Q(p,) also form a linear vector space category, and

HomXM(Z(w’), Xo(w”@w)) =0 = Homy,, (Z(W"),Y (wiww)),
Homy,, (Xo(w"ww), Z(w')) 2 K 2 Homy,, (Y (w{wiw), Z(w')).

Finally, the indecomposable modules Z(wy) for wy = w}d te; &1 or wy =
gi---€1 such that w; is disjoint from @, ;) also form a linear vector space
category. Furthermore, either N

Homy,, (Z(w1), Xo(w"ww)) 2 K = Homy,, (Z(w;), Y (w]ww))
and
Homy,, (Xo(w"ww), Z(wy)) = 0 = Hompy,, (Y (wjww), Z(w)),

or vice versa.

Consequently, the vector space category X is linear.

The case when Xp; C Coo(A) UZ(A) is similar.

If w=n"twé e e,i=1,...,n, orw=n"'twd ', then a sim-
ilar analysis shows that X,; is linear; here the indecomposable modules
Z(w"ww) belong to P(A) LCo(A) or to P(A) L Coo(A).

Now Lemma 2.3 shows that the indecomposable A’-modules which are
not A-modules can be identified with the following objects of the subspace
category U(Xyr): (K,0,0), (K, Z,id) for all indecomposable Z € X),. Since
every indecomposable Z € X)s is of the form Z = Z(w) for some walk
w in (Qa,l4) which starts at z, (K,0,0) is in fact the simple A’-module
So. However every object (K, Z(w),id) is in fact an A’-module of the form
Z(wk). Therefore we obtain condition (4) for the algebra A’.

If there is no walk connecting = to Q) in (Qa,14) then Xy is a finite
vector space category whose indecomposable objects are Z (w) for the walks
w of the form e,, w'r= wio~te; ey, i € {1,...,n}, disjoint from Q(p,)
Then the indecomposable A’-modules which are not A-modules are of the
form Z(wk) for the above w. Moreover, if there is an irreducible morphism
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f:+ Z(w) — Z; in mod(A) then either there are irreducible morphisms
Z(w) 2 Z(wk) 2 Ziin mod(A’) or f is also irreducible in mod(A’). Hence
Z(wk) and Z(w) belong to the same component and so passing from ['4
to I'4» we have no gluing of components. Therefore I'ys = P(A") LU Co(A") U
Lexs CA(A") UCo(A") UZ(A') and conditions (1)—(5) are satisfied.

If there is a walk in (Q4,4) which connects x to Q,;) then let w be
such a walk of minimal length. By the first part of the proof the vector
space category Xy is linear, and the indecomposable A-modules of the form
Z (w"ww’) which belong to Xy are contained in Co(A)UZ(A), Coo(A)UZ(A),
P(A)UCH(A), P(A)UCx(A).

If Xy C Co(A) UZ(A) then P(A") = P(A), Co(A) = Cx(A) and
Cr(A") =Cy(A), A € K*. Hence conditions (1), (3), (4) hold for I'y.

In order to check (2), (5), notice that the new walks in (Q s, I4/) are of
the form wk. Thus if f: Z(w) — Z; is an irreducible morphism in mod(A)
then either it is irreducible in mod(A’), or there are irreducible morphisms
Z(w) L Z(wk) 2. 7. Hence passing from I'4 to I'ys we do not glue any
different components, and so I'yr = P(A")UCo (A" )U| | e g+ Cr(A)UC (AU
Z(A’). Furthermore, it is obvious that if (2) (resp. (5)) is satisfied for w then
it is also satisfied for wk.

The other cases can be checked similarly. We omit the details.

Consequently, A,,+1 is a one-point extension of A,,, and conditions
(1)—=(5) hold for A,y 41.

The case when A,,11 is a one-point coextension of A,, is similar.

4.5. PROPOSITION. Let A be a fundamental algebra. Then Co(A) U
Lxer+ Ca(A) UCxo(A) separates P(A) from I(A) in I'a.

Proof. We keep the notation of the previous proof and again argue by
induction on r. If » = 1 then the assertion holds by Lemmas 3.2 and 3.3.

Assume that the assertion is true for a fixed rg. Let A be such that the
above r for A is ro + 1. Set A,, = A’ for A = A, +1. By the inductive
assumption, the required condition holds for A’.

Suppose that A is a one-point extension of A’ by a uniserial A’-module M.
Then a bound quiver (Q4,I4) is obtained from (Q as, /) by adding one
vertex 0/ and one arrow x with source 0’ and target x € Q 4. Furthermore,
the two-sided ideal I4 contains 14 and possibly some new paths starting
with k.

Consider the uniserial A’-module M = rad(Py ). There exists a nonzero
path €, ---e1 in (Qas, Ia/) starting at = such that M = M (e, ---€1).

First we check that Co(A) U| |yc g« CA(A) UCx(A) is a family of pairwise
orthogonal components. Notice that if Z, U are indecomposable A’-modules
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which belong to different components then
Homu(Z,U) =0 = Homyu (U, Z2)

by the inductive assumption. Let Xo(wk) € Cp(A4) and X € Cy, A € K*.
Then by Proposition 4.4, X, is an A’-module. If f : Xo(wk) — X, is
a homomorphism of A-modules then f: is a homomorphism of A’-modules,
where ¢ : Xo(w) — Xo(wk) is the inclusion. But ¢ is an irreducible morphism
by the Skowroniski-Waschbiisch algorithm. Hence f¢ = 0 by the inductive
assumption, and so f = 0. If g : X\ — Xo(wk) is a homomorphism of
A-modules then g = 1g; for some homomorphism g; : X — Xo(w). Since
g1 is a homomorphism of A’-modules, g; = 0 by the inductive assumption.
Thus g = 0. Consequently, Co(A) is orthogonal to all components Cy(A),
A e K*.

One shows similarly that C (A) is orthogonal to all Cy(A), A € K*. More-
over, the inductive assumption and Proposition 4.4 imply that the Cy(A),
A € K*, are pairwise orthogonal.

Let Xo(w) € Co(A) and Xoo(wi) € Coo(A). Consider the case w = w'k
and wy; # wjk. Then Xo(w'k) is not an A’-module and X (wi) is an
A’-module. Suppose that f : Xo(w'k) — Xoo(w;) is a homomorphism of
A-modules. Then f¢ is a homomorphism of A’-modules, where ¢ : Xo(w') —
Xo(w'k) is the inclusion. By the inductive assumption, fv = 0. Hence f = 0.
If g: Xoo(w1) — Xo(w'k) is a homomorphism of A-modules then g = 1g1
for some homomorphism ¢ : X (w1) — Xo(w’) of A’-modules. But the
inductive assumption yields g1 = 0. Thus g = 0.

If w; = wik and w # w'k then similar arguments show that

Hom 4 (Xo(w), Xoo(w1)) = 0 = Homy (X (w1), Xo(w)).

