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VARIETIES OF MODULES OVER TUBULAR ALGEBRAS

BY

CHRISTOF GEISS (México, D.F.) and JAN SCHROER (Leeds)

Abstract. We classify the irreducible components of varieties of modules over tubular
algebras. Our results are stated in terms of root combinatorics. They can be applied to
understand the varieties of modules over the preprojective algebras of Dynkin type As
and D4.

1. Introduction and main results. Let k be an algebraically closed
field, and let A be a finitely generated k-algebra. We denote by mod4(d)
the affine variety of A-modules with dimension vector d. One fundamental
problem is the classification of irreducible components of mod 4(d) and their
canonical decomposition. For A a tubular algebra we give a purely combi-
natorial answer to this problem in terms of roots and the Ringel bilinear
form (—, —), similar to Schofield’s work on representations of quivers [18].
See also [1] and [2] for previous work on this problem.

For irreducible components C; C mod4(d;), 1 < i < t, we consider all
modules of dimension vector d = d; + ... + d; which are isomorphic to
My ®...0 M; with the M; in C;, and we denote this set by C7 @ ... ® C;.
The closure C1 @ ... ® C; is called the direct sum of the C; and is again
irreducible; however, it is not always an irreducible component. The subset of
indecomposable modules in mod 4(d) is denoted by ind4(d). An irreducible
component C' of mod4(d) is called indecomposable if C'Nind4(d) is dense
in C. Each irreducible component C of a variety of modules is a direct
sum of indecomposable components and the direct summands are uniquely
determined up to reordering (see [6]). This direct sum is called the canonical
decomposition of C.

Now let A = kQ/I be a tubular algebra, and let ¢ be the Coxeter matrix
of A. See [17] for all unexplained notation. For a dimension vector d define

rk(d) = min{i > 1 | d¢’ = d)},
rk(d)
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rk(d)

iso(d) = ﬁ( Z; dqbi).

Since A is tubular, we have ¢* = 1 for some i > 1. Thus rk(d) is well defined.

Let (—,—) : Z" x Z™ — Z be the Ringel form of A, and let ¢(d) = (d,d)
be the associated quadratic form. A dimension vector is indivisible if the
greatest common divisor of its entries is 1. We call a dimension vector d a
Schur root if one of the following holds:

(i) ¢(d) = 0 and d is indivisible;
(ii) ¢(d) = 1 and gl(d) < rk(d).
In the first case, one calls d an isotropic Schur root. Our first result gives

a classification of all indecomposable irreducible components of varieties of
modules over tubular algebras.

THEOREM 1.1. Let A be a tubular algebra. The map d +— inds(d) defines
a bijection between the Schur roots of A and the indecomposable irreducible
components of varieties of A-modules.

For a Schur root d of a tubular algebra A let C'(d) be the corresponding
indecomposable irreducible component of mod 4(d).
Given irreducible components C7 C moda(d;) and Co C moda(ds)
define
hom 4 (C1, Co) = min{dim Hom 4 (M7, Ms) | M; € C;},
eXtQ(Cl,CQ) = min{dimExti‘(Ml,Mg) | M; € C;}  for j=1,2.

Recall that in this situation there is a dense open subset U C C1 xC3 with
dim Ext’, (M7, My) = ext’,(C1, Cs) for all (My, Ms) € U. If C; C moda(d;),
1 < i < t, are irreducible components, then Cy| & ... & (% is an irreducible
component of moda(d; + ...+ d¢) if and only if ext(C;,C;) = 0 for all
i # J (see [6]).

COROLLARY 1.2. Any irreducible component C of moda(d) is of the
form C = C(d1)®...®C(dy) for a unique (up to permutation) family of
Schur roots dy,...,d; with Y i_,d; = d and ext!{(C(d;),C(d;)) = 0 for
all 1 #£ j. Then

dim C' = dim GI(d) — ¢(d) + ) _ ext}(C(dy), C(d;)).
i#]
Moreover, let hg, heo be the isotropic Schur roots corresponding to the “first”,

respectively “last”, tubular family of A. Then for any Schur roots d; and
dj with eXtIILl(C(dZ'), C(dj)) =0,

ext3(C(d;), C(d;)) = {édzwdﬂ if (hs,d;) <0 < (hy,d;) for s € {0, 00},

else.
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Thus to compute all irreducible components it is enough to classify the
indecomposable irreducible components and to know when Exth vanishes
generically between them. The following theorem solves this problem.

THEOREM 1.3. Let d and e be Schur roots of a tubular algebra A. Then
exth (C(d),C(e)) = 0 if and only if (d,e) > 0 and at least one of the
following holds:

(i) ¢(d) = 0 or g(e) = 0;
(ii) iso(d) # iso(e) and iso(d) # —iso(e);
(iii) (d, egb7> =0 for all j;
(iv) (d,e) >
) () + al(e) < sk(d) = sk(e) |

(vi) (d,e¢’) # 0 for some j, iso(d) = iso(e) and (d,e¢’) < 0 where
i=minj > 1] {d,ed?) # 0} |

(vil) (d,e¢’) # 0 for some j, iso(d) = —iso(e) and (d,e¢") > 0 where
i =mingj > 1] (d,ed’) £ 0}.

Our results can be applied to understand the canonical basis of the neg-
ative part of the quantized enveloping algebras of Dynkin type Az and Dy.
The cases Ay, Az and A4 were intensively studied before (see for example [5]).
More precisely, to a Dynkin quiver () one can associate the preprojective
algebra P((Q). Kashiwara and Saito proved that the canonical basis elements
of the negative part of the corresponding quantized enveloping algebra cor-
respond to the irreducible components of varieties of modules over P(Q). If
@ is of Dynkin type Ag, A3 or Ay, then P(Q) is representation finite, thus
it is easy to find the indecomposable irreducible components, which play an
important role in the theory.

