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MINIMALITY OF THE SYSTEM OF ROOT FUNCTIONS
OF STURM-LIOUVILLE PROBLEMS WITH DECREASING
AFFINE BOUNDARY CONDITIONS

BY

Y. N. ALIYEV (Baku)

Abstract. We consider Sturm—Liouville problems with a boundary condition linearly
dependent on the eigenparameter. We study the case of decreasing dependence where
non-real and multiple eigenvalues are possible. By determining the explicit form of a
biorthogonal system, we prove that the system of root (i.e. eigen and associated) functions,
with an arbitrary element removed, is a minimal system in L2(0, 1), except for some cases
where this system is neither complete nor minimal.

Introduction. Consider the following spectral problem:

(0.1) " +q@)y=\y, O0<z<l,
(0.2) y'(0) sin 8 = y(0) cos 3,
03) (1) = (A + by(D),

where a, b, 8 are real constants, 0 < 8 < m, a < 0, A is a spectral parameter
and ¢(z) is a real-valued and continuous function over the interval [0, 1].

It was proved in [2] (see also [1]) that the eigenvalues of the boundary
value problem (0.1)—(0.3) form an infinite sequence accumulating only at oo
and only the following cases are possible: (a) all eigenvalues are real and
simple; (b) all eigenvalues are real and all, except one double, are simple;
(c) all eigenvalues are real and all, except one triple, are simple; (d) all eigen-
values are simple and all, except a conjugate pair of non-real ones, are real.

Let {v,}>°, be a sequence of elements from L2(0, 1) and Vj the closure
(in the norm of Ly(0,1)) of the linear span of {v,};2, , ;. The system
{vp}22 is called minimal in La(0,1) if vy ¢ Vi for all kK = 1,2,... (see
[9, Ch. 1, §2)).

The present article concerns the minimality in L2(0,1) of the system
of root functions of the boundary value problem (0.1)—(0.3). In cases (a)
and (d), we complete the results of [2] by showing that the system of eigen-
functions of (0.1)-(0.3), with an arbitrary element removed, is minimal in
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L5(0,1). In cases (b) and (c) we discuss all the choices of the removed el-
ement and find necessary and sufficient conditions for the system of root
functions, with one element removed, to be minimal in L2(0, 1). Using the
method of [10-12] one can show that such a minimal system is a basis in
L,(0,1) (1 < p < 00). The precise statements and proofs of our results are
contained in Section 4.

The eigenvalues A, (n > 0) will be listed according to their non-decreas-
ing real part and repeated according to their algebraic multiplicity. The
asymptotics of eigenvalues and oscillations of eigenfunctions of the boundary
value problem (0.1)—(0.3), with the linear function in the boundary condition
replaced by a general rational function, were studied in a recent paper [3].
For an affine (linear) decreasing function this asymptotics is as follows [2]:

{ (n—1/2)%r2+0(1) if B+#0,

n’n? +0(1) if 3=0.

This asymptotic formula plays an important role in the passage from mini-
mality theorems to basis properties in L2(0,1) (cf. [10-12]).

The case a > 0 of our problem is considerably simpler and can be found
as a special case in [10, 11]. In [13] the following boundary value problem
was considered:
(0.5) - =)\y, 0<zx<l,
(0.6) y'(0)=0, ¢/ (1)=a\y(l), a#0.
For this problem only cases (a) and (b) are possible, and in [13] a complete
solution of the problem of the basis properties in L,(0,1) (1 < p < co) of the
system of root functions was given. We shall discuss this problem further in
the last section. The situation for (0.1)—(0.3) is much more complicated, with
the possibility of non-real eigenvalues and of an eigenvalue with algebraic
multiplicity 3.

There is a vast literature on the boundary value problems with a spec-

tral parameter in the boundary conditions (see e.g. [4, 7, 15] and a recent
contribution [5]).

(0.4) A =

1. Inner products and norms of eigenfunctions. Let y, be an
eigenfunction corresponding to an eigenvalue A,. By (0.1)-(0.3) we have
~Yn + A(T)Yn = AnYn,
yh(0) sin 8 = y,,(0) cos 3,
Yn(1) = (adn + D)yn(1).
Let y(x, A\) be a non-zero solution of (0.1)—(0.2), and consider the char-
acteristic function

(1.1) @(A\) =1/ (1,A) — (aX + by(1, A).
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By (0.3), A\, is an eigenvalue of (0.1)—(0.3) if ww(\,) = 0. It is a simple
eigenvalue if w(\,) = 0 # @'(\,), a double eigenvalue if

(1.2) w(\k) =@ (A\) =0 # @ (M),
and a triple eigenvalue if
(1.3) w(Ar) =@ (Ak) = @A) = 0# @ ().