Now suppose that w1 = wik and w = w'k. Let f: Xo(w'k) = Xoo(w)K)
be a homomorphism of A-modules. Then it is clear that Xo(w') ¢ ker(f)
provided that f # 0. Thus ft # 0 for the irreducible monomorphism
t: Xo(w") — Xo(w'k). But by the above considerations fir = 0, because
Xo(w') is an A’-module from Cy(A). Thus f = 0. One shows similarly that
Hom 4 (X oo (W), Xo(w'k)) = 0. Consequently, Co(A) and C(A) are orthog-
onal, which finishes the proof that Co(A) U| |yc g Cr(A) UCxo(A) is a family
of pairwise orthogonal components in 4.

Let X(w) € P(A) and X € CA(A), A € K*. If w # w'k then X (w)
is an A’-module and so Hom4 (X, X (w)) = 0 by Proposition 4.4 and the
inductive assumption. If w = w’s then the Skowronski—Waschbiisch algo-
rithm yields an irreducible monomorphism ¢ : X(w’) — X (w's) such that
any homomorphism g : X\ — X (w'k) is of the form tg; = g for some ho-
momorphism g; : X — X (w') of A’-modules. But g; = 0 by the inductive
assumption. Hence g = 0.
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Let X (w) € P(A) and Xo(w1) € Co(A). If w # w'k and wy # wik then
both modules are A’-modules and Hom 4 (Xo(w1), X (w)) = 0 by the induc-
tive assumption. If w = w'k and w; # wik then any homomorphism f :
Xo(w1) — X (w) of A-modules is of the form f = ¢f;, where f1 : Xo(w1) —
X (w') is a homomorphism of A’-modules and ¢ : X(w') — X (w'k) is irre-
ducible. But f; = 0 by the inductive assumption, and so f = 0. If w # w'k
and w; = wik then for a nonzero homomorphism f : Xo(wjk) — X (w) of
A-modules we have fo # 0, where p : Xo(w}) — Xo(w)k) is irreducible.
But fo = 0 by the inductive assumption. Thus f = 0. If w = w's and
wy; = wik then for any nonzero homomorphism f : Xg(wik) — X(w'k)
we have fo # 0, where o : Xo(w]) — Xo(w)k) is irreducible. But from
the above considerations we deduce that fo = 0, which shows that f = 0.
Consequently, Hom 4(Co(A) U | |yc g+ CA(A), P(A)) = 0.

A similar analysis shows that Hom(Cso(A), P(A)) = 0, which implies
that Hom 4 (Co U | |ycp« CA(A) U Coo(A), P(A)) = 0.

Dually one shows that Homa(Z(A),Co(A) U | cx- Cr(A) UCx(A)) = 0.

Now consider X (w) € P(A) and Y(wy) € Z(A). Let f : X(w) — Y (wy)
be a nonzero homomorphism of A-modules. If w # w'k and wy # w|k then
X (w), Y(wy) are A’-modules and by the inductive assumption there are A’-
modules X; € add(C;(A)), i € K U{oo}, and homomorphisms h; : X — X;,
gi: X; =Y, i€ KU{oo}, such that f = g;h;. Thus the required condition
is satisfied.

If w=w'r and w; # wjk then w’ = w’e;---e1k for i € {1,...,n} and
w” =w" 6 or w” is trivial, or else w’ = w61, or w’ is trivial.

If w = k then there is no nonzero homomorphism from X (w) to any
A’-module. If w = ¢;-- -1k then there is no nonzero homomorphism from
X (w) to any A’-module. Therefore w = w”§~1e;--- &1k or w = w"6 k. But
the Skowronski—Waschbiisch algorithm yields an irreducible homomorphism
11 : X(w) = X(w"”)or iy : X(w) — X (w'). Since Y (wy) is an A’-module, we
have ker(t1) C ker(f) and ker(ta) C ker(f) for any nonzero homomorphism
f @ X(w) — Y(wi). Thus f = fiy, j = 1,2, for some homomorphism
fi: X(w') — Y(wy) or fi + X(w") — Y(wy) of A-modules. Since the
required condition holds for fj, it also holds for f.

If wy = wik and w # w'k then any homomorphism f : X (w) — Y (wy) is
of the form pf;, where g : Y(w}) — Y (w}k) is irreducible and f; : X (w) —
Y (w}) is a homomorphism of A’-modules. Since the required condition holds
for f1, it also holds for f.

If w=wk and w = wlll-i then we consider an irreducible homomor-
phism ¢ : Y(w}) — Y(wik). If f = of;1 for some f1 : X(w) — Y (w}) then
we deduce from the above analysis that f; satisfies the required condition,
and hence so does f. If f # pf1 then either fi # 0 for some irreducible
t: X(w') — X(w'k) or Y(wy) = Sy. First consider the case fu # 0. Then
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the above considerations show that the required condition holds for fu.
In particular fu factorizes through a module X, € add(Cy(A)) for some
A € K*. Thus im(ft) is an A, -module. But = € supp(im(f:)). Hence
T € Q(p,)- Then by Proposition 4.4(1), either X (w') is an Ay py-module, or
X(w') = X(w'®) with X (W) € P(A(p,), or else w' does not contain any
+-arrow from @, ;). In the last case we have no factorization of f. through
any module X € add(Cy(A)), for A € K*. Thus the last case is impossible.
If X (w') is an A, ;-module from P(A,;)) then X (w) is not an indecompos-
able A-module by Lemma 3.3. If X (v') & X (v"®@) with X (@) € P(Ay,)
then X (w"wk) is not an indecomposable A-module from P(A) by Proposi-
tion 4.4(1).

If Y(wy) & Sy then f factorizes through the indecomposable injective
A-module E, and a similar analysis shows that X (w) cannot be an indecom-
posable A-module from P(A). Therefore f = of; and the required condition
holds for fi, and so for f.

Consequently, Co(A) U || ez« Ca(A) U Coo(A) separates P(A) from Z(A)
it A= A, 11 is a one-point extension of A,,. If A = A, 4 is a one-point
coextension of A,, we proceed dually. Thus, the proof is finished.

5. 2-fundamental algebras

5.1. Let n be a fixed positive integer. A triangular string Am—separated
algebra A is defined to be n-fundamental if A = KQ/I4 is connected and
the following conditions are satisfied:

(1) There exist exactly n full subquivers Qf,...,Q, of type A,, in
(Qa,I4) which are pairwise disjoint and such that KQ; N I4 = 0
and the quiver Q 4, obtained from Q4 by removing the arrows from

;-, 7 =1,...,n, and identifying the vertices of Q; with vertex 0,
j=1,...,n,is a tree.

(2) For any vertex 0; in Q4 there exists either a maximal path v in Q4
starting at 0; such that v € I4, or a maximal path u in @4 ending
at 0; such that u & I4. If v (treated as a path in Q1) starts at some
vertex x in Q;- which is the ending point of two maximal paths vy, vo
in Q;- then vvy & I4 or vvg & I4. If u (treated as a path in Q4) ends
at some vertex y in Q;» which is the starting point of two maximal
paths w1, us in Q;- then uyu &€ I4 or ugu & I4.

It is clear that any 1-fundamental algebra is fundamental.

In this section we shall study Auslander—Reiten quivers of 2-fundamental
algebras.

