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Abstract. All purely cubic fields such that their maximal order is generated by its
units are determined.

1. Introduction. In 1954 Zelinsky [15] showed that, if V is a vector
space over a division ring D, then every linear transformation can be written
as the sum of two automorphisms unless dimV = 1 and D is the field of
two elements. Later many authors investigated similar problems for various

classes of rings. This gives rise to the following definition (see Goldsmith,
Pabst and Scott [6]).

DEFINITION 1. Let R be a ring (with identity). An element r is called
k-good if r = e; + -+ + e with e1,...,ex € R*. If every element of R is
k-good we also call the ring k-good.

The wunit sum number u(R) is defined as min{k : R is k-good}. If the
minimum does not exist but the units generate R additively we set u(R) = w.
If the units do not generate R we set u(R) = oo.

For some historical information on this topic and several examples we
refer to the recent papers of Ashrafi and Vamos [1], and Vamos [14].

Endomorphism rings have been studied in great detail and also some
other classes of rings were investigated from this point of view. Which rings
of integers are k-good has been investigated by Ashrafi and Vamos [1]. In
particular, they proved that the rings of integers of quadratic fields, complex
cubic fields and cyclotomic fields Q({yn~ ), with N > 1, are not k-good for
any integer k. Jarden and Narkiewicz [9] proved that every finitely generated
integral domain of characteristic zero has unit sum number w or co. In other
words, they proved that no ring of integers has finite unit sum number.
However, the question which rings of integers are generated by their units
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remains. In the case of quadratic fields Belcher [2] and Ashrafi and Vamos [1]
answered independently this question.

Similar questions arose in 1964 when Jacobson [8] asked which number
fields K have the property that all algebraic integers of K can be written as
sums of distinct units. Let us denote by U the set of number fields that have
this property. Jacobson [8] proved that the number fields Q(v/2) and Q(v/5)
are members of U. Some years later Sliwa [12] proved that these two fields
are the only quadratic fields with this property. Moreover Sliwa showed that
no field of the form Q(+/d) is in U. Criteria for a number field to lie in U
were given by Belcher [2, 3]. In particular Belcher [3] proved that K € U if
2 is the sum of two distinct units and the ring of integers of K is generated
by its units. By an application of this criterion Belcher [3] characterized all
cubic number fields with negative discriminant that lie in /.

The aim of this paper is to investigate which rings of integers of complex
cubic fields, in particular purely cubic fields, are generated by their units.

THEOREM 1. Let X? — BX — C be an irreducible polynomial having a
complex root, and let a be any root of this polynomial, possibly not complex.
Let O = Z[a]. Then O is generated by its units if and only if there exists a
solution (X,Y') to the Diophantine equation

X*+BXY?-CY? =+1
such that there is a unit of Z[a] of the form Z+ Xa+Y a2 with Z an integer.

This theorem together with the results of Delaunay [5] and Nagell [10]
yields:

COROLLARY 1. Let d be a cube-free integer and K = Q(3/d) the corre-
sponding purely cubic field. Then the order Z[\S/E] is generated by its units,
i.e. there exist €1, € Z[V/d)* that generate Z[/d), if and only if d = a® £ 1
with a € Z.

As our main result we will establish the following theorem.

THEOREM 2. Let d be a cube-free integer and let Oy be the maximal
order of Q(%) The ring Oq is generated by its units if and only if d is
square-free, d # +1mod 9 and d = a® + 1 for some integer a or d = 28.

Since in general Q(\‘Vﬁ) has no integral power basis the proof of Theorem
2 is far from being straightforward.

2. The quadratic case revisited. The aim of this section is to present
the basic ideas for the proofs of our results. For this purpose we start with
the quadratic case and give a simple proof of the result due to Ashrafi and
Vémos [1, Theorems 7 and 8|.
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PROPOSITION 1. Let d € Z be square-free. Then O = Z[\/d] is generated
by its units if and only if d = a® + 1 for some a € Z.

Before we prove Proposition 1 we establish the following helpful lemma.

LEMMA 1. If € is a unit of some number field K with deg K = d and
some powers of € generate the additive group of integers (or some order
of K) then so also do 1,¢,...,e% L.