We also note that y(z,\) — y(x,\,) uniformly as A — \,, because
y(x, A) is an entire function of A (see [6, Sect. 10.72]).
Throughout this paper we denote by (-, -) the scalar product in Ly(0,1).

LEMMA 1.1. Let yn,Ym be eigenfunctions corresponding to the eigenval-
ues Apy Am (An # Am). Then

(1.4) (Yns Ym) = —ayn(1)ym(1).
Proof. To begin we note that

L Lyl M) = o G Ny ) = O = )yl Ny )
By integrating this identity from 0 to 1, we obtain
(1.5) A=) (y( N, (> 1) = (e, Ny (@, 1) — o/ (2, Ny, 1)
From (0.2), we obtain
(1.6) y(0, M)y'(0, 1) — 4'(0,\)y(0, u) = 0.
By (1.1),

(17) y(]-? )‘)y,(lnu’) - y/(]-? )‘)y(]-?:u) - = a’()‘ - %7 )\)y(LN)
+ y(lv )\)W(H) - y(lv H)w()‘)
From (1.5)—(1.7), it follows that for X\ # 7,

(1.8) (¥, A),y( 1) = —ay(1, Ny (1, 1) +y(1,A) % —y(1, ) %

which is a generalization of an analogous formula in [6, Sect. 10.72]. Since
Ans A are eigenvalues of (0.1)—(0.3), we have w(\,) = @w(Ay,) = 0, hence
by letting A — A, (& # An) and then p — \,;, we obtain (1.4). m

Now we collect some easy facts about inner products of eigenfunctions.
LEMMA 1.2. If )\, is a real eigenvalue then

(1.9) Hyan = —ayn(1)2 — yn(1)@' (An).
Proof. Since w(Ay,) = 0, we have w(A)/(A — \,) — @' (\n) as A — A,

Therefore, by letting p — A, (A # A,) and then A — A, in (1.8) we
obtain (1.9). =

COROLLARY 1.1. If Mg is a multiple eigenvalue then
(1.10) lyells = —aye(1)*.
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An immediate corollary of (1.4) is the following
COROLLARY 1.2. If A\, is a non-real eigenvalue then

(1.11) lyrll3 = —alyr(1)*.

Proof. Since A\, # A, (1.11) follows at once from (1.4) by replacing
Ans Am by Al m

For the eigenfunction y, define
(1.12) By, = |lynll3 + alya (1),

The following corollary of (1.9) and (1.11) will be useful (cf. [1, The-
orem 4.3]).

COROLLARY 1.3. B, # 0 if and only if the corresponding eigenvalue X,
is real and simple.

If Ay is a multiple (double or triple) eigenvalue (A\y = Agi1) then
Br = —yp(1)w'(Ax) = 0 and By is not defined, so we set Bry; =
—yp(D)w”(Ng)/2. If A\ is a triple eigenvalue (A\y = Apr1 = Agyo) then
Byj11 =0 and By 5 is not defined, so we set Byio = —yi(1)w"” (\g)/6.

We conclude this section with the following

LEMMA 1.3. If A\, and A\s = A\, are a conjugate pair of non-real eigen-
values then
(1.13) (Yr ys) = —ayr(1)? =y (D' (A).

The proof is similar to the proof of (1.9). We also note that w’(\;) # 0
in (1.13) since all non-real eigenvalues of (0.1)—(0.3) are simple.

2. Inner products and norms of associated functions. We shall
need the results of this and subsequent sections only for real eigenvalues, so
throughout these sections we assume that all the eigenvalues are real.