A 2-fundamental algebra A is defined to be minimal if the quiver Q 4 is
of type A,,.
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5.2. LEMMA. Let A be a minimal 2-fundamental algebra. If Qa is a
path w such that w & I4 then I'y has only one starting component P(A)
and only one ending component Z(A); both are generalized standard.

Proof. Since A is 2-fundamental, there are exactly two disjoint subquiv-
ers Q(p,) and Q’(p,J,) in (Qa,14). Moreover, Q4 is a path w = (B, --- 31 by
assumption. Assume that the source of 1 belongs to @, and the target
of 3,, belongs to sz’,l’)‘

We start by studying the component P(A) which contains the simple pro-
jective A-modules Sy for ¢ = pl,ph, ..., p;,. By the Skowroriski—Waschbiisch
algorithm, P(A) = P(Azp,’l,)) for A?p’,l’) = KQ’(p,J,). Thus P(A) consists of
p,’_l,)—modules_X (w) such that X (w) e P(A’(p,’l,)). If
there is a nonzero homomorphism f : Y — X(w), where X (w) € P(A)
and Y is an indecomposable A-module which is not an A’(p/l/)-module,

the indecomposable A’(

then Y = X (vw') for some walk @' in sz’,l’) and some nontrivial walk
v =1v'B,,!. But then fg # 0 for the inclusion g : X (w’) — X (vw’). There-
fore X (w') € P(A) by the above considerations. Thus X (8,,'w’) € P(A),
which is impossible, because P(A) = P(A,(p’,l/))' Hence P(A) is a starting
component in I'y, and it is generalized standard.

Dual arguments show that the component Z(A) which contains the simple
injective A-modules S; for ¢ = 0,p2,pa,...,pg—1 is ending and generalized
standard. We omit the details.

The fact that P(A) is the only starting component and Z(A) the only
ending component in I'4 is a direct consequence of Propositions 4.4 and 4.5.

5.3. LEMMA. Let A be a minimal 2-fundamental algebra. If Qs contains
a path v € I4 then I'4 has a starting component P(A) which is generalized
standard and an ending component Z(A) which is generalized standard.

Proof. If Q4 is a path then the arguments from the proof of Lemma 5.2
yield the desired components.

Suppose Q4 is not a path. Let v = B, - -- 1 be a path in Q4 such that
v € I4. Again, there are exactly two disjoint subquivers Q(B’l) and sz',l') in
(Qa,14). Let Q4 be a walk of the form waf3,, - - - Biwi, where the starting
point of wy belongs to Q(Evl) and the ending point of wy belongs to Q/(p/,l/)'
Consider the full subquiver @’ in @ which contains the arrows of Q1)
and of fB—1---Brwy. Let I’ = T4 N KQ'. Then the algebra A" = KQ'/I’
is obviously fundamental. Denote by Q" the full subquiver in Q4 which
contains the arrows of Q’(p,’l,) and of woBy, -+ B2. We put I = T4 N KQ".

Then A” = KQ"/I" is fundamental. Moreover, I'y = I'4s U ['4», where
I'yNCyn = I'p for B= KQp/Ip given by the full subquiver Q5 of @ 4 which
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contains the arrows fo, ..., Bn_1, and the two-sided ideal Ig = KQp N 14.
Now Propositions 4.4 and 4.5 show that "4/ contains the starting component
P(A’) and the ending component Z(A’). Similarly, I'y» contains the starting
component P(A”) and the ending component Z(A"). It is clear that P(A’),
P(A") are starting components in I'y provided that P(A")NP(A”) = 0, and
P(A")yUP(A") is a starting component in I'y otherwise. Moreover, Z(A'),
Z(A") are ending components in I'4 provided that Z(A4’) NZ(A”) =, and
Z(A’)UZ(A”) is an ending component in I'4 otherwise.

Now we show that if P(A") N P(A") # () then P(A") UP(A”) is gener-
alized standard. Let X (v1), X2(v2) € P(A") UP(A”). Suppose that there
is a nonzero homomorphism f € rad® (X (v1), Xa(v2)). If X1(v1), Xa2(v2) €
P(A’) and both are A, ;)-modules, then rad™ (X1 (v1), X2(v2)) = 0, because
P(A’) contains P(A(pjl)) and P(Aq,;)) is a generalized standard compo-
nent of FAW). If Xi(vp) is an A(Bl)—module and Xo(v2) is not, then there
exists a nonzero homomorphism f : Xj(v;) — Xs(v2) provided that vy
is of the form vy = Wya 1w} by Proposition 4.4(1), where o is an ar-
row whose source belongs to ()(,;) and is different from 0, p2,p4, ..., pg—1
and Wy is a walk in Q,;) such ‘that X (W) € P(A(p,y)- But in this case
there is a nonzero homomorphism g : Xs(ve) — X (W2) and gf # 0. Thus
gf € rad> (X (v1), X(w2)), which is impossible.

If Xo(v2) is an A, ;)-module and X7(v;) is not, then Proposition 4.4(1)

implies that v; = Wia ™"

wh, where a is an arrow with source in Q) dif-
ferent from 0, p2,ps, ..., pg—1, and w1 is a walk in Q(, ;) such that X (w1) €
P(A(p,))- Then w1 = w4, where ¢ is an arrow in @, ;) whose source coin-
cides with that of o. Hence we have a monomorphism h : X (w}) — X1(v1)
and X (w)) € P(A(py))- If f # 0 then fh € rad™ (X (w}), X2(v2)), which is
impossible. Thus fh = 0. But in this case im(h) C ker(f). Thus f factorizes
through X (a~!w}) ¢ P(A’), which is impossible, because P(A’) is a starting
component in [4.

If X1(v1) and X3(v2) are not A, ;-modules then by Proposition 4.4(1),
v = Ela_lw’l and vy = Ega_lw_é. Moreover, we have an epimorphism
g : Xo(ve2) — X(wz). We infer that gf = 0. Hence im(f) C X (w}). But
there is a monomorphism h : X(w]) — Xi(v1) and fh # 0 by the last
inclusion. Thus fh € rad®™ (X (w}), X2(v2)). Furthermore, gfh # 0 is in
rad™ (X (w]), X (wh)). Since it is easily seen that no homomorphism from
X (w}) to X (w}) can factorize through an A-module which is not a KQ /1 a-

module for T4 = KQa N 14, we have gfh = 0, and so f is zero.

Similar considerations in the cases X1 (v1), X2(va) € P(A”), or Xi(v1) €
P(A), Xa(ve) € P(A”), or else X1 (v1) € P(A”), Xa(ve) € P(A’) show that
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P(A") UP(A”) is a generalized standard component. In particular, when
P(A)NP(A") =0, both P(A"), P(A”) are generalized standard.

Dual arguments show that Z(A’) UZ(A”) is generalized standard when
IZ(A)NZ(A") # 0, and both Z(A’), Z(A”) are generalized standard if
Z(A")NZ(A”) = 0. This finishes the proof of the lemma.

5.4. PROPOSITION. Let A be a minimal 2-fundamental algebra. If Q4
is a quiver of type A, which is not a path and there is no subpath v in QA
such that v € 14 then I'y has at least one starting component P(A) and at
least one ending component Z(A). Moreover, the total number of starting
and ending components in I'4 is not greater than 3.