In case @ is of type A5 or Dy, the algebra P(Q) is representation infinite.
In this case, P(Q) has a covering which is in some sense an “iterated tubular
algebra”. This enables us to use our results on tubular algebras and classify
the indecomposable components. Moreover, we can describe all irreducible
components in terms of these irreducible components. This description is
relevant for the understanding of Lusztig cones (see for example [5] for the
case Ay). In the cases Ay and Dy, we prove that the irreducible components
which do not contain a dense orbit are not generically reduced.

The paper is organized as follows. In Section 2 we recall known results
on tubular algebras and their derived categories, which were described by
Happel and Ringel in [13]. In Sections 3 and 5 we prove Theorems 1.1 and
1.3, respectively. Section 4 contains the proof of Corollary 1.2. The final
Section 6 contains the above-mentioned application.

Acknowledgements. We thank the referee for carefully reading the pa-
per, suggesting improvements in the presentation and pointing out numerous
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inaccuracies. We also thank R. Marsh for several discussions concerning the
application to the nilpotent variety of type As.

2. Tubular algebras and their derived categories. For an alge-
bra A let mod(A) be the category of finite-dimensional (right) A-modules.
For an A-module M let [M]4 = [M] be the corresponding element in the
Grothendieck group Ky(A) of mod(A). Thus [M] is the dimension vector
of M.

Let A = kQ/I be a tubular algebra, where Q = (Qo, Q1) is a quiver
with set of vertices Qg and set of arrows ()1, and let R be a minimal set
of relations which generate the admissible ideal I. We recall some results
on the representation theory of tubular algebras. For general information
on tubular algebras we refer to [17]. For vertices ¢ and j of @ let r;; be
the number of relations in R which start in 7 and end in j. Let n be the
number of vertices of Q. Thus K(y(A) is isomorphic to Z". For an arrow «
in @ let s(a) be its starting vertex and e(«) its end vertex. The Ringel form
(—,—):Z" x Z" — 7 is defined by

e) = Z d;e; — Z ds(a)ee(a) + Z rijdie;.
i€Qo ac€r ,7€Q0
This is a (not necessarily symmetric) bilinear form. By ¢(d) = (d,d) we
denote the corresponding quadratic form.
For a dimension vector d let GI(d) = [];c, Gla; (k). This group operates
by conjugation on mod 4(d) and the orbits O(M) are in 1-1 correspondence
with the isomorphism classes of A-modules with dimension vector d. Define

a(d) = dim Gl(d = dya — > ridid;.
a€Qn 4,5€Q0
By Krull’s principal ideal theorem it follows that each irreducible component
of mod4(d) has dimension at least a(d) (see [4]).
Dimension vectors of indecomposable A-modules are called roots. If d
is a root with ¢(d) = 0, then one calls d an isotropic root. Since tubular
algebras have global dimension at most two, we know that

([M], [N]) = dim Hom (M, N) — dim Ext} (M, N) + dim Ext% (M, N)

for all A-modules M and N (see [3] and [17]). We denote by ¢ = —C;*Cy
the Coxeter matrix of A, where C'4 is the Cartan matrix of A and C’Zt the
inverse of its transpose (see [17, 2.4]). It is known that

(d,e) = dC}'e" = —(e,dg) = (d¢,e).
Next, let DP(A) be the derived category of bounded complexes of finite-

dimensional A-modules. As a general reference on derived categories we
use [11]. Note that the Grothendieck group of the triangulated category
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DP(A) can be identified with Ko(A). Namely, if
P. ..—-0—-P,—...—-PFP,—0—...

is a complex of A-modules, i.e. an object in D"(A), then the dimension
vector [P] of P is by definition Y, ,(—1)"[P;] (see [11] for details). Recall
from [13] the following description of DP(A) for a tubular algebra A of
tubular type T'.

(1) Let Qe = QU {o0}. We have the decomposition

:\/'H[z’] where \/ \/ ’Z}\q

i€Z q€Qo0 N\ePL (K

and for each (g,i) € Qoo X Z we see that (7 4[i]) \ep1(x) is a tubular family
of type T, and moreover each 7 4[i] is a standard tube, and 7, 4[i + 1]
contains precisely the objects X[1] for X € 7, ,[i]. Note that the primary
decomposition of DP(A) into degrees comes from the fact that A is piecewise
hereditary in the sense of [12].

(2) Let X,Y € DP(A) be indecomposable with X € 7, ,[i] and Y €
Tp.,r[j]- If Hompu(4)(X,Y) # 0 then one of the following holds:

() j=ir=qp=A\
(ii) j =14, 7 > g;

(i) j=i+1, r=q, p=AX
(iv)j=i+1, r<gq.

(3) We may view mod(A) as a full subcategory of DP(A), concentrated
in degrees 0 and 1, i.e. each indecomposable A-module corresponds to an
object in H[0] U H[1]. If X and Y are indecomposable A-modules, then
iso([X]) = iso([Y]) if and only if X € 7} 4[] and Y € 7}, 4[I] for some X and
u, and some [ = 0, 1.

(4) We recall the following facts for algebras of finite global dimension.