If A is a double eigenvalue (A = Ap11) then for the associated function
yr+1 corresponding to the eigenfunction yy, the following relations hold:

—Ypr1 + () Yk1 = MUkt + Yk,
y;ﬁl(o) sin 8 = yx+1(0) cos 3,
Y1 (1) = (aXe + D)yesa (1) + aye(1).
If \; is a triple eigenvalue (A\x = Ag11 = Agy2) then together with the

associated function yi41 there exists a second associated function yjo for

which "
~Yhro T A(T)Yrr2 = MeYrt2 + Yrr1s

y§€+2(0) sin 3 = yg42(0) cos 3,
Yrr2(1) = (@A + b)yrr2(1) + aygia ().
The following well known properties of associated functions play an im-
portant role in our investigation. The functions yx11 + cyr and ygyo + dyx,
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where ¢ and d are arbitrary constants, are also associated functions of the
first and second order respectively. Next we observe that if we replace the
associated function yi4+1 by yx+1 + cyg, then the associated function yg4o
changes to yx4+2 + cyx+1. For a fuller discussion of the theory of associated
functions see [14, Ch. I, §2].

From (0.1), (0.2) and (1.1) we obtain

—yA +a(@)yx = Ayx + 9,
yA(0) sin 8 = yx(0) cos 3,
@'(A) = ya(1) = (aX + b)ya(1) — ay(1),
where the subscript denotes differentiation with respect to A.
Let A; be a multiple (double or triple) eigenvalue of (0.1)—(0.3). Since
w(A\g) = @' (M) = 0 it follows that y(x,\) — yr and yr(z, ) — Y41 as
A — Ak, where yr11 = yr+1+ cyg is an associated function of the first order,

and ¢ = (Yr+1(1) — wr+1(1))/yr(1).
Similarly, we may write

=y T a(@)yan = Ay + 2y,
Yo (0) sin 8 = yx(0) cos 3,
@”(A) = yan(1) = (aX + b)yar(1) — 2ayx(1).
We note again that if Ay, is a triple eigenvalue of (0.1)—(0.3) then @”(A\x) = 0,

hence yxx — 20k+2 as A — A, where Ypio = yYpy2 + CYpt1 + dyg is an
associated function of the second order corresponding to the first associated
function Yg41, and d = (Yg42(1) — yrr2(1) — Cyr+1(1))/yr(1). We shall use
the fact that the functions y(z, A), yx(z, \), yax(z, \) are continuous in both
x and A (see [8, Ch. 3, §4]). So, differentiation and subsequent limit passages
in the integrals below are meaningful.

LEMMA 2.1. If A\ is a multiple eigenvalue and A, # Ar then

(2.1) (Yr+15Yn) = —ayr+1(1)yn(1).
Proof. Differentiating (1.8) with respect to A we obtain
(22) (A wo) = —aua(L V(L) + r(1,3) T
@(p) @'(A) @A)
—y(1, ) Do y(1, 1) 3= T y(1, 1) PNnEE

Letting 1 — A\, (A # A,) and then A — \g in (2.2) we obtain (Yg41,Yn) =
—aPk+1(1)yn(1). We note that yx41 = yx+1 + cyg. Therefore,

(Yk+15Yn) + Wk, Yn) = a1 (Dyn(1) — acye(1)yn(1).
Combining this with (yg, yn) = —ayr(1)y,(1) we obtain (2.1). =



152 Y. N. ALIYEV

LEMMA 2.2. If A\ is a multiple eigenvalue then

" (Mg
(2.3) (Yr+1: Yk) = —ayr+1(1)yr(1) — y(1) ; )

Proof. Letting i — Ap (A # A\g) and then A — Ay in (2.2) we obtain
w//(Ak)

(Yk+1, k) = —a¥rr1(D)yr(1) — ye(1) >

In analogy with the previous lemma, using (1.10), we obtain (2.3). m
LEMMA 2.3. If A is a multiple eigenvalue then

24)  yrsalls = Wrr1s Ursr)

w”()\k)
2

— k(1)

2~
= —ayp+1(1)” — Yk1(1)
where Y11 = Yk+1 — CYk-

Proof. Differentiating (2.2) with respect to © we obtain

(2.5)  (Wa(5 A, yu(s 1) = —aya (L, Nyu(L, 1) + ya(l, >\)

(N 2By Z y(lw% —yu<1 w Z W

(A= p)? (A= p)? A—n A— U
o o 2

Letting u — A\, (A # k) and then A — A\ we obtain

" n
. . 2~ @ (Ak) @' (\g)
(W1, Gr+1) = —afk1(1)” = Prrr (1) —5— = ui(1) %
As in the previous lemmas, substituting yx+1 = yrr1 + Cyx, after some

computations we get (2.4). u

LEMMA 2.4. If A\g is a triple eigenvalue and A\, # A then

(2.6) (Yr+25Yn) = —ayrt2(1)yn(1).