Proof. The assumptions imply that there exists a vertex r in Q4 which
is either the source of no arrow in @) 4, or the target of no arrow in Q4. If r
is not the target of any arrow in () 4 then there are fundamental subalgebras

A1, As in A such that
= < K rad(P,) >
0 A1 X A2

and rad(P,) 2 M @ N for some uniserial A;-module M and some uniserial
As-module N. Since there is no subpath v € I4 in Q4, the A;-module M
is either projective, or simple, or else simple regular, and similarly for the
As-module N. Moreover, Q4 is obtained from @4, and @4, by adding the
vertex r and two arrows: an arrow € with source r and target x €  4,, and an
arrow 7 with source r and target y € @ 4,. Then the proof of Proposition 4.4
shows that the vector space categories X7, Xy are linear. Since X); consists
of Aj-modules and X consists of Ao-modules, Xyrqony = XXy is a vector
space category which satisfies the assumptions of Lemma 2.4. Furthermore,
by Proposition 4.4,

T, =P(A1) UCo(A1) U | | Ca(A1) U Co(Ar) UT(Ay),
AEK™

Tp, = P(A2) UCo(A2) U | | Ca(A2) Ui Coo(A2) UT(Ag).
AEK*
By the proof of Proposition 4.4, X is contained either in P(A;) U Cy(A1),
or in P(A1) UCoo(A1), or in Co(A1) UZ(A1), or else in Coo(A1) UZ(A;), and
similarly for Xy.

If Xpr € P(A1)UCo(Ar) and Xy C P(A2) UCo(As2) then Proposition 4.4
shows that any X € X is of the form X = X(w) for some walk w in
(Qa,,14,) which starts at z. Moreover, if X(w) € P(A;) then either w
is a walk in Q4 or w = wWw', where w' is a walk in Q4 and W is a walk
without #-arrows which belong to Q4 and w’ = a~'w” for some arrow a.
If X( v) € Co(A1) then either w is a walk in QA or w=ww for some walk
w' in Q4 and some walk @ without +-arrows from Q 4.
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Similarly, any Y € Xy is of the form Y = Y (u) for some walk u in
(Qa,,I4,) which starts at y. Furthermore, u is either contained in Q4 or
u = wu', where v’ is a walk contained in Q4 which does not contain any
+-arrow from Q4.

By Lemma 2.4 the indecomposable A-modules which are not A; x As-
modules are in 1-1 correspondence with the following objects of the subspace
category U(Xmen): (K,0,0), (K, X,id) for all indecomposable X € Xy,
(K,Y,id) for all indecomposable Y € X and (K,X @ Y,A) for all in-
decomposable X € Xy, Y € Xn. But (K,0,0) corresponds to the simple
A-module S;; (K, X (w),id) corresponds to X (we); (K, Y (u),id) corresponds
to Y (ur); and (K, X (w) ® Y (u), A) corresponds to XY (wer tu~1).

Notice that in passing from I'g, x4, = L'a, U 4, to I'4 the components
Cx(A1), Cx(A2), A € K*, remain components in 4. Similarly, for Co (A1),
Cxo(A2), Z(A1), Z(A2) the Skowronski-Waschbiisch algorithm acts identi-
cally in mod(A) and in mod(A; x Az). Thus they too are components in I'4.
We now show that P(A1), P(Az), Co(A1), Co(Az) are glued into a common
component P(A) in I'4.

Since A is a minimal 2-fundamental algebra and @ 4 is of type A, is not
a path and is relation-free, it follows that ()4, contains a subquiver Q,

and a subquiver Q 4, = @4, NQa. The arrows of Q 4, which belong to Qp1)
will be denoted by a;; (as in 1.8). By Proposition 4.4(1), @4, is of the form

01,1 01,51 02,59 02,1 0t,1 Ot,sy €m €1
> e e T e e e e % e e S .

z I

with ¢ > 1, s; > 0, m > 0, where m = 0 denotes that z is the target of the
arrow gt s,, and z is the only vertex of @4, which belongs to (), ;). Sim-
ilarly @ 4, contains a subquiver Q’(p,’l,) and a subquiver Q4, = Q4, N Q4.
The arrows in @ 4, which belong to Ql(p’,l’) will be denoted by ag,’j,. Propo-
sition 4.4(1) implies that @) 4, is of the form

1 Tn Te,ac Ne,1 72,1 12,091,071 1,1

with ¢ > 1, a; > 0, n > 0, where n = Ogenotes that y is the target of the
arTow 1)q,, and 2’ is the only vertex of () 4, which belongs to Q’(p/ %

In the above notation, M = X (g, ---&1) and N 2 Y (77 *---771). Then
Proposition 4.4(1iii), (2iii) shows that M € P(A;) and N € P(Az). Further-
more, we have irreducible morphisms M — XY (g, ---e1e7 'y b - 1 h)
~ P, and N — P, in mod(A). Then applying the Skowronski-Waschbiisch
algorithm, we find that if X(w) € Xy N P(A;1) then we have an irre-
ducible morphism X (w) — XY (wer™'r;!---771) in mod(A). Similarly,

if Y(u) € Xy N P(A2) then there is an irreducible morphism Y (u) —
XY (e - -e1e7 tu™t) in mod(A). It is easy to see, applying the Skowroniski—
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Waschbiisch algorithm, that if X (w) € XpyNP(A1) and Y (u) € XyNP(As2)
then XY (wer~tu~!) € P(A), where P(A) is the component in I'4 which
contains the projective module P,.

Now notice that we have the chain of irreducible morphisms

-1 -1 -1 -1 -1
M_>X(Qt,st€m.'.8]-) — e —> X(91,2"'Ql,sl ...Qt’l ...Qt’stgm...el)_)X

in mod(A), where X = X(Qiigl_,é e Ql_él e Qt_ll e Q;sltam ---£1) in case
z is the end point of a maximal path in @, ;. Furthermore, again by the
Skowronski—Waschbiisch algorithm, there is a chain of irreducible morphisms
of the form S, — -+ — X in mod(A) in case z is the end point of a max-
imal path in Q, ), and a chain X (a;p,—p,_, -+~ @i ;) — - — X otherwise.
Further in the respective cases we have the following chains of irreducible
morphisms in mod(A):

—1 —1 —1 -1
X(ai,pi*pi—l .. 'ai’jgl,l e 91781 N Qt,l N Qt,StEm .. 615) JEN
—1
- X(O‘i,pi—pifl o 'alﬁjgl,l) - X(O‘i,pi—pifl T ai,j)'

In both cases the sources of the chains correspond to the objects (K, X (w), id)
for X(w) € Xy N'P(A1). Repeating the above arguments for any X (w) €
Xy N P(A1), we obtain X (we) € P(A). Symmetrically one shows that
Y(r~tu=t) € P(A) for any Y (u) € Xy NP(A).