(i) There exist globally Auslander—Reiten triangles, and for the cor-
responding translation 7 we have [7X] = [X]¢.
(ii) The Ringel form extends to the derived category by

(X1, [Y]) =D _(~1)" dim Hom s 4y (X, Y[i]),
€L
and for A-modules M and N we have
Ext’y (M, N) = Hompy( 4)(M, NTi])

for ¢ > 0.
(iii) The Auslander-Reiten formula becomes

Home(A)(Y, TX) = DHOme(A)(X, Y[l])
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(5) With ¢™ =1 we get

iso(d)

_mql Zd)z

an isotropic Schur root for any d € Z". Thus iso(d;) = iso(d2) implies
iso(d;+dz) = iso(d;). Now, if X, Y € DP(A) are indecomposable and belong
to the same Auslander-Reiten component of DP(A) then iso([X]) = iso([Y]),
thus iso([X]) = iso([X @ Y]).

We obtain the following direct consequences.

LEMMA 2.1. Let A be a tubular algebra, and let X = @, ; M; and Y =
@D,cs Nj be objects in DP(A) such that M; € T and N; € T' for all i,j
and some Auslander-Reiten components T and T' of DP(A).

If Hompp ) (X, Y[i]) # 0 # Hompo4) (X, Y[j]), i < j, then j =i+1
and T = T'[i]. In particular, iso([X]) = iso([Y'[4]]).

LEMMA 2.2. Let A be a tubular algebra. If M and N are indecomposable

A-modules such that M and N, and also M and N[1], lie in different AR-
components of DP(A), then Exty (M, N) = 0 if and only if ([M],[N]) > 0.
Proof. 1f ([M],[N]) < 0, then Ext}, (M, N') # 0 since
([M],[N]) = dim Hom4 (M, N) — dim Ext} (M, N) + dim Ext% (M, N).
Thus assume ([M],[N]) > 0. If Ext} (M, N) = Hompy( 4 (M, N[1]) # 0,
then either Home(A)(M, N) #0or Home(A)(M, N|2]) # 0. By Lemma 2.1

we see that in the first case M and N, and in the second case M and N[1],
lie in the same AR-component of DP(A), a contradiction. m

LEMMA 2.3. Let A be a tubular algebra, and let M and N be indecom-
posable A-modules. If iso([M]) = iso([N]) or iso([M]) = —iso([N]), and
([M],[N]¢?) # 0 for some j > 1, then M and N, or M and NJ[1], respec-
tively, lie in the same AR-component of DP(A).

Proof. Define X = @rk M) Zipf and YV = @ng}) I N where T is the
Auslander-Reiten translation in DP(A). We have iso([M]) = iso([N]) or
iso([M]) = —iso([/V]). Thus the dimension vectors of X and Y are integer
multiples of the indivisible isotropic root iso([M]). This implies ([ X], [Y])=0.

We know that
2

(X],[Y]) = Z(—ni dim Hom pyu 4 (X, Y [d]).

Note that ‘ '
(XL,IY)y= > (FM),[FN)
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and
Hompo(4)(X,Y[[) = @5  Hompa(r'M, 7 N[l])
1<i<rk([M))
1<5<rk([N])
for all I. Note that 7%(MD A =M. We have ([M], [17N]) = ([M], [N]#’) #0.
So one of the summands in the second of the above formulas is non-zero.
Since ([X],[Y]) = 0, there exist i,j such that ([7'M],[r/N]) < 0, thus
Home(A)(TiM, 7/ N[1]) # 0 and we get Hom po 4y (X, Y[1]) # 0. This im-
plies that Hompp(4)(X,Y) or Hompu4)(X,Y[2]) must be non-zero. Now
we use Lemma 2.1 to conclude that M and N, or M and N|[1], respectively,
lie in the same AR-component of DP(A). m

3. Proof of Theorem 1.1. Let A be a tubular algebra, and let M be

an indecomposable A-module. Then Ext?% (M, M) = 0, and thus we get
q([M]) = dim End 4(M) — dim Exty (M, M).

Also, either ¢([M]) =0 or ¢([M]) =1 (see [17]). If ¢([M]) = 1, then

dim O(M) = dim Gl([M]) — dim End 4 (M) = a([M]) + 1 — dim End 4 (M).

Thus the following are equivalent:

(1) dim O(M) > a((M));

(2) dism O(M) = a((M));

(3) Enda(M1) = k

(4) Extly, (M, M) = 0;

(5) O(M) is open in mod4([M]);

(6) the closure of O(M) is an irreducible component.

For (4)=(5) we use Voigt’s Lemma (see [20, 3.4]). Since ¢([M]) = 1, we

know that O(M) = ind 4([M]). Moreover, M lies in a tube of rank rk([M])

in the Auslander-Reiten quiver of DP(A), and the quasi-length of M in

this tube is ql([M]). Using the mesh category one easily checks that the

above conditions are equivalent to ql([M]) < rk([M]). For an illustration of

calculations in the mesh category we refer to [19, Proposition 3.5].

Next assume ¢([M]) = 0. Let n be the greatest common divisor of the
entries of [M], and let 7 be the rank of the tube of the Auslander-Reiten
quiver of DP(A) in which M is contained. Thus M has quasi-length nr
in this tube. Again by using the mesh category one gets dim End 4 (M) =
dim Exth (M, M) = n. Thus

dim O(M) = dim GI([M]) — n = dim GI([M]) — ¢([M]) — n = a([M]) — n.
Now there exists an affine line L in mod 4 ([M]) which intersects almost all,
i.e. all but finitely many, orbits in ind4([M]) (see for example [8]). Thus
there is a morphism

0r, : Gl([ ])XL—)InOdA([M])
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which is induced by the conjugation action of GI([M]) on mod4([M]), and
the image Im(fy) of 07 contains almost all orbits in ind4([M]). A simple
fibre dimension argument yields

dimIm(0y) = dim GI([M]) —n+ 1 =a([M]) —n+ 1.