Proof. Differentiating (2.2) with respect to A we obtain
(y)\>\(~, )\), y(-, ,u)) = _ayk)\(lv )‘)y(lv H) + y,\)\(l, )‘) )\w%ﬂi - y>\(1’ )\) %

20 (1) @ (\) 2w’ (N) 2w(A)

YA G v S L) Gy — v
Letting A — A (u # Ax) we obtain
(2.7) (Urt2,y( 1) = — ar2(1)y(1, 1) + Yry2(1) )\f(f?u

_ @ (1) @ (1)
— Yr1(1) YR yi(1) Dw— 1)°
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Letting g — Ay gives (Yrt2,Yn) = —a¥r+2(1)yn(1), from which applying
Yk+2 = Ye+2 + Ykt + dyk, (Ukoyn) = —aye(1)yn(1) and (2.1) we ob-
tain (2.6). =
LEMMA 2.5. If A is a triple eigenvalue then
w,/,()\k)
—%
Proof. Letting p — A in (2.7) and applying (1.3) we obtain
w///<)\k)
5
Similar to the previous lemma, using (2.3) and (1.3) yields (2.8). =

(2.8) (Yrr2, Ur) = —ayrer2(Dye(1) — ye(1)

(Yk+2, Yk) = —ayrr2(Dyr(l) — ye(1)

LEMMA 2.6. If M\ is a triple eigenvalue then

N - )\k wIV >\k
(2.9) (Ykt2 Yrt1) = —ayt2(1) Y41 (1) = Yet1 (1) é )_yk(l) %
Proof. Differentiating (2.7) with respect to u we obtain
(2.10)  (Wk+2:yu( 1) = — apr2(1)yu(l, p)
- @'(p) |~ @ (1)
1 1) —————
+ Yr+2(1) Mo — i + Yr+2(1) O — )2
~ @'(p) - 2w ()
—Ukr1() 735 —Uk+1(1) =—=3
+()()\k—u)2 +()()\k—ﬂ)3
@' (1) 3w ()
+y(l) —5 +un(l) ——=-
D) oy T
Letting ;1 — A, after simplifications we obtain (2.9). =
LEMMA 2.7. If A is a triple eigenvalue then
(2.11)  Jlgksalls = — ayria(1)
~ w”’(Ak) ~ wIV(Ak) wV(Ak)
— 1 — 1 1
Yr+2(1) 6 Yr+1(1) 24 Yi(1) 120
where Y12 = Ykt2 — CYkt1 — dyr.-
Proof. Differentiating (2.10) with respect to u we obtain
(Uk+25 Yup (5 1) = =AYt 2(1)ypn (1, 1)
~ @(p) |~ 2’ (p) | ~ 2w ()
+ Grpa(l 4 Ghra(1) P G (1)
@ (1) do'(p) - 6o ()

— Ur+1(1) m — Yrt1(1) m — Yr1(1) m

@ (k) @' (1) 120 ()

+ yr(1) e i) + yx(1) e yk(1) e
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Letting u — Mg, after elementary but lengthy computations, we ob-
tain (2.11). m

3. Existence of auxiliary associated functions. In this section, we
shall prove the existence of some associated functions which have the proper-
ties of an eigenfunction in inner products with original associated functions.
In the proof of these results, we shall require some facts about the inner
products of root functions, which have been gathered in Sections 1 and 2.

LEMMA 3.1. If A\ is a double eigenvalue then there exists an associated
Junction of the form y; | = ykt1 + 1Yk, where c1 is a constant, such that

(3.1) (Wt Yr+1) = —aypp1 (Dyrta (D).
Proof. Adding (2.4) to (2.3) multiplied by ¢; we obtain
(Yk+1 + C1¥ks Yo+1) = — a(Yr1 (1) + c1yp(1))yrs1(1)
e (1) + (1)) Ty ) T,
The equality (3.1) holds true if we take
o — M@ ) + 3Gk (D" (M)

3ye(1)@” (Ak)

Here, it should be pointed out that y;_ (1) = 0 if and only if "' (\;,) =
3cww”(Ax). We shall not need y;_ ; in the triple eigenvalue case, but it is
worthwhile to note that nothing of the kind exists if A; is a triple eigenvalue.
Before proceeding, we also note that for A, # A,

(32) (W15 9n) = —ayp1 (Dyn(1),
W”()\k)

(3.3) (Ykt1> Uk) = —ayp1 (Dye(1) — ye(1) —

We shall now concentrate on the triple eigenvalue case.