Further it is easy to see that for any X(w) € Xy N P(A;1) we have
the following chain of irreducible morphisms in mod(4): XY (wer tu~1) —

- — XY (wer 1) — X(we), where Y(u) € Xy N Co(Az). Hence the ob-
jects (K, X (w) @Y (u), A) belong to P(A), where X (w) € Xpy NP(A1) and
Y(u) € Xn N Co(Az). Symmetrically, (K, X (w) ® Y (u),A) € P(A), where
X(w) € Xy NCo(A1) and Y (u) € Xy NP(A2). Since the above considera-
tions show that for any X (w) € Xy NCo(A1) and Y (u) € Xy NP(Az) we
have XY (wer~'u™1) € P(A), in particular XY (e~ tr - 771) € P(A).
But there is an irreducible morphism S, — XY(er~'rt..-771). Thus
Sy € P(A). Similarly, S, € P(A). Consequently, the objects of X3NCy(A1)U
Xn NCy(Az) belong to P(A).

Furthermore, the Skowronski-Waschbiisch algorithm shows that for S,
nonprojective there exists the following chain of irreducible morphisms in

mod(A):
when 2 is not the end point of a maximal path in @, ), and

-1 -1 -1 -1 -1
X(az71 .. ‘al7pl_p7/_1gl7l DR Qt’l .. Qt}stgm .. .81) —_— e e

— X(€2€1) — X(e’;‘l) — Sx
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when 2 is the end point of the maximal path ;p,—p, ;- i1 In Q.
Applying the algorithm again, we obtain the chains N

-1
Qt,stem e 52)

-1
Qt,Stgm . o 51)

—1 —1 -1 -1 -
SZ_)..._) X(QLI...QLSI)_)..._) X(lel...gl’31...gt1...
-1 -1
_>X<Ql,l"'gl,sl"'9tl"'

X(ai_,ll-ua_l

l}pi—pi—1)

-1 -1 -1 -1 -1 -1
— X(O[l,l . .. ai,pi—pi,191 1 .. Ql,sl .. Qt 1 “ e Qt,stgm . 51)

K b
in the respective cases.
Moreover, we have the chains

-1 -1 -1 -1 -1 -1
)((ai’1 ...a’i,pifpiflgl,l...91,81 ...Qtl ...Qt7st6m...€1€) —
1

)

-1 -1 —1 - -1
- X(ai,l T Qpi—piy Ql,l) - X(ai,l a 'ai,Pi—Pi—l)

in the same cases. Thus by the Skowronski-Waschbiisch algorithm, for any
X(w) € XarNCp(Ar) the A-module X (we) belongs to P(A). Symmetrically,
for any Y (u) € Xx N Co(Az) the A-module Y (7 'u~1) belongs to P(A).
Moreover, XY (wer™!) € P(A) for any X(w) € Co(A1) N Xy, since we
have an irreducible morphism XY (wer™1) — X(we) in mod(A). There-
fore, XY (wet tu=1) € P(A) for any X(w) € Xy N Co(A1) and Y(u) €
Xy NCy (AQ)

If S, is a simple projective A-module then the above arguments can be
applied for X (o, Lo o Slt) instead for S; to conclude that for any X (w) €
Xy N Co(Ar) and Y(u) € Xn N Co(Az) the modules X (we), Y (7~ u™1),
XY (wer~tu~1) belong to P(A).

Consequently, P(A) is the only component of I’y which contains the
A-modules from P(A;) UP(A2) UCo(A1) UCo(A2) and the indecomposable
A-modules which are not A7 x As-modules. Therefore

I'y = P(A) UCx(A1) UCoo(A2) U |_| (CA(A1) LCA(A2)) UZ(A1) UZ(Ag).
AEK*

The arguments from the proof of Proposition 4.5 imply that Coo(A;) U
Coo(A2) U| ]y g+ (Ca(A1) UCA(A2)) separates P(A) from Z(A;) UZ(Asz). By
the arguments from the proof of Lemma 5.2, P(A) is a starting component
in I'4, and Z(A;), Z(A2) are ending components in I'y. Moreover, Z(A;),
Z(As) are generalized standard.

If either Xy C P(A1) UCx(A1) and Xn C P(A2) UCo(Asz), or Xy C
P(Al) (] Coo(Al) and Xy C P(AQ) (] COO(AQ), or else Xy C P(Al) L CO(Al)
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and Xy C P(A2) UCso(Az), then similar arguments yields respectively
T4 =P(A)UCo(A1) UCoo(A2) U | | (CA(A1) UCA(A2)) UT(Ar) U T(As)

AEK*
I’y =P(A)UCo(A1) UCo(A2) L |_| (CA(A1) UCA(A2)) UZ(A1) UZ(As)
or else <
T4 =P(A) UCoo(A1) UCo(A2) U | | (Cr(A1) UCA(A2)) UT(A1) UT(Ay).
AEK*

Moreover, in each case P(A) is a starting component and Z(A1), Z(Ag) are
generalized standard ending components.

Dual arguments show that if Xy C C;, (A1) UZ(A1) and Xy C C;,(A2)
UI(AQ) then I'y = P(Al) (| P(AQ) (] le (Al) (| CjQ(AQ) (| |—|)\EK* (C)\(Al) L
Cx(A2)) UZ(A), where i1,j1 € {0,00} are different and ig, jo € {0,00} are
different. Moreover, Cj, (A1) U Cj,(A2) U | |yc g+ (Ca(A1) U Cx(A2)) separates
P(A1) UP(Ag) from Z(A). Further P(A;), P(As2) are generalized standard
starting components in I'4, and Z(A) is an ending component.

A similar analysis to that in the first part of the proof shows that if
Xy C P(Al)l_lcil (Al) and Xy C Ci2(A2)|_|I(A2) then I'y = P(AQ)L'C(A)U
Cjy (A1)UC, (A2)U| |y v (CA(A1)UCA(A2))UZ (A1), where iy, j1 € {0, 00} are
different, 42, j2 € {0, 00} are different, and C(A) is a component which con-
tains C;, (A1) UP(A1)UCiy(A2) UZ(A2) and the indecomposable A-modules
which are not A; x Ag-modules. Furthermore, P(A3) is a starting compo-
nent, Z(A;) is an ending component, and both are generalized standard.

Consequently, the assertion is shown in the case when 7 is not the target
of any arrow in @ 4. If r is not the source of any arrow in Q4 then A is a
one-point coextension of A; X Ay and a similar analysis yields the assertion.

5.5. COROLLARY. Let A be a minimal 2-fundamental algebra. If Q 4 is
a quiver of type A, which is not a path and there is no path v in Q4 such
that v € T4, and I'sy contains exactly one starting component, and exactly
one ending component, then these components are generalized standard.

Proof. This is a direct consequence of the proof of Proposition 5.4.

5.6. LEMMA. Let A be a minimal 2-fundamental algebra for which the
quiver Q4 s of type A, is not a path, and there is no path v in Q4 with
v E Q.

(1) If I'4 has exactly one starting component P(A) and two ending com-

ponents I1(A), Io(A) then P(A) is not generalized standard.