Furthermore, we know that Im(6y,) is irreducible, since GI([M]) x L is irre-
ducible. Now ind 4 ([M]) is the union of Im(fy) and of finitely many orbits,
say O1,..., 0. The O; all have dimension strictly smaller than a([M]). For
n > 2, the dimension of Im(#y,) is also strictly smaller than a([M]). Thus the
closure ind4 ([M]) cannot contain an irreducible component of mod 4([M]).

An orbit O(N) in mod 4([V]) is called mazimal if it is not contained in
the closure of another orbit. Observe that the set of maximal orbits is dense
in mod 4 ([N]).

We know that [M] is of the form nh with h an indivisible isotropic root.
Now assume that O(M) is a maximal orbit in mod 4([M]). Thus M is iso-
morphic to @221 M; with M; indecomposable and Ext, (M;, M;) = 0 for all
i # j. For convenience, we repeat an observation from [1, Proposition 5.4]:
We have

1<i,j<t i=1

Because of the vanishing of Ext! all summands in the above equation must
be 0. Since A is a tubular algebra, isotropic roots e and f with (e, f) = 0
are integer multiples of each other. Thus [M;] = n;h for some n; with
25:1 n; = n. For n = 1 we deduce that each maximal orbit must be the
orbit of an indecomposable module. Thus mod 4 ([M]) = ind 4 ([M]). Further-
more, ind4 ([M]) \Im(6z) is a finite union of orbits which all have dimension
strictly smaller than a([M]). This implies that they must be contained in
the closure of Im(fr). Thus ind4([M]) is an irreducible component. This
finishes the proof.

4. Proof of Corollary 1.2. Consider the natural map
e: Gl(d) x C(dy) x ... x C(d¢) — moda(d).

It is easy to determine the dimensions of its fibres, and thus from Chevalley’s
theorem we get

t
dimIm(yp) = dimGl(d) + ) _ dim C(d;)
=1

(Y dimGi(d) + Y homa(€(dy). C(d,)) ).
i=1 i#]
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Since the d; are Schur roots, we have
q(d;) = dim Gl(d;) — dim C(d;).

This follows from the proof of Theorem 1.1. Next, note that gl.dim A = 2
implies, for any irreducible component C; C mod4(e;) and any dimension
vectors e, es, that

(el, eg> = homy(C1,Cs) — exth(Cl, Ca) + exti(Cl, CQ)
For an irreducible component C' C mod 4(d) we get

q(d) = hom4(C, C) — ext!y (C, C) + ext}(C, C)

t
= > afd) + 3 homa(C(d). C(d))) + 3 ext (C(d). C(d))
i=1 i#] oy
where the second equality holds if C = C(d;) @ ... ® C(d). Recall that
this implies ext!, (C(d;), C(d;)) = 0 for all i # j. Since in this case Im(¢p) is
dense in C, from the above equalities we get

t
dim C' = dim GI(d) = > ¢(d;) — > homa(C(d;),C(d;))
i=1 i#j
= dim GI(d) — ¢(d) + Y _ ext%(C(dy), C(dy)).
i#]
With the notation from [17, 5.2], the following hold:
M e PyVvIy = projdimM <1,
M€ QyNPyx = projdimM =inj.dimM =1,
MeToV Oy = injdimM <1.
Let X and Y be indecomposable A-modules. If Ext%(X,Y) # 0, then
X €TV Qs and Y € PyV7y. On the other hand, if Extk(X, Y) =0, then
Hom(X,Y) =0 or Ext}(X,Y) = 0, since A is quasi-tilted, and thus

by the table from [17, 5.2(1)].
For Schur roots d;, 1 < i < ¢, with ext!(C(d;),C(d;)) = 0 for all i # j
this implies our formula for exti.

5. Proof of Theorem 1.3. Let M and N be indecomposable A-mod-
ules with d = [M] and e = [N] Schur roots. Assume that ([M], [N]) > 0.

If M and N, and also M and N[1], lie in different components of the
Auslander-Reiten quiver of D(A), then Lemma 2.2 yields Ext! (M, N) = 0.
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This implies ext!, (C([M]), C([N])) = 0. We will use this observation several
times in our proof.

Assume now that condition (i) in Theorem 1.3 holds. Thus ¢([M]) =0
or ¢([N]) = 0. Recall that ind4(f) contains modules from infinitely many
Auslander-Reiten components of DP(A) provided ¢(f) = 0. Thus we can
assume that M and N, and also M and N[1], lie in different components.
This implies ext! (C([M]), C([N])) = 0.

Thus, from now on we can assume that ¢([M]) = ¢([IV]) = 1, and that
either M and N or M and N[1] lie in the same Auslander-Reiten component
of DP(A). Note that this implies rk([M]) = rk([N]).

Assume that (ii) holds. Thus we have iso([M]) # iso([N]) and iso([M]) #
—iso([N]). By Lemma 2.1 we deduce that M and N, and also M and N[1],
lie in different Auslander-Reiten components of DP(A). The same follows if
(iii) holds. Namely, since by assumption M and N, or M and N[1], lie in the
same AR-component, we can use the mesh category to get ([M], [N]¢?) # 0
for some j. Here we use the fact that [M]¢® = [r?M] for all indecomposable
A-modules M and all . For details we refer to the explanations below; see
also Figure 1. In both cases we get a contradiction.

Now assume that (iv) holds. Since [M] and [N] are Schur roots, the
quasi-lengths of M, N and N|[1] are strictly smaller than rk([M]) = rk([V]).
Using the mesh category, we get dim Hom pn A)(M ,N) < 1if M and N lie
in the same AR-component, and dim Hom pu4) (M, N[2]) < 1 otherwise. In
the second case, we use the Auslander—Reiten formula

Hom pb( 4y (M, N[2]) = D Hom pb 4 (N[1], 7M).