LEMMA 3.2. If A is a triple eigenvalue then there exist associated func-
tions of the form yi* | = yr1 + C2Uk, Yiio = Yk+2 + C2Yk+1, where c2 is a
constant, such that
(3.4) (Y1 Ykt2) = —aypia (Dyes2(1),

(3.5) Wrt2 k1) = —aypio(D)ye41 (1)

Proof. The reasoning is very similar to that in the proof of Lemma 3.1,
so we only sketch it. Adding (2.9) to (2.8) multiplied by ¢, and (2.9) to
(2.4) multiplied by co, where

_ (M@ () + 4Gk (V)@ (M)
4yk(1)w”’(>\k) ’
we obtain (3.4) and (3.5), respectively. =
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3 . : kok *kk
We now indicate some relations between v, , v, , and other root func-
tions:

(3.6) (W51, yn) = Wy(1) (n#k+1k+2),
(3.7) (Yrt1 k1) = 1Dy (1) — il )%’
(3.8) (Wito Un) = —ayiia(Wyn(l)  (n# kk+ 1,k +2),
(3.9) (Wrl2: yk) = —aypio(Dye(1) — yr(1) %

Since y;* | and y;7, are associated functions, the equalities (3.6) and (3.8)
are obvious from (2.1) ((2.3) if n = k) and (2.6), respectively. By adding (2.4)
and (2.8) to (2.3) multiplied by ¢z, and applying (1.3), we obtain (3.7) and
(3.9), respectively.

It is worthwhile to note that y;% (1) = 0 if and only if oV (\p) =
deww” (Ag).

LEMMA 3.3. If A\ is a triple eigenvalue then there exists an associated
function of the form y,j:_Q = Yk+2 + d1yk, where dy is a constant, such that
(3.10) (y,ﬁrg,ykw) = —ay;ig(l)ykﬂ(l)-

Proof. Adding (2.11) to (2.8) multiplied by d;, where

g — )@ (M) + 55k (1)@ (k) + 200k 12(1)" (M)
' 20k (1)@ (Ak) 7

we obtain (3.10). m
With the above notations, we also have

(311) (y;:/:-i-Q’ yn) = _aylﬁi—Q(l)yn(l) (’I’L 7é ka k + 1) k + 2)7

(312) () = —ayf(Dye() —uik(1) w

Indeed, by adding (2.6), the equality (yx,yn) = —ayx(1)y,(1) multiplied
by di, and (2.8) to (1.10) multiplied by d;, we obtain (3.11) and (3.12),
respectively.

LEMMA 3.4. If A\ is a triple eigenvalue then there exists an associated
function of the form y,ﬁé = Y7o + doyk, where dg is a constant, such that
(3.13) (Wi yei1) = —ayf B (Dyria (1),

(3.14) (Wil ynre) = —ayl o (Dyesa(1).

Proof. By adding (3.5) to (2.3) multiplied by ds, and applying (1.3), we
obtain (3.13). Note that for (3.13) the value of da is not important.



156 Y. N. ALIYEV

By adding (2.11) to (2.9) multiplied by co, we obtain
(ij—Qa yk+2) = _a9212(1)yk+2(1) - Qk,

where
N w///(}\k) N wIV(/\k) wV(}\k)
= 1 1) ——= 1
Qr = Ur+2(1) 5 + Yr+1(1) 7 + yk(1) 120
_ @ (Ak) @'V (M)
1 1) ——— ).
+c2 <?/k+1( ) 6 yr(1) o4
By adding this equality to (2.8) multiplied by ds2, where
dy = _L
yr(D)@” (Ak)’

we obtain (3.14). m
Note also that, for y,ﬁf’;, the counterparts of (3.11), (3.12) are true:

3.15) W) = —ayfl(Dya(l)  (n#kk+1Lk+2),

(316) W) = — o 0ue(D) — ye(1) T,

6
These follow from (3.8) and (3.9), respectively.

We remark that y;ﬁ;(l) = 0 if and only if

5!V (o) (@ (\p) — 46 (Ag)) = 4™ (M) (@Y (M) — 20dz” (M)

4. Minimality of the system of root functions. We discuss various
cases. In each case we determine the explicit form of a biorthogonal system.