(2) If I'y has ezactly one ending component Z(A) and two starting com-
ponents P1(A), Pa(A) then I(A) is not generalized standard.
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Proof. For (1) notice that Q4 has the form

01,1 01,51 02,59 02,1 03,1 03,s3 Ot,s 0t,1
zl—>..._>(_...<__)...—>...(_..4_22’

t > 2, from the proof of Proposition 5.4, because by Proposition 4.4 this
is the only case when we obtain exactly one starting component P(A) and
exactly two ending components Z1(A), Zo(A). It is easy to see that in this
case the indecomposable projective A-modules belong to P(A). Further-
more, Q4 is of the form Qa U Q1) U QAU Q/(p’,l’)’ where Q1) N Qa =
{z1} and Q’(p,’l,) N Qa = {z}. Consider the simple A-module S,, if 2
is not the end point of a maximal path in Q(p,), and the indecompos-

able A-module X(ai_’f“-a,;z}i_pi_l) if z; is the end point of the maxi-
mal path a;p,—p, ;- ;1 in Q(B:l) such that o016, - 01,10 p;—p, 1 - Qi1
& I4. Then by the Skowronski-Waschbiisch algorithm, 7(S5,,) = N(«; ; Ql_&),
72(S,,) = N(ai,jﬂai,jgl_&gl_é), ... Therefore for any positive integer n we
obtain 7%(S,,) & M(wy,), 7"1(S.,) & M(w,,1) and the length I(w;, 1)
is greater than [(w,). Thus S, does not belong to the 7-orbit of any in-
decomposable projective A-module. Further it is easy to see that for any
indecomposable M = M (v) such that there exists a chain of irreducible
morphisms M(v) — --- — S,,, the module M (v) is not projective. Thus
there is no nonzero morphism f : P — S, such that f & rad*(P,S,,)
and P is a projective A-module. But there exists a nonzero homomorphism
g: P, — S;. Hence g € rad®(FP;,,S,,). Consequently, the component
P(A) is not generalized standard.

In the case of the module X (042-_’11 e al’_yZ}i_Pi—l) similar arguments show
that P(A) is not generalized standard, which finishes the proof of (1).

Dual arguments yield (2).

5.7. THEOREM. Let A be a minimal 2-fundamental algebra.

(1) I'g contains a starting component and an ending component.

(2) If QA is a path or contains a subpath v which belongs to I then the
starting components and the ending components in I'4 are generalized
standard.

(3) If QA is not a path and does not contain a subpath which belongs to
14 then I's contains at most three components which are starting or
ending and the following conditions are satisfied:

(3a) If I'a contains exactly two components which are starting or
ending then both are generalized standard and one of them is
starting, and the other ending.

(3b) If I'y contains one starting component P(A) and two ending
components I1(A), Ia(A) then P(A) is not generalized standard,
but Z1(A), Zo(A) are generalized standard.
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(3¢) If I'a contains two starting components P1(A), P2(A) and one
ending component Z(A) then Z(A) is not generalized standard
and P1(A), P2(A) are generalized standard.

Proof. (1) follows from Lemmas 5.2, 5.3 and Proposition 5.4; (2) can be
deduced from Lemmas 5.2 and 5.3; (3) is a consequence of Proposition 5.4,
in particular, (3a) can be deduced from Corollary 5.5, and (3b), (3c) are
consequences of Lemma 5.6.

6. Multifundamental algebras

6.1. Let A be an n-fundamental algebra for some positive integer n.
If n > 2 then we just say that A is multifundamental whenever n is not
essential.

We say that a multifundamental algebra A contains a lower minimal
2-fundamental subalgebra A’ if:

(i) A" = KQa/ /14 is a minimal 2-fundamental algebra.

(ii) The bound quiver (Qas,I4/) has the property: Q4 is of the form
— — .. — «— and contains no subpath which belongs to I 4.

(iii) Q4+ is a full subquiver of Q4 and KQa N4 = 4.

(iv) Let Q) Q(p, ) be two different subquivers of Q4 of type A
If Q(p,, ) is a subquiver of Q4 of type A which is different from
Q( vy Q(pl) then no walk of the form wujwiusy 'weB luz in
(Qa, L4) satisfies the following conditions:
(a) up is either a walk in @, ;) whose end point is not the source

of any arrow in Q, ), or a trivial walk attached to a vertex in
Q(p,y Which is not the source of any arrow in Q(,

(b) wy is a walk in (Q 4, I4/) which contains every arrow of Q4 or
its formal inverse.

(¢) ug is a walk in Ql(p’,l’) passing through a vertex which is not the
source of any arrow in Q’ vy

(d) v is an arrow in Q4 Wlth source in Q % and target not in

(p’ vy

(e) we is a walk in (Q4, I4); if we is trivial then possibly v = .

(f) B is an arrow with target in Q7 (" 1) and source not in Q(p,,’l,,).

(g) us is either a walk in Q’(’p » iy Whose start point is not the target
of any arrow in Q’(’p  yrys OF & trivial walk attached to a vertex in

Q(p ) which is not the target of any arrow in Q,(/p// Iy
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Dually we say that a multifundamental algebra A contains an wupper
manimal 2-fundamental subalgebra A’ if:

(i) A’ = KQu//Lx is a minimal 2-fundamental algebra.

(ii%) The bound quiver (Q s, I4/) has the property: Q4 is of the form
+— —-.+ — — and contains no subpath belonging to 4.

(iii%) Q4 is a full subquiver of Q4 and KQa N 14 = I 4.

(iv?) Let Q) Q’(p,J,) be two different subquivers of Q4 of type A
If Q’(’p ) is aisubquiver of Q4 of type A,,, which is different from
Q(Evl)_’ Q’(p,J,) then no walk ujwiugywsBus in (Q 4, [4) satisfies the
following conditions:

(a%) wy is either a walk in Q(,;) whose end point is not the target
of any arrow in @, ), or a trivial walk attached to a vertex in
Q(p,y which is not the target of any arrow in Qp1)-

(b%) wy is a walk in (Qa, La/) which contains every arrow of Q A/
or its formal inverse.

(c) g is a walk in Q’(p/’l/) passing through a vertex which is not
the target of any arrow in sz’,l’)‘

~ is an arrow in Q4 with target in , ., and source not in
d%) ~ i in Qa with target in Q) and t i
, P
Q(El’ll)'
(e) wq is a walk in (Q A, I4); if wy is trivial then possibly v = 3.
(f°) B is an arrow with source in Q/(,}_ﬁ",l") and target not in Q,(/E”vl”)'
g!) wg is either a walk in Q" ,, ,,,» whose start point is not the source
0) ug is eith Ik in @, ;»y Whose start point is not th
of any arrow in Q’(’p,, l,,): or a trivial walk attached to a vertex
of Q’(’p ) which is not the source of any arrow in Q’(’p )

6.2. An n-fundamental algebra A is defined to be minimal provided that
the quiver Q4 is a tree such that @jl,jz is of type A,, or empty for any two
J1,J2 € {1,...,n}, where Qj, j, is the full subquiver of Q4 formed by the
vertices € Q4 such that if there is a walk in Q 4 from 0;, to z which does
not pass through any 0;, j € {1,...,n}, then there is a walk in Q4 from z
to 04, which does not pass through any 0;, j € {1,...,n}.