Proof. It is enough to show that the Z-module generated by 1,¢, ..., %!

contains eF for all k € Z. This is easy to see since ¢ is an algebraic integer, and
we have e = qg+aje+---+ag_1e% 1 witha; € Zfori =0,1,...,d—1. Now
by induction we see that every positive power of ¢ is a linear combination of
1,e,...,e% 1 with integral coefficients. Similarly we can express e~ 1,72, ...

as integral linear combinations of 1,¢,...,¢% 1. m

Proof of Proposition 1. Assume e1,e9 € O generate . Then also 1
and e generate O, where ¢ is the fundamental unit of O. Therefore we may
assume that 1 and e generate O. Let ¢ =  +yv/d. Then the statement that
1 and e generate O is equivalent to (1,0) and (x,y) generating the lattice
Z2, hence y = +1. Since ¢ is a unit we have 22 — dy? = £1 and therefore
22 —d = =41 or d = F1 + z2. This shows one direction.

Now assume d = a? £+ 1. Every unit ¢ = = + yv/d € O satisfies the
equation 22 — dy? = 2% — (a® £ 1)y? = 1 with mixed signs. Obviously one
solution is z = @ and y = 1. Since (1,0) and (a, 1) generate Z?, also 1 and
e = a ++/d generate O. =

PROPOSITION 2. Let d € Z be square-free. Then the ring of integers of
Q(Vd) is generated by its units if and only if
a’?+1, d# 1mod4,
{a2j:4, d=1mod 4.
Proof. Use the same method as above with v/d replaced by (1 + V/d)/2

for d = 1 mod 4. Note that the ring of integers is generated by 1 and V/d if
d # 1mod 4, and by 1 and (1 + v/d)/2 otherwise. =

3. The general cubic case. This section is devoted to the proof of
Theorem 1 and Corollary 1.

Proof of Theorem 1. Since Q(«) has a complex embedding as well as
a real one, its unit rank equals 1, and Dirichlet’s unit theorem shows that
every unit is of the form +e”, where n € Z and ¢ is the fundamental unit.

If €1,e9,e3 generate Z|a] then so also do &1, ey, 3. Thus we may
assume €1 = ekl, g9 = €2 and g3 = &M with ki, ko, ks € Z. Therefore we
may assume by Lemma 1 that 1,¢,e? generate Z[a].
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Write € = a+ ba+ ca? with a, b, ¢ € Z. Then a short computation shows
that

a:= b= =

e2 = a® + 2bcC +(2ab + 2bcB + 2C)a + (b? + 2ac + ¢*B)o?.

Therefore the vectors (1,0,0), (a,b,c) and (Zi,g,a generate the lattice Z3,
i.e. det M = %1, where

1 0 0
M=1a b c
a b c

A short computation shows
det M = b¢ — be = b° — be®B — *C = +1,

and € has the desired form.

The other direction is quite easy. Assume € = a + ba + ca® has the
properties described in Theorem 1. Then the vectors (1,0,0), (a,b,c) and
(?i,g,a generate Z3, where &2
Zla). »

Proof of Corollary 1. We apply Theorem 1 with B = 0, C' = d and put
a = V/d. Hence O = Z]a] is generated by its units if and only if there is a
unit € € O of the form € = a + ba + ca® with a, b, ¢ € Z such that

b3 — ded = +1.

= @ + ba + ca®. Hence 1, € and €2 generate

By a theorem of Delaunay [5] the equation X3 —dY3 = £1 has at most one
solution besides the trivial solution X = 1 and Y = 0. Moreover, Delaunay
showed that for any solution (X,Y) to X3 —dY? = 1 the quantity X +vdY
is a fundamental unit. Assuming, > — de® = +1 we know from the proof
of Theorem 1 that the fundamental unit satisfies ¢ = 4(a + bv/d + cV/d).
On the other hand, by Delaunay [5], ¢ = (b + ¢¢/d), where (b,¢) is the
non-trivial solution to X3 — dY? = 1. If (b, ¢) is a non-trivial solution then
we get a contradiction, therefore b = 41 and ¢ = 0. Hence ¢ = a & v/d. This
yields a® £ d = £1 or equivalently d = a® £ 1 for some integer a. =

4. Purely cubic fields of the first kind. The next two sections are
devoted to the proof of Theorem 2.

First, we recall the well known fact (see e.g. [4, Section 6.4.3]) that if
d = ab® with a,b € Z square-free and coprime, then O, is generated by
1, vVab? and Va2b if d # +1 mod 9, and by %(1+am+bm), Vab? and
Va2b otherwise. Because of Q(vV/b2) = Q(V/b) we exclude the case a = 1.
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Next we remark that in the case where d is square-free and d Z +1 mod 9,
Corollary 1 yields Theorem 2.