CASE (a).

THEOREM 4.1. If all the eigenvalues of (0.1)—(0.3) are real and simple
then the system

(4.1) {yn} (n=0,1,...;n#1),
where 1 is any non-negative integer, is minimal in Lo(0,1).

Proof. Tt suffices to show the existence of a system (see Theorem 2 in
9, Ch. T, §2))

(4.2) {un} (m=0,1,...;n#1),
biorthogonal to (4.1). We define

yn (@) — L2(Hy ()

(43) n(z) =
It remains to note that, by (1.4), (1.9) and (1.12),
(44) (una ym) = Onm,

where 0, (n,m =0,1,...; n,m # [) is Kronecker’s symbol. =
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CASE (b).
THEOREM 4.2. If )i is a double eigenvalue then the system
{yn} (n=0,1,...;n#k+1)
is minimal in Lo(0,1).

Proof. In this case, the biorthogonal system is defined by (n # k,k+ 1)

 yal®) — L)

(4.5) up () B, ;
wi(z) = Yk1(z) — %:—(ll()l)yk(w)
B+

Using (1.4), (1.9), (1.10), (1.12), (2.1), (2.3) one can easily verify (4.4) for
nom=0,1,... (nnm#k+1). u

THEOREM 4.3. If A\ is a double eigenvalue, and if yj, (1) # 0, then
the system

(4.6) ) (1=01,...;n£k)
is minimal in L2(0,1).

Proof. The elements of the biorthogonal system are defined as follows
(n#k,k+1):

n 1 * ]- *
(@) = TV (@) (@) — i (@)
un(m) = B ’ uk+1(x) = Bii1

The relation (4.4) for n, m # k follows from (1.4), (1.9), (1.12), (2.1), (2.3),
(3.1), (3.2). =

REMARK 4.3. Before proceeding we comment on the condition y;_ (1)
# 0 above. Let y;,,(1) = 0. Then by (3.1), (3.2) the function y;_ is or-
thogonal to all the elements of the system (4.6). Therefore this system is
not complete (cf. [13, Theorem 3]) in L2(0.1). It is not minimal either. In-
deed, otherwise using the method of [10-12] and the asymptotic formula
(0.4), we could prove that (4.6) is a basis in L2(0, 1), which contradicts its
incompleteness.

THEOREM 4.4. If A\ is a double eigenvalue then the system
{n} (n=0,1,...;mn#1),
where | # k,k + 1 is a non-negative integer, is minimal in L2(0,1).
Proof. The biorthogonal system is given by (4.3) for n # k, k + 1, and

yZ-H(l)

yi(x) — %y (2) Y (@) — yi()
upy1(z) = Byl(l) , o up(w) = - B e :
k+1 k+1
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The relation (4.4) for n, m # [ follows from (1.4), (1.9), (1.10), (1.12), (2.1),
(2.3), (3.1)~(3.3). m

CASE (c).
THEOREM 4.5. If X\, is a triple eigenvalue then the system
{yn} (n=0,1,...;n#k+2)
is minimal in L2(0,1).

Proof. The biorthogonal system is given by (4.5) for n # k,k+ 1,k + 2,
and

ok 2 (1)
Y (2) — Ly, () Yt (@) — 2ty (x)
Ug41(T) = Bryo , o oug(r) = Brya .

The relation (4.4) for n,m # k+ 2 follows from the above mentioned results
of Sections 1 and 2, and formulas (3.5), (3.8), (3.9). =

THEOREM 4.6. If Xy is a triple eigenvalue, and if y;% (1) # 0, then the
system

(4.7) {yn} (n=0,1,...;n#k+1)
is minimal in L2(0,1).

Proof. In this case, the elements of the biorthogonal system are (n #
k.k+1,k+2)

n 1 k%
yn(x) — ygig()l)ylﬁrl(x)
up(x) = = ,
1 ok
yr () — ;gf]:_—(l()l)yk—&—l(m)
wir2(7) = Biyo '
#
# yk+2(1) kK
Y. (:L‘)—**— k 1(55)
(4.8) ug(z) = i Yicka (1) Tt

Biyo
The relation (4.4) for n,m # k+1 can be verified using the above mentioned
results of Sections 1 and 2, and formulas (3.4), (3.6), (3.10)—(3.12). m

Using the reasoning of Remark 4.3, we can show that if y;% (1) = 0 then
yp4 1 is orthogonal to all elements of (4.7); hence the system (4.7) is neither
complete nor minimal.