6.3. LEMMA. Let n be a fixed positive integer. For any n-fundamental
algebra A there exists a sequence of n-fundamental algebras Ag, A, ..., Ay,
t >0, such that:

(1) Ag is a minimal n-fundamental algebra.
(2) For each i =1,...,t the algebra A; is a one-point extension or coex-
tension of A;_1 by a uniserial A;_1-module.

(3) Ay = A.
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Proof. If n = 1 then the assertion holds by Lemma 4.2. Now assume that
n > 2. Then A = KQ4/I4 and there are exactly n disjoint subquivers Q’
of type Am in Q4 such that K Q’ NIy =0.If Ais a minimal n-fundamental
algebra then t = 0 and Ag = A.

If A is not minimal then there are ji,j2 € {1,...,n} such that Qj, j, is
not of type A,,. On the other hand, @, j, is a tree. Hence there is a vertex
T € QJI j» such that x # 0;,,0;, and either = is not the target of any arrow
in Qj, j, or x is not the source of any arrow in Q;, j,. Since x # 0j,,0;,, it
is neither the target nor the source of any arrow in @ 4. Since Q4 is a tree,
we can choose x in such a way that either it is not the target of any arrow
in Q4 and the source of exactly one arrow «, or it is not the source of any
arrow in @ 4 and the target of exactly one arrow 3. Then let Q' be the quiver
obtained from Q4 by removing z and either o or 3. Let I' = KQ' N14. It
is clear that A’ = KQ'/I' is an n-fundamental algebra by its construction.
If we have removed « then

g (K

and rad(P,) is a uniserial A’-module, while if we have removed 3 then

4= ( Ex/sf;wz) 10<>

and E,/soc(F,) is a uniserial A’-module.
Proceeding similarly with A’, after finitely many steps we obtain a min-
imal n-fundamental algebra Ag.

6.4. LEMMA. Let A be a multifundamental algebra whose Auslander—
Reten quiver I'y contains a starting component P(A) which is not general-
1zed standard.

(1) If a multifundamental algebra Ay is a one-point extension of A by a
uniserial A-module then there exists a starting component P(A1) in
I'y, which is not generalized standard.

(2) If a multifundamental algebra Ay is a one-point coextension of A by
a uniserial A-module then there exists a starting component P(A1)
in I'4, which is not generalized standard.

Proof. Let A; be a multifundamental algebra which is a one-point ex-
tension of A by a uniserial A-module M. Then @) 4, is obtained from @4
by adding one vertex z and one arrow € from z to x € @Qa. Moreover,
M = M(gy, - -€1) for some path &, - --£; starting at x. This path may be
trivial.

If Xpr NP(A) = 0 then there is no walk w in (Qa,I4) starting at x
and such that X(w) € P(A). Then for any indecomposable A;-module
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X (ue) there is an irreducible morphism X (u) — X (ug) by the Skowronski-
Waschbiisch algorithm. If X (ue) belongs to the component in I"4, which con-
tains the A-modules from P(A) then so does X (u). Thus X (u) € XpyrNP(A)
contrary to our assumption. Therefore P(A) is also a component in I'4,,
which will be denoted by P(A1). A routine verification shows that P(A;) is
a starting component which is not generalized standard.

If Xy NP(A) # 0 then there exists a walk w in (Qa,4) starting at
x and such that X (w) € P(A). Every such walk has one of the following
forms: w = wje; - - -1, where w; = Ejé_l or wj is a trivial walk, w = woey,
where wy = Wed ! or wy is a trivial walk.

Furthermore, by the properties of string algebras, the indecomposable
Aj-modules which are not A-modules are of the form X(wje;---e1€),
X (wpe) or S,. Then the Skowroniski-Waschbiisch algorithm yields the chain
X(wjej---e1) — X(wjej---e1e) — X(w;) of irreducible morphisms in
mod(A;). Hence there exists a component P(A;) which contains the A-
modules from P(A). A routine verification shows that P(A;) is a start-
ing component which is not generalized standard. Thus condition (1) is
proved.

Condition (2) can be proved dually; we omit the details.

6.5. LEMMA. Let A be a multifundamental algebra whose Auslander—
Reiten quiver I'y contains an ending component T(A) which is not general-
ized standard.

(1) If a multifundamental algebra Ay is a one-point extension of A by a
uniserial A-module then there exists an ending component (A1) in
I'y, which is not generalized standard.

(2) If a multifundamental algebra Ay is a one-point coextension of A by
a uniserial A-module then there exists an ending component (A1)
in I'a, which is not generalized standard.

Proof. Apply dual arguments to those in the proof of Lemma 6.4.

6.6. PROPOSITION. Let A be a minimal multifundamental algebra which
contains a lower minimal 2-fundamental subalgebra A’. Then there exists a
starting component P(A) in ['4 which is not generalized standard.

Proof. By assumption A is n-fundamental for some n > 2. We argue by
induction on n.

If n = 2 then A’ = A. By the definition of a lower minimal 2-fundamental
subalgebra and by Theorem 5.7, I'4 contains exactly one starting component
P(A) which is not generalized standard.

Assume that the assertion holds for any integer n with 2 < n < ng
and a starting component P(A) containing the A’-modules from P(A’) is
as required. Moreover, assume that if X (w) € P(A) then there is a walk w’
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such that w'w = wofiulwluﬂ_lwg, where uy is a walk in @} and ug is a
walk in Q5.

Now let A be a minimal (no + 1)-fundamental algebra which contains
a lower minimal 2-fundamental subalgebra A’. Then Q4 contains ng + 1
pairwise disjoint subquivers Q%, j = 1,...,m0 + 1, of type A, such that
KQ;N1Is = 0. Two of them, say Q}, @, are subquivers of Q4. Since A
is multifundamental, Q 4 is a tree. Since A is minimal, there exists a vertex
0/, in Q4 which is different from 0y, 0y and either is not the source of any
arrow in @Q 4, or is not the target of any arrow in Q4.

Consider the case when 0;, is not the target of any arrow in Q4. Then
0j, is the source of an arrow 3. Let A; be a subalgebra of A such that @ 4,
is obtained from @4 by removing the vertices in Q;'o except the source x
of ( (treated as an arrow in Q4), and by removing the arrows from Q;O.
We have I4, = KQa, NI4 and Ay = KQa,/I4,. It is obvious that A;
contains A’ as a lower minimal 2-fundamental subalgebra. We shall show
that the component in I'y which contains the A’-modules from P(A’) is a
starting component. By the inductive assumption the component P(A;) of
I'y, containing the A’-modules from P(A’) is a starting component in I'4,
which is not generalized standard.

Suppose X(wf) ¢ P(A1) for any walk wf in (Qa,,Ia,). Then by the
Skowronski-Waschbiisch algorithm P(A;) is a component in I'4. Moreover,
it is obviously a starting component in I'4. Hence it is as required.