In both cases, Lemma 2.1 and ([M], [N]) > 0 imply ExtY (M, N) = 0.

Thus, from now on we additionally assume ([M], [N]) = 0.

Before proceeding, we need some properties of the mesh category of a
tube. Let 7 be a tube of rank r in the Auslander-Reiten quiver of DP(A).
Let M(i,j), 1 <i<r,j>1, be the indecomposable objects in 7. We have
arrows M (i,7) — M (i,5 4+ 1) for all ¢ and j, and M(i,5+ 1) — M (i + 1, j)
forl<i<r—1landj>1,and M(r,j+1) — M(1,j) for j > 1. Thus the
object M(i,j) has quasi-length j in 7.

If R and S are indecomposable objects in 7 with ([R],[S]) = 0, then
Lemma 2.1 shows that Hom pb(4) (R, S[2]) = 0. We get

([R],[S]) = dim Hom o 4) (R, S) — dim Hom o 4) (R, S[1]).

Assume now that ql([R]) < r and ql([S]) < r. We can assume R =
M(1,1) for some 1 <[ < r — 1. We have to compute dim Hom ps(4(R,S)
and dim Hom pu 4y (R, S[1]). Using the mesh category, it is easy to show that
dim Hompp 4y (R, S) = 1if and only if S = M (j,I+i—j+1) where 1 < j <1
and 0 <4 <7 —1[—2+ j. Otherwise, dim Hompu(4) (R, S) = 0. Using the
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mesh category again and the Auslander—Reiten formula

Hom pu(4) (R, S[1]) = D Hom pp( 4y (S, TR),
we get dim Hom 4y (R, S[1]) = 1 if and only if S = M (r—i,l— j+1) where
0<j<l—1and 0<i<r—1—1+j. The picture in Figure 1 describes
the situation. Here we write i — j to mean dim Hom pb(4)(R,S) = i and

(1,1) (r,1)
Fig. 1

dim Hom pp 4y (R, S[1]) = j for any module S in the marked region. Thus
([R],[S]) =i — j. Furthermore, we write (7, j) instead of M (i, j). Note that
the picture does not tell what values the Ringel form takes on the objects
sitting on the lines. For example, the above precise description shows that
the objects on the lower two sides of the 1 —1 triangle also take values 1 —1.

Next, assume that (v) holds. Thus ql([M])+ql([N]) < rk([M]) = rk([V]).
Assume first that M and N lie in the same Auslander—Reiten compo-
nent. Thus M and N are objects in a tube of rank r = rk([M]) and
ql([M]) < r and gl([N]) < r. Thus we can apply the above considerations.
Without loss of generality we can assume M = M (1,[). But the assumption
ql([M]) + ql([N]) < r implies that N has quasi-length strictly smaller than
r — [ + 1. Since we assumed before that ([M],[N]) = 0, we deduce that
Hom o4y (M, N[1]) = Extl (M, N) = 0. Similarly one argues in the case
when M and N[1] are in the same component.

From now on we can assume additionally ql([M]) + ql([V]) > rk([M]) =
£k([N]). |

Now assume that (vi) holds. Thus ([M],[N]¢’) # 0 for some j. Since
iso(d) = iso(e), we know that M and N lie in the same AR-component.
Recall that all AR-components are tubes. Thus we can assume that M and
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N lie in a tube of rank r with M = M(1,1). By assumption ([M], [N]¢’) < 0
with i = min{j > 1| ((M], [N]¢’) # 0}. Recall that we have also assumed
([M],[N]) = 0. Now we use the considerations which led to Figure 1 and
get Hom o4y (M, N[1]) = Ext}y (M, N) = 0.

Finally, we assume that (vii) holds. This implies that M and N[1] lie
in the same AR-component of DP(A). Having in mind that ([M], N[1]) =
—([M],[N]) we can proceed as before to get again Exth (M, N) = 0.

This finishes the proof of one direction of the theorem. Now we prove
the other direction.

Let d and e be Schur roots with (d,e) < 0; then Ext! (M, N) # 0 for
all M in C(d) and N in C(e). This implies ext! (C(d),C(e)) # 0. Thus
assume that (d,e) > 0 and none of (i)—(vii) holds. Thus we are in the
following situation:

(1) ¢(d) = q( )=1

(2) (d,e) =

(3) () + al(e) > k()  rk(e)

(4) one of the following holds:

(a) iso(d) = iso(e), (d,eq’) # 0 for some j, and (d,e¢’) > 0 where
i =minfj > 1] (d,ed?) £ 0},
(b) iso(d) = —iso(e), (d,ed’) # 0 for some j, and (d, ed’) < 0 where
i=minfj > 1] {d,ed) £ 0}.
Note that conditions (1) and (4) imply that rk(d) = rk(e).

Let M and N be the (unique up to isomorphism) A-modules in ind 4(d)
and ind 4(e), respectively. By Lemma 2.3 and (4), either M and N, or M
and N[1], lie in the same Auslander-Reiten component of DP(A). Again,
let us first consider the case where M and N are in a tube of rank r, and
without loss of generality let M = M (1,1). Thus (4)(a) holds. By (3) the
quasi-length of N is at least r—{41. Then (2) and (4)(a) imply that N must
lie in the 1 — 1 triangle of Figure 1. This implies ExtY (M, N) # 0. Since d
and e are Schur roots with ¢(d) = g(e) = 1, the orbits O(M) and O(N) are
open. Thus Ext! (M, N) # 0 implies that ext!(C(d),C(e)) # 0. The case
when M and N[1] are in the same component yields the same result. This
finishes the proof.