THEOREM 4.7. If A, is a triple eigenvalue, and if y,ﬁi(l) £ 0, then the
system

(4.9) {yn} (n=0,1,...;n#k)

is minimal in L2(0,1).
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Proof. We define, for n # k, k4 1,k + 2,

un () — Syl ()
Un(ﬂj') = 2 ’
By,
u(2) = BV (@) v (@) = Ll (@)
— k42 _ Y
Upy2(z) = o upp(z) =
By 12 Biyo

The relation (4.4) for n, m # k follows from the results of Sections 1 and 2,

and formulas (3.13)—(3.15). =
Note that, again, for y;ﬁ;(l) = 0, the system (4.9) is neither complete
nor minimal.

THEOREM 4.8. If X\; is a triple eigenvalue then the system
{n} (n=0,1,...5n#1),
where I # k,k+ 1,k + 2 is a non-negative integer, is minimal in L2(0,1).

Proof. The elements of the biorthogonal system can be represented by
(4.3) for n # k,k+ 1,k + 2, [, and by

yk(w) — L (=)

ugt2(T) = Bris )
v (@) — () uihh(@) — ()
ups1(z) = Brio . ug(x) = Brio

The relation (4.4) for n,m # [ follows from the results of Sections 1 and 2
and formulas (3.4), (3.6), (3.7), (3.13)—(3.16). =

CASE (d).

THEOREM 4.9. If A\, and s = X\, are a conjugate pair of non-real eigen-
values then each of the systems

(4.10) ) (0=0,1,...in#7),
(4.11) {yn} (n=0,1,...;n#1),
where | # r, s is a non-negative integer, is minimal in Lo(0,1).

Proof. The biorthogonal system for (4.10) is as follows (n # r, s):

yn(@) — L4Fys (@)
B, ’
e(w) = Sty ()
—yr (D)@' (Ar)

un(x) =
(4.12)

us(x) =
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The equality (4.4) for n,m # r can be verified using (1.4), (1.9),
(1.11)~(1.13).

The biorthogonal system for (4.11) is defined by (4.3) for n # r,s, by
(4.12), and

yo(@) — Ly, (x)
ur(z) = ;
—ys(L)@'(As)
In conclusion, we note that in some cases it is possible to define the

elements of the biorthogonal system in a different way. For example the
element (4.8) of the biorthogonal system of (4.7) can be replaced by

At
Yiyo(1)

yiﬁ;(x) - yg?u)yzfu(x)
ug(z) =

Biy2

But using the equality dy = di + ¢3, which is easily verified, we can show
that this representation coincides with (4.8). This observation agrees with
the well known fact that the biorthogonal system of a basis is unique.

5. Example. Let us illustrate the above theory by a particular result for
the problem (0.5), (0.6). It was noted in [13] that if a = —1 then \g = A\; =0

is a double eigenvalue and the eigenvalues 0 < Ay < A3 < --- are solutions
of the equation tanvA = v/\. Eigenfunctions are yg = 1, y, = cos v Apz
(n > 2) and an associated function corresponding to yo is y3 = —%xQ +c,

where c is an arbitrary constant. We look for an auxiliary associated function
in the form yj = —12% + ¢. That is, ¢; = ¢ — ¢. By (3.1),

(-3 (h ) ae= (o) (3 +¢)

From this equality we obtain ¢ = —c + %, so yi(l) = ¢c— %. Therefore
the above condition yj(1) = 0 in Theorem 4.3 is equivalent to ¢ = %0' This
result coincides with [13, Theorem 3] if we note that the definition of the
first associated function in [13] differs from ours in sign.

We shall now indicate another approach to this problem. Note that
y(x, \) = cos Az is a solution of (0.5), satisfying the first boundary condi-
tion in (0.6), hence yy(z, \) = —%. In particular, y3 = limy_o ya(x, \)
= —2?/2. Let y1 = —12% + ¢. Then ¢ = —c. Note also that w(\) =
Acos VA — VAsinV/\, and consequently

=" (0) = )l\ir% @"(\) =-2/3, @"(0)= /1\111% @ (\) = 1/5.