Suppose now that there is a walk wf in (Qa,,l4,) such that X (wf) €
P(A1). Since P(A;) is a starting component in I'4,, we have X (w) € P(A1).
But we have an irreducible morphism X (w) — X(w[i‘o%-_jL e a,;z}i_pi_l) in
mod(A), where a;p,—p, ,-+-@ij is a path in Q) which starts at x. Let
By -+ 18 be a maximal path in (Qa,,14,). Then Hom4, (X (8, - (15),
X(wp)) # 0, hence X (5, ---18) € P(A1), because P(A1) is a starting
component in I'4,. Similarly X (5, - -- 51) € P(A1). But there are irreducible
morphisms X (5, --- 1) — P, and X(Oz;jl_Irl e a;;i_piil) — P, in mod(A).
Therefore the A-modules P, X(a;j1+1 e O‘i_,pli—pi—l) belong to the same com-
ponent P(A). Then by the Skowronski-Waschbiisch algorithm the indecom-
posable projective K@’ -modules belong to P(A), and P(A) contains the
Aj-modules from P(A;). Consequently, P(A) is a starting component in
I'y. Since P(A;) is not generalized standard, neither is P(A). Moreover, if
X (wf) € P(A) then there is a walk w’ such that w'wB = wokuiwiugy ™ ws.

Now consider the case when 0, is not the source of any arrow in @ 4. Then
0j, is the target of an arrow (3. Again let A; be a subalgebra of A such that
(4, is obtained from @ 4 by removing the vertices of Q;- , except the target
x of B (treated as an arrow in @) 4), and by removing the arrows from Q;-O.
We have T4, = KQa, N 14 and A1 = KQa,/I4,. Then A; contains A’ as a
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lower minimal 2-fundamental subalgebra. We shall show that the component
in I'y which contains the A’-modules from P(A’) is a starting component.
By the inductive assumption the component P(A1) in I'4, which contains
the A’-modules from P(A’) is a starting component which is not generalized
standard.

If X(wB ') & P(Ay) for any walk w3~ in (Qa,,la,) then P(A;) is a
component in I'4 by the Skowronski-Waschbiisch algorithm. Furthermore,
it is a starting component in I’y which is not generalized standard. It is
also clear that for every X (w) € P(A;) there is a walk w’ such that w'w =
wofiulwluﬂ_lwg.

Now suppose that there exists a walk wB~! in (Qa,,l4,) such that
X(wpB™1) € P(Ay). Then Homga, (S, X (wB71)) # 0, hence S, € P(Ay),
because P(A1) is a starting component. Then by the inductive assumption
there is a walk u1w1u27_1w25_1 such that u; is a walk in @] and us is a walk
in Q. It is easily seen that we can choose uj, ug in such a way that they
satisfy the conditions of the definition of a lower minimal 2-fundamental
subalgebra. Then we have in (Q4,I4) the walk ujwiugy ™ ‘weB~1ug, where
ug is a walk in Q;O starting at a vertex which is not the target of any arrow
in @}, . Existence of the above walk contradicts the assumption that A is a
lower minimal 2-fundamental subalgebra of A. This completes the inductive
proof of the proposition.

6.7. PROPOSITION. Let A be a minimal multifundamental algebra which
contains an upper minimal 2-fundamental subalgebra A’. Then there exists
an ending component Z(A) in I'4 which is not generalized standard.

Proof. Apply Lemma 6.5 and dual arguments to those in the proof of
Proposition 6.6.

6.8. THEOREM. Let A be a multifundamental algebra.

(1) If A contains an upper minimal 2-fundamental subalgebra A’ then
there exists an ending component Z(A) in 'y which is not generalized
standard.

(2) If A contains a lower minimal 2-fundamental subalgebra A’ then
there exists a starting component P(A) in I'4 which is not gener-
alized standard.

Proof. By Lemma 6.3 there exists a sequence of n-fundamental algebras
Ag, ..., Ay, t > 0, such that Ap is a minimal n-fundamental algebra and
Ay =2 A. Moreover, for each 0 < i < t, A;41 is obtained from A; by a
one-point extension or coextension by a uniserial A;-module.

We argue by induction on ¢. If A’ is an upper (resp. lower) minimal
2-fundamental subalgebra in A; then it is an upper (resp. lower) minimal
2-fundamental subalgebra in A;, 0 < i < t, by definition.
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Furthermore, Propositions 6.6 and 6.7 yield the assertion for t = 0. The

inductive step is a consequence of Lemmas 6.4 and 6.5. This finishes the

proof.
REFERENCES
[1] M. Auslander and 1. Reiten, Representation theory of artin algebras III, Comm.
Algebra 3 (1975), 239-294.
[2] —, —, Representation theory of artin algebras IV, ibid. 5 (1977), 443-518.
[3] M. Auslander, I. Reiten and S. Smalg, Representation Theory of Artin Algebras,
Cambridge Stud. Adv. Math. 36, Cambridge Univ. Press, Cambridge, 1995.
[4] M. C. R. Butler and C. M. Ringel, Auslander—Reiten sequences with few middle
terms and applications to string algebras, Comm. Algebra 15 (1987), 145-179.
[5] W. Crawley-Boevey, Tameness of biserial algebras, Arch. Math. (Basel) 65 (1995),
399-407.
[6] P. Dowbor and A. Skowroniski, Galois coverings of representation-infinite algebras,
Comment. Math. Helv. 62 (1987), 311-337.
[7] Yu. Drozd, Tame and wild matriz problems, in: Representations and Quadratic
Forms (Kiev, 1979), 39-73.
[8] G. d’Este and C. M. Ringel, Coherent tubes, J. Algebra 87 (1984), 150-201.
[9] K. Fuller, Biserial rings, in: Lecture Notes in Math. 734, Springer, Berlin, 1979,
64-87.
[10] P. Gabriel, Auslander—Reiten sequences and representation-finite algebras, in: Lec-
ture Notes in Math. 831, Springer, Berlin, 1980, 1-71.
[11] H. Krause, Maps between tree and band modules, J. Algebra 137 (1991), 186-194.
[12] Z. Pogorzaly and A. Skowronski, On algebras whose indecomposable modules are
multiplicity-free, Proc. London Math. Soc. 47 (1983), 463-479.
[13] C. M. Ringel, On algorithms for solving vector space problems II. Tame algebras,
in: Lecture Notes in Math. 831, Springer, Berlin, 1980, 137—-287.
[14] —, Tame Algebras and Integral Quadratic Forms, Lecture Notes in Math. 1099,
Springer, Berlin, 1984.
[15] D. Simson, Linear Representations of Partially Ordered Sets and Vector Space Cat-
egories, Gordon and Breach, 1992.
[16] A. Skowronski, Group algebras of polynomial growth, Manuscripta Math. 59 (1987),
499-516.
[17] —, Generalized standard Auslander—Reiten components, J. Math. Soc. Japan 46
(1994), 517-543.
[18] A. Skowronski and J. Waschbiisch, Representation-finite biserial algebras, J. Reine
Angew. Math. 345 (1983), 172-181.
[19] B. Wald and J. Waschbiisch, Tame biserial algebras, J. Algebra 95 (1985), 480-500.

Faculty of Mathematics and Computer Science
Nicolaus Copernicus University

Chopina 12/18

87-100 Torun, Poland

E-mail: zypo@mat.uni.torun.pl

Received 18 March 2003;
revised 3 February 2004 (4326)