6. Application. Let A denote the preprojective algebra for a quiver of
type As, i.e. A = kQ/I where @ is the quiver

al az as a4
122232425

al a2 as aq

and the ideal I is generated by the following set of relations:

{@1a1, a1@1 — Goa2, a2dy — G303, A3a3 — A44, Q4G4 }.
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Then A has a Galois covering F: A — A with Galois group G = (Z,+)
where A is given by the infinite quiver with relations described in Figure 2.

1(2) : 3(2) : 5(2)

0) 4(0)
1(0) 3(0) 5(0)
Fig. 2. The quiver A with relations {E&Hl)agi), agi)aﬁi) - E;i)agifl), agi)ﬁg” - Egiﬂ)agi),

o020 —aPalD, oPald | i e 7)
The generator of G acts as z(?) — (1 See [10, Section 3] for basic
information on Galois coverings. We need several subcategories of A Firstly,
Iy will be the full subcategory with objects
{10 300) 50) 900) 40 1(1) 3(1) 5(1)y

(this is tame concealed of type IE7), and Ay with objects
{20 40) 1) 3() 51) 2) 41y
(this is tame concealed of type 156). Next, we have I" with objects
{1 300) 50) 9(0) 4(0) (1) 3(1) 5(1) 9(1) 4(1)}

and A with objects

{200 40) 1) 30 51) 9() 4(1) 1(2) 3(2) 52)1,

)

these are both tubular of type (6, 3,2). Note that Ais the repetitive algebra
of I or of A. As a consequence the AR-quiver of A consists only of stable
(and standard) tubes, with the exception of the tubes which contain the
projective-injective modules. These are obtained (up to translation by G)
from (co-)ray insertions at stable tubes over the tame concealed algebras I
or Ag. All indecomposable modules which do not belong to these tubes have
(up to shift by G) support in I" or AGCD. Thus the push-down functor Fy
associated to F' is dense by [9, Section 2]. See also the brief discussion in [7,
Section 6], and for example [14, Section 4].
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For convenience, we display the dimension vectors of the tubes com-
ing from Iy and Ay below. For I}, the dimension vectors of homogeneous
modules are multiples of

¢

The dimension vectors at the “mouth” of the non-homogeneous tubes are
described in Figure 3. Denote by 7y the family of indecomposable, non-
projective A-modules with dimension vector being a multiple of hgy or cor-
responding to the three non-homogeneous tubes described in Figure 3.

1 1 1 1 : 1 1 1 0 2 0 1 1 1:
3 3 3 3 2 2 2 2 2 2
1 1 1 1 1 1 1 1 1 1 0o 2 0 :
A N A A N /A N A
1 1 0 0 1 1 1 1 1 0 1 0O 1 0 0O 1 0 1 0 1
2 1 1 2 2 1 1 1 1 1 1 1 1 1
1 1 0 0 1 1 1 1 0 0O 1 0 1 0O 1 0 0O 1 0
0 0 0 0 1 0 0 0 0 0 0 1
1 1 0 1 1 o0 1 1 0 O 1 1 o0 1 1 o 1 1 :
2 1 1 1 1 2 1 2 1 1 2 1
0 1 1 o 1 1 o0 1 1 1 1 o0 1 1 0 1 1 0 :
AN AN AN SN AN SN
0 0 0 0 1 0 0 0 0 0 0 1 0 O
0O 0 O 1 1 0 1 1 0 0O 0 0 0O 1 1 0 1 1 0O 0 0
1 0 1 1 1 1 0 1 1 1 1 1 1 0
0O 0 O 0 1 1 0O 1 1 0O 0 0 1 1 0 1 1 0 0O 0 0
0 0 01\ /’00 0 0 10\ /00 0 0
1 0 0 1
1 1 0 0o 1 1
1 1 1 1
0 1 1 1 1 0
0 1 1 0

Fig. 3. Non-homogeneous tubes in 7y

For Ay, the dimension vectors of homogeneous modules are multiples of
h,:=1 1 2 1 1

The dimension vectors at the “mouth” of the non-homogeneous tubes are
described in Figure 4. Denote by 7., the family of indecomposable, non-
projective A-modules with dimension vector being a multiple of hy, or cor-
responding to the three non-homogeneous tubes described in Figure 4.

LEMMA 6.1. The translation functor ?7(+1) A — A induces a functor for

the stable category mod(A), and we have

Ti(?0Y) =]

where ?[1] is the translation functor for the triangulated category mod(A),
and 75 is the Auslander—Reiten translate which is a functor for the stable

category (since A is selfinjective).
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0 1 0
11 11 P11 11 11
121 1 2 1 111 1 21 1 271
P17 171 P11 11 171
A N /N o 70N 1 /70N /71X o
1.0 0 1 1.0 11 11 0 0 11
1710 0 1 1 1 1 0 1711 1 11 o0 1 0 1 1 1
170 0 1 170 11 11 0 0 11
11 /0 0 1
11
1 1 1
11
1
0 0o 1 0 0 0 o0 0 0 10 0
1.0 1.0 0 1 0 1 0 1 1.0
o1 0 o0 1 1 o0 1 1 o010 1 1 0 1 1.0
0 1 0 1 10 170 170 0 1
SN AN AN SN SN AN
0o 1 0 0 0 o0 0 0 10 0 o0 0
1.0 1.0 0 0 0 1 0 1 0 0 1.0
1 o o 10 O0O0OT1 o0 1 0 01 0 1 00 0 10
0 1 0 1 0 0 170 170 0 0 0 1
\10/00 01\(\)(}100 0 o0 1
1 0 0 1
1 0 0 1
0 1 0 01 0
0 1 170
0 1 1 0

Fig. 4. Non-homogeneous tubes in 75,

Proof. From our calculations above it is clear that the isomorphism holds
for simple A-modules, thus it holds for all finitely generated modules.