Consider now the case d # £1 mod 9 and b # 1. In view of Lemma 1, we
assume that there exists a unit ¢ = X +Y vab2 + Zv/a2b such that {1,¢,£2}
generates (Jy. Since
(1) e2=X2+2abYZ + (aZ? +2XY)Vab? + (bY? + 2X Z)Va2b,
we have to investigate the equation det M = +1, where

1 0 0
M = X Y Z
X2 42abYZ aZ?+2XY bY?+2XZ
Therefore (Y, Z) has to be a solution to the Diophantine equation
(2) by? — az® = +1.
It is obvious that together with {1,¢,¢?} also {1,671, 72} generates the
algebraic integers (see Lemma 1). Since
el = (X% —abY Z) + (aZ? — XY )Vab? + (bY? — X Z)Va?b,
also (aZ? — XY,bY? — X7) is a solution to (2). By a theorem of Delaunay
[5] and Nagell [10] we know that (2) has at most one solution with Y > 0.
Suppose (Y, Z) is such a solution. Then
aZ? - XY = 1Y,
bY? - X7 =+2Z.
Note that the signs for Y and Z must be the same. Eliminating X from

these equations yields bY? — aZ? = 0, which is a contradiction. Note that
YZ # 0, since b # 1 and a # 1.

5. Purely cubic fields of the second kind. Now the situation is

more complicated. Since ab?> = +1 mod 9 we have ¢ = 1 mod 3 and a =
+bmod 9. Let a = ebmod 9 with e € {£1}. Then together with é(l +

aVab?+bva2b), Vab?, Va2b also 1, Vab?, 3(1+ v ab?+eV/a2b) is an integral
basis. Therefore we write

X + Y Vab® + ZVa%b 1+ Vab? + eVa2b
e= X+ VVal? + ZYab= ¢+ nVaPb+ ¢ a3+e 2

hence

X=€6+¢/3, Y=n+(/3, Z=ce(/3.

Moreover, let X = 3X , Y = 3Y and Z = 3Z. We can express €2 in the new
basis:
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&=
2ab—b) — 1 b—>b
9 3
=
—eb 1—eb
+ (—ebn2 +¢? % +26n + 2n¢ Te> Vab?
-
9 o 2+eb
+ [ 3ebn* + ¢ 3 + 26C + 2ebn( (1+\/ab + eVa2b).
Therefore we have to investigate the equation det M = +£1, where
1 00
M = §~ n E
£ n ¢

This yields the equation
eb(3n + ¢)® — a¢® = +9,
which is equivalent to
(3) bY3 —aZ3 =9,
where e; € {41}. Together with {1,¢,¢?} also {1,e71,672} generates O.

Therefore together with (Y, Z) also (“Z2gXY, ngXZ) € Z x 7 is a solution
to the Diophantine equation

(4) by — az® = £9.

Assume (“Z SXY bYZSXZ) satisfies (4) with €]9 on the right side, where

eq € {£1}. As above we see that the two solutions

— 2 _
j:(CLZ 3XY7bY 3XZ) and % (Y, 2)

are distinct since otherwise
aZ? - XY =43Y, bY?—-XZ =432

These two equations imply +£9 = bY> — aZ2 = 0, £6Y Z depending on the
signs. However, each of these cases is impossible since X,Y, Z € Z. Note that
3| Z and 3|Y are each impossible, since then both Y and Z are divisible by
3 and this implies 279, a contradiction.

On the other hand, a famous result due to Siegel [11] tells us that there
is at most one solution to

laa™ — by"| < e
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if
‘ab’n/Q—l Z AnCQn_Q with )\n = 4<an1/(p—l)> .
pn

In our case this yields |ab| > 1.356 - 10'3. However, if we use this estimate,
too many cases remain to be checked individually. So we have to refine this
method.