As was pointed out in the comments following the proof of Lemma 3.1, the
condition y;(1) = 0 is equivalent to w” (\;) = 3c¢w”(A\x), from which we
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obtain, once again, ¢ =

1

175+ These calculations are in perfect agreement with

our result stated in Theorem 4.3.

Acknowledgements. I thank Professor N. B. Kerimov for his helpful

comments.

[11]

[12]

[13]

[14]

REFERENCES

P. A. Binding and P. J. Browne, Application of two parameter eigencurves to Sturm-—
Liouville problems with eigenparameter-dependent boundary conditions, Proc. Roy.
Soc. Edinburgh Sect. A 125 (1995), 1205-1218.

P. A. Binding, P. J. Browne, W. J. Code and B. A. Watson, Transformation of
Sturm~—Liouville problems with decreasing affine boundary conditions, Proc. Edin-
burgh Math. Soc. 47 (2004), 533-552.

P. A. Binding, P. J. Browne and B. A. Watson, Fquivalence of inverse Sturm—
Liouville problems with boundary conditions rationally dependent on the eigenpa-
rameter, J. Math. Anal. Appl. 291 (2004), 246-261.

P. Binding, R. Hryniv, H. Langer and B. Najman, Elliptic eigenvalue problems with
eigenparameter dependent boundary conditions, J. Differential Equations 174 (2001),
30-54.

H. Cogkun and N. Bayram, Asymptotics of eigenvalues for reqular Sturm—Liouville
problems with eigenvalue parameter in the boundary condition, J. Math. Anal. Appl.
306 (2005), 548-566.

E. L. Ince, Ordinary Differential Equations, Dover, New York, 1956; Russian transl.
of 1st ed., Gonti-Nktp-Dntvu, Kharkov, 1939.

N. Yu. Kapustin and E. I. Moiseev, The basis property in L, of the systems of eigen-
functions corresponding to two problems with a spectral parameter in the boundary
conditions, Differentsial'nye Uravneniya 36 (2000), 1357-1360 (in Russian); English
transl.: Differential Equations 36 (2000), 1498-1501.

A. P. Kartashev and B. L. Rozhdestvenskii, Ordinary Differential Equations and
the Foundations of the Calculus of Variations, Nauka, Moscow, 1980 (in Russian).
B. S. Kashin and A. A. Saakian, Orthogonal Series, Nauka, Moscow, 1984 (in
Russian); English transl., Amer. Math. Soc., 1989.

N. B. Kerimov and Y. N. Aliyev, The basis property in L, of the boundary value
problem rationally dependent on the eigenparameter, Studia Math. 174 (2006),
201-212.

N. B. Kerimov and V. S. Mirzoev, On the basis properties of one spectral prob-
lem with a spectral parameter in boundary conditions, Sibirsk. Mat. Zh. 44 (2003),
1041-1045 (in Russian); English transl.: Siberian Math. J. 44 (2003), 813-816.

N. B. Kerimov and R. G. Poladov, On basicity in L, (1 < p < 00) of the system of
eigenfunctions of one boundary value problem, I, 11, Proc. Inst. Math. Mech. Natl.
Acad. Sci. Azerb. 22 (2005), 53-64; 23 (2005), 65-76.

E. I. Moiseev and N. Yu. Kapustin, On the singularities of the root space of a spectral
problem with a spectral parameter in the boundary condition, Dokl. Akad. Nauk 385
(2002), 2024 (in Russian); English transl.: Doklady Math. 66 (2002), 14-18.

M. A. Naimark, Linear Differential Operators, 2nd ed., Nauka, Moscow, 1969
(in Russian); English transl. of 1st ed., Parts I, I, Ungar, New York, 1967, 1968.



162 Y. N. ALIYEV

[15] C. Tretter, Boundary eigenvalue problems for differential equations Nn = APn with
A-polynomial boundary conditions, J. Differential Equations 170 (2001), 408—471.

Department of Mathematics Department of Mathematical Analysis
Faculty of Pedagogy Faculty of Mechanics-Mathematics
Qafqgaz University, Khyrdalan Baku State University
Baku AZ 0101, Azerbaijan Z. Khalilov street 23

Baku AZ 1148, Azerbaijan
E-mail: yakubaliyev@yahoo.com

Received 25 April 2006;
revised 25 January 2007 (4750)