If X is an indecomposable homogeneous A-module of quasi-length 1,
then it has (up to translation by G) support in I" or A1), In the first case

[X] 7 = ahg + bh, in the second [X]; = bh'c" + ahg, where ged(a,b) =1
in both cases.

LEMMA 6.2. With the above notation we have in both cases
dim Hom 3(X, X*V) = 6a® + 6ab + 20> and Hom (X, XV) = 0.
As a consequence
dim End 4 (FyX) = 1 + 6a® + 6ab + 2b°
where F is the push-down functor associated to the Galois covering F'.

Proof. Since X is homogeneous, by Lemma 6.1 we get X(t1) = XT1].
Thus we have a short exact sequence

0—X —Ix— XD 50

with Iy projective-injective. Applying Hom (X, —) to this short exact se-
quence, we find that

dim Hom 3(X, Ix) = dim Hom (X, X (1)
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since Hom 7(X, X) and Extl (X, X) are both of dimension 1. On the other

hand, Ais triangular, thus we can easily determine the decomposition of Ix
into direct summands using [Ix] = [X] + [X(V)], and our first claim fol-
lows. The same calculation shows that the supports of top X (*Y and X are
disjoint, and the second claim follows. Note that top X (+1) 2 top I'y. Finally

Hom(F)X, FAX) = @D Hom 3(X, X @)
g€

and our last claim follows from the previous calculations since only for g €
{—1,0,1} are the supports of X and X9 not disjoint. m

Recall that I', being a tubular algebra, is quasi-tilted. Since A is the
repetitive algebra of I', we can find in mod(A) a full hereditary subcategory
H such that

mod \/ H|i]

€L

We describe a choice of a subcategory H C mod(/T) which induces such
an H. Denote by 7y (respectively 7, ) the tubular family in mod (A) coming
from I (respectively Ap) as described above. Next,

7. C mod(I") C mod(A)

is given by all indecomposable I'-modules X with
(ho,[X])r >0 and ([X],heo)r >0
(this just accounts for all stable tubular families in mod(I")). Similarly
7 C mod(AY) ¢ mod(A)
is given by all indecomposable A(-1)-modules Y with
(BEY, (V) acn >0 and ([¥],ho) ) >0

(this just accounts for all stable tubular families in mod(A(1)). Then let

H=T_VITyVvTV T,
Note that by Lemma 6.1 and tubularity we also have

mod(A \/ HY.
=

Next, the identification of A with the repetitive algebra of I' (respectively
A=D) gives us canonical isomorphisms

Ko(I') & Ko(mod(A)) ™8 Ko(ACD),
which in turn yields an isomorphism Ko A=1) ) — Ko(I'). Here K (IIlO(fiv(/T))

denotes the Grothendieck group of the triangulated category mod(A). If
X € mod(A) we denote by [X] the corresponding class in Ko ().
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Define the set of roots (respectively positive roots) for I" as
R:={x € Ko(I') \ {0} | qr(x) < 1},
respectively
RT :={x € R| (x,he)r >0 or ((x,hs)r =0 and (hg,x)r > 0)}.

Then RT = {[X] | X € H indecomposable}. Similarly to the case of di-
mension vectors, let Rér be the set of Schur roots in R". Note that these
correspond precisely to the classes of objects in H with trivial endomorphism

rings. Moreover, for x € Rt we denote by H(x) the set of all indecomposable
X € H with [X] =x.

REMARK 6.3. Let x € R" be isotropic, i.e. (x,x)r = 0. Then x =
ahy + bhy with @ > 0 or (a = 0 and b > 0). Thus if we define for v € Qx
the set RY = {y € Rt | (ho,y)r/(y,hoo)r = 7} we find that x € RV/®. If
y € RY with v # b/a we get 0 # (x,y)r = —(y,x) . Since H is hereditary
we conclude that Ext%(X, Y) # 0 or Ext}(Y, X) # 0if X € H(x) and
Y € H(y).

Now we might define 7, = {X € H | X indecomposable and [X] € R7}.
In our situation this always gives a tubular family of type (6, 3,2). These
considerations as well as the definition of R™ are inspired by [15].

It is easy to define a map o: Rt — Ky(A) such that for each x € R*
there exists an indecomposable object X € H with [X] = x and o(x) =

[X] 7. Moreover, we have a linear map ¢: Ko(A) — Ko(A) with the property
§([X]5) = [FaX]a for all A-modules X.

LEMMA 6.4. For X,Y € H C mod(A) we have
Ext)y(FaX, F\Y) 2 Ext'(X,Y) @ Ext'(Y, X).
Proof. Tt is easy to see that
Exth(F\X, F\Y) = @ ExtL(X, ).
_ S/
Thus since A is self injective, from Lemma 6.1 we obtain
Ext} (X, FyY) 2 @ Hom 3(X[-1],Y?) = € Hom 3(X, 7'V [i + 1))
i€Z i€Z
= Hom 7(X, 737Y") © Hom 7(X, Y[1]);

for the last equality we have used the fact that in mod(A) there are only
maps from H[0] to H[i] for i € {0,1}. Our claim now follows from the
Auslander—Reiten formula. =

Let x € RT. We denote by ind4(do(x),x) the subset of mod(do(x))
which corresponds to the modules of the form F\X for X € H(x). We write
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C4(x) for the Zariski closure ind 4 (do (x), %), and C4(i) for the closure of the
orbit of the indecomposable projective module corresponding to the vertex i.

REMARK 6.5. For our next result we need the following observation
which should be well known: Let F': A — A be a Galois covering. For each
dimension vector d of A we have an obvious morphism of varieties

®q: mod 3(d) x GI(6d) — mod(dd).