Now we take into account that € is a unit. Therefore we find

(5) X3 4+ ab?’Y? + a?bZ3 — 3abXY Z = €927,

with ez € {#1}. Assume a > 10. Since bY? — aZ3 = 49 and Z # 0, we
see that Y and Z have the same sign. We may assume that Y, Z > 0, and
moreover that |¢| < 1. Since

Y Vab? + ZVa2b > Vab(Ya + Vb) > 3Vab > 3
> [3¢| = | X + Y Vab? + ZVa2b),

we have X < 0.

Let us compute the asymptotics of X and Y in terms of Z, and of
X and Z in terms of Y. Since we need exact error terms we use the so
called L-notation (cf. [7]). This notation allows us to keep track of how
large the constants of the usual O-terms get. The L-notation is defined
as follows: For two functions g(ti,...,tx) and h(|t1],...,|tx]) and positive
numbers uy,...,u; we write g(t1,...,tx) = Ly, . (h(|t1],...,|tx])) if
lg(t1, ..., te)| < h(|t1],...,|tx|) for all t1,...,t; with absolute value at least
u1,...,ur respectively. Note that all the following computations have been
performed with Mathematica® 5.0.1.

First we compute Y in terms of Z:

73 , 3 \/ 9¢/a/
Y = \3/“7:619223/@/“ a 225 "o (1/2%).

For further computations we need an L—term instead of an O-term. Let
361 \/ \/
=Za/b+ —— —|— 11 2 Z5 ,

Y~ =Z{/ab+ 7361‘/——11‘/7

275

Computations show
—(b(YT)? —aZ® —e19)(b(Y)? — aZ® — e19)
= (1771561 — 395307¢? — 263538¢1¢® — 14520¢*
+ 39204e1¢5 + 38475¢% 4 11610e1¢7 + 360¢%) /(a0 Z230),

where ¢ = aZ3. This quantity is positive if ¢ > 28.66, in particular if a > 29
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and Z > 1. This shows

(6) Y(a,b,Z) = Z{/ajb+ 361\/—+L2911<113 /b>

275

Similarly we obtain

(7) a b, Y Y\/—+ 361%/1)/—0 + L29,171 <11 W)

S by? b2Y®
Now let us compute X. Remember that

(8) p1i= bY3 —aZ3 —e19 = 0,
(9) po = X°® 4+ ab®’Y? + a*Z% — 3abXY Z — €327 = 0.

We compute the Grobner basis of the ideal generated by p; and ps with
respect to the lexicographic term order such that X < Z < Y. The first
component of the Grébner basis is

p3 := 729a3b3e; — 6561a%b%ey + 19683abe; — 19683e; + 243a2b> X3
— 1458aber e X3 + 2187X3 + 27abe; X6 — 81ey X0 + X°
+ 48603 2% — 2916a3b%e 92 + 4374a%0 23
— 135ab%e1 X373 — 324a%bea X323 + 6420 X6 73
+108a’°b%e; Z° — 324a*b%e2 25 — 15a*0? X328 + 8a°03 2°.

Since p3 is a polynomial of degree 3 in X3, it has either one or three real
roots. Because ps comes from a Grobner basis with lexicographic order, the
solutions of p3 for some fixed Z are the same as those of po with (Y, Z2) a
fixed solution to p;, with the same Z. Since the constant term is positive
(remember Y, Z > 1 and a > 10), either all roots of py are negative or only
one is negative. The fact that the coefficient of X? in py is zero shows that
not all three roots can be negative. Therefore we deduce that there is exactly
one negative root of ps for positive Z. If we compute the asymptotics of the
solutions to p3 in terms of Z we find that one asymptotics has the form

Yoy 3 — 3abe; 6 + 9abeq (abe; — 1) 6
—2Z b+ aA/3p2/3 72 + al0/3p5/3 75 +0(1/27).

Indeed, this is the desired approximation to X. Let us compute

229582512796468p36 4

+ - _
—p3(X7, Z)p3(X™, Z) = 7904607,30 ’

where the rest of the numerator is a polynomial of lower degree (in each
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variable) and

s~ 3 — 3abe 6 + 9ab(ab + 1)
+ 3/ 5 1
X' =-2ZVa*b + WAB3p2/3 72 + a10/3p5/3 75
3 — 3abe; 6 + 9ab(ab+ 1)
ad/3p2/372  ° 410/3p5/3 75
Since the numerator is positive for a > 41, b > 1 and Z > 1, we deduce

X~ =-272Va2b+

3 3 — 3abey 6 + 9ab(ab + 1)
(10)  X(a,b,Z) = —2ZVa?b+ A2 + Lar,1 (2 210730573 75
Similarly we obtain
3 3 + 3abey 6 + 9ab(ab + 1)
(11) X(a,b,Y) = —-2YVab? + 2BpBy? T L5114 <2 B/3p10/3y5

Because of the form of the L-terms we assume from now on a > 51, b > 1,
Y >4and Z > 1.

If we substitute (6) and (10) in (aZ% — XY)/3, and (7) and (11) in
(bY? — X Z)/3, we obtain

aZ? - XY 3e; 1 3 3e;
12) V=" —"— =aZ’+ " - -
(12) 3 AN Ay STy
I 0 4 6 2 12 02
P\ Bazt T ad02zd T a2zt T @227 T ahe2ZT T aBbZT )
and
Y2 - X7 3e; 1 3 3e;
1 Z == —py? - —
(13) 3 b Y ay wvi T apyd

40 4 6 29 12 29

+L51’1’4<3bY4 Tyt Tyt Tyt T iyt ab3Y7)’
respectively. Note that Z’ = bY? 4+ Ry, where R; is small if Y, a, b are large.
Remember that we assume Y > 4,a > 51 and b > 1. In the case of (13) we
see that |Ry| < 0.822. Since Z' is an integer, also Ry has to be an integer,
hence Ry = 0 and Z' = bY2. Similarly, if we assume Z > 4,a > 51 and
b > 1 we obtain Y/ = aZ? + Ry, with |Rg| < 0.757. Hence Ry = 0 and
Y' =aZ? If Z =2 then Y' = aZ? + €13/2 + R3. From (12) we compute
|R3| < 0.031 if @ > 51 and b > 1. But this implies that Y’ is not an integer
and we have a contradiction. In the case of Z = 1 we find Y/ = a+3e; + Ry,
with |R4| < 0.355 if @ > 51 and b > 1, hence Y/ = a + 3e;. Since (Y',Z') is
a solution to (4) and Y’ = a + 3e; and Z’ = bY'? we obtain

(14)  b(a+3e1)®—a(bY?)—9¢) =a>b+9a’be; +27ab+27be; — 9} —ab>Y =0

and therefore b|9. Since ab*> = +1 mod 9 we find b = 1. Now (14) has the
following form:

a® + 9a’e; + 27a + 27e; — 9¢) — aY® = 0.



80 R. F. TICHY AND V. ZIEGLER

This yields a |18 or a|36. Since we assume a > 51 we have a contradiction.

Now, if we assume Y >4, a > 51 and b > 1, then we have Y/ = aZ? and
Z' = bY2. Moreover, we obtain ba®>Z5 — ab®Y® = 49, hence ba |9, which is
again a contradiction to a > 51.

6. Small a. We still have to consider the case ¢ < 50 or ¥ < 3. In
this section we want to exclude the case a < 50. Since ab?® = +1 mod 9 we
have a = 1 mod 3 and b = +a mod 9. Since we assume that a and b are
square-free with ged(a,b) = 1 and a > b > 1, there are only finitely many
possibilities left for the pair (a, b).

For all possible pairs (a, b) we will solve the Diophantine equation Y3 —
aZ3 = 49 with Z > 0. If an equation has more than two solutions, the
quantity d = ab® may satisfy the conditions of Theorem 2. In particular we
prove the following lemma.

LEMMA 2. Let 0 < b < a € Z, a < 50, a and b square-free and

ged(a, b) = 1, with ab® = £1 mod 9. Then (a,b) € P, where
P = {(46,37), (46,35), (46,19), (46, 17), (46, 1), (43, 38), (43, 34),
(43,29), (43, 11), (43, 7), (43,2), (37, 35), (37, 26), (37, 17),
(37,10), (37,1), (34, 29) (34 11), (34,7), (31,23), (31, 22),
(31,14), (31 13), (31,5), (22,13), (22, 5), (19, 17), (19, 10),
(19,1), (13,5), (10,1), (7,2)}.

Moreover, all solutions (Y,Z) € Z x Z to by — az® = +9 with Z > 0 and
(a,b) € P are listed in Table 1.