If U C mod 3(d) we write F\(U) = @q(U x Gl(6d)). Now if A is locally sup-
port-finite, each irreducible component C'C mod (h) is of the form F\(C")
for some irreducible component C’ C mod 3(d) and some d with dd = h. In
particular C' is indecomposable if and only if C’ is indecomposable.

In fact, since A is locally support-finite we conclude from [9] that there

exists a finite collection of dimension vectors dq,...,d,, such that
m
mod (d) = _J Fx(mod 5(d;)).
i=1
If C1,...,Cl denotes the collection of the irreducible components of the

varieties mod 7(d;), 1 < i < m, we trivially have

mod,(d) = U F\(C));
i=1
but the F(C!) are irreducible closed subsets of mod,(h) and our claim
follows.

THEOREM 6.6. The map x +— Cx(x) induces a bijection between the
set Rér of Schur roots and the indecomposable irreducible components of
varieties of A-modules which contain no projective-injective module. For
X € Rér the component C4(x) contains an open orbit if x is real, otherwise
Cx(x) is not generically reduced.

Proof. By Theorem 1.1 and Remark 6.5 our C4(x) with x € RJ are the
only candidates for indecomposable components, besides the C'4 (7).

Assume first that x is real. Then there exists a unique indecomposable
X € H with [X] = x, moreover Ext%(X,X) = 0, thus by Lemma 6.4 we
also have Ext}l(FAX, F,X) = 0. By Voigt’s Lemma F)\ X represents an open
orbit in mod(do(x)).

If x is not real, we have a one-parameter family (X;);er C H of A-mod-
ules with [X;] = x for all ¢. From Lemma 6.2 (use the notation from there)
we have

do(x) = [FxXi]a = (2a + b, 3a + 2b,4a + 2b,3a + 2b,2a + b)

and
dim Endj(F\X;) = 1 + 64> 4 2b* + 6ab
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for some a,b € Ny. Thus
dim Enda(FAX¢) — qas ([FrXi]a) = 1.

Now (F»X¢)tek is a family of non-isomorphic modules, and they are dense in
some component since for example by [16, 12] each irreducible component of
mod 4(d) has dimension dim Gl(d) — ga(d). Finally dim Ext} (F)X;, F\X;)
= 2 by Lemma 6.4. Thus C4(x) is not generically reduced by Voigt’s Lemma.
Note that for a non-real root x € Rd, we have ext} (Ca(x), Ca(x)) = 0, but
dim Ext! (X, X) = 2 for all X in a dense subset U of Cj(x). =

COROLLARY 6.7. Let x,y € R{. Then ext!(Ca(x),Ca(y)) = 0 if and
only if there exist X € H(x) and Y € H(y) with Ext}T(X, Y) =0 =
Ext}(Y,X).

Proof. This follows directly from Theorem 6.6 and Lemma 6.4. m

We conclude that each irreducible component C' of mod,(d) admits a
unique decomposition into indecomposable components

l 5
Dt @ iy
i=1 i=1

with the x; € R; pairwise different. If say x; is isotropic, we have
(ho,x;)/(xi, hoo) = (ho,x1)/(%1, heo)

for ¢ = 2,...,1 by Remark 6.3, i.e. the x; are dimension vectors of inde-

composable objects which all belong to the same tubular family, and we

conclude from the last corollary that /| < 9= (6—-1)+(3—-1)+(2—1)+1.If

all the x; are real, we get [ < 10. In fact, in this case there exist X; € H(x;)
with Ext%(Xi, X;)=0forall 1 <i,j <1 (see the proof of Theorem 6.6 and

Corollary 6.7). Thus @ﬁzl X, is a partial tilting object in the hereditary cat-
egory H, which has Grothendieck group isomorphic to Ko(I') = Z9. Thus
in any case the number of non-isomorphic summands is bounded by 15,
which is the number of positive roots for As.

Let A be any finitely generated k-algebra, and {C; | i € I} a set of pair-
wise different indecomposable irreducible components of varieties of A-mod-
ules such that ext! (C;, Cj) = 0 for all i # j. If the set is maximal with this
property, then we call it a maximal set of indecomposable components for A.

For A = A it follows from our considerations that a maximal set of
indecomposable components for A contains either 14 or 15 components. At
most one of them does not contain a dense orbit, and in this case, the
maximal set contains 14 components.

Note also that ext!(C, C) = 0 for any indecomposable irreducible com-
ponent C (there is no contradiction to the fact that dim Ext! (M, M) > 2
for all M € C' if C corresponds to an isotropic root as noted in the proof of
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Theorem 6.6). This immediately implies ext}(C,C) = 0 for any irreducible
component C.

Finally, note that the preprojective algebra P(Q) for @) a quiver of type
D, admits a Galois covering, which is the repetitive algebra of a tubular
algebra of type (3,3,3). One checks easily that Lemma 6.1 holds also in
this situation. Thus we can repeat the above program. In particular, we find
that a maximal set of indecomposable components for P(Q) contains either
11=3B-1)+B3—-1)+(3—1)+1+4or 12 = 8+ 4 elements. Observe that
a quiver of type D4 admits 12 positive roots.

One might ask the following question: Let @) be any Dynkin quiver.
Assume that the number of positive roots of @ is n. Let {C; | i € I} be
a maximal set of indecomposable components for P(Q). Assume that C;
contains a dense n;-parameter family of indecomposable P(Q)-modules for
all i. Is I a finite set and does the formula

]I]:n—Zni

el
hold? This was verified before for () of type A; with ¢ < 4. By our above
considerations this holds also for @) of type A5 or Dy.
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