Table 1. Solutions (Y, Z) to by® — az® = +9 with Z > 0

a b
46 37
43 34
31 22
31 5
22 13
19 10
10 1
7T 2

N

Y Z

e e e

e = e T T

|
—

Proof. The first part of the lemma is clear. The second part is a result
of a computation in PARI [13]. In particular we solved all Thue equations
of the form

Y —ab®Z% = (bY)3 — ab®Z3 = 9b?
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with (a,b) € P and only considered solutions (Y”, Z) such that b|Y”. Indeed,
all solutions have this property. The computation took only a few seconds
on a common work station. m

Lemma 2 tells us that the only candidate is d = 7 - 22 = 28. From (5)
we obtain e = 1 and X = —1. Hence £ = n = 0 and {( = —1. Therefore
e = —1(1+ V28— V/98) and £? = —3 + V/28. Since (1,6, := V/28,0, :=
é(l + /28 — V/98)) is a Z-basis of Oag, we have ¢ = —03 and €2 = 0] — 3.
Moreover, we have

M:=
1 0 1 1
0 -1 (91 = 3
-3 1 0 6 g2

Since det M = 1 also 1, ¢, €2 is a Z-basis of Oag and therefore Oy is generated
by its units.

7. The case Y = 1. We are left with the case Y < 3. Since 31Y we
have to consider the cases Y = 1 and Y = 2. By the previous section we
may assume a > 51. First we consider the case Y = 1. From (3) we get

b—aZ3 =49

or Z3 = (bF9)/a. Since a > b and a > 51 we deduce Z =1 and a =b — 9.
If we substitute this in (5) we obtain

81b + 27b6% + 2b° — 27ey — 276X — 3b°X + X* = 0.
If we put X = ¢ + b and = b we obtain
—2Teq + &3 4+ 81n — 27¢n + 3¢ = 0,
hence 3| &’. If we put £ = 3¢ we get the Diophantine equation

(15) —ez + €3+ 30— 3¢+ ¥ =0.
If we solve (15) for  we obtain
53—62 6 —94es (1)
=———-=-¢-3-—=-+——+0| =
TTTEmes 0T Te &

-c-s-if)

ie if £ > 9 thenn = - —3. But n = —¢ — 3 yields 6§ = 9 + es. Since
& € Z, this is a contradiction. So we compute 1 for each £ with —8 < ¢ < 8.
In the case of e2 = 1 we find the solutions (§,7) = (1,0), (2, —7), (4, —9) and
in the case of e = —1 we find (§,n) = (—=3,0), (1, —-2), (=3, —9). Note that
1n = b > 0. None of these solutions yields a proper b.
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8. The case Y = 2. Now we discuss the case Y = 2, that is, 8b—aZ3 =
+9 or Z3 = (8bF9)/a. Since 8bF 9 is odd, also Z must be odd. Since a > 51
we also have Y > Z > 0, hence Z = 1. Therefore a = 86+ 9¢; with e; = %1.
If weput Y =2, Z =1 and a = 8b+ 9e; into (5) we get

128b% — 27es + 216b%e; + 81b — 48b° X — 5dber X + X3 = 0.
If we use the transformation indicated by X = & + 4b and b = 7, we get
—27eq + £ 4 81 — bde &'n + 126%n = 0.
Note that 3|¢’, hence we put £ = 3¢ to obtain

(16) —eg + &+ 31 — 6e1€n + 4% = 0.
We solve (16) for n to obtain
& —e ¢ 3e; 3 8ey—9e 1
- = - = s - O _
T=7182 6ae+3 4 8 s e U@

_ f 3e1 1 __254-361 i
—‘1‘?“6(%)‘ 8 +L6<25)'

We see that n cannot be an integer if £ > 6. So we compute the quantity 7
for each & with —6 < £ < 6. We find that the only integral solutions are

(&n) =(3,0),(6,-1)  ifer=ex=1,

(&,n)=(-3,0),(3,-2) ife; =—ex=1,
(&mn) = (3, )( 2) ifer=—ex = —1,
(&mn) = (=3 )(61) if e1 = ep = —1.

So we are reduced tob=2and ey = —lorb=1and e; = —1. Hencea =7
or a = —1. Thus the only proper pair is (a, b) = (7,2), which has been found
above.

Acknowledgement. We are grateful to W. Narkiewicz for drawing our
attention to this kind of problem.
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