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SEPARATED SEQUENCES IN ASYMPTOTICALLY UNIFORMLY
CONVEX BANACH SPACES

BY

SYLVAIN DELPECH (Lyon)

Abstract. We prove that the unit sphere of every infinite-dimensional Banach space
X contains an a-separated sequence, for every 0 < a < 1+ 0x (1), where dx denotes the
modulus of asymptotic uniform convexity of X.

1. Introduction. Elton and Odell [2] proved that the unit sphere Sx
of every infinite-dimensional normed linear space X contains a (1 + ¢)-
separated sequence, for some € > 0 depending on the space X. Recall that
a sequence (x,) in (X, - ||) is said to be a-separated, for some « > 0, if
|, — Tm|| > « for every n # m. Diestel [1l, p. 254] asked whether this € can
be quantified. Kryczka and Prus [4] answered this question for the class of
non-reflexive Banach spaces, proving that the unit sphere of such a space
contains a 4!/%-separated sequence. Van Neerven [6] studied the class of uni-
formly convex Banach spaces and connected together € and the modulus of
convexity (see comments below).

In this note, we are interested in the class of asymptotically uniformly
convex Banach spaces. We connect € and the modulus of asymptotic uni-
form convexity. This modulus has been introduced by Milman [5] and inves-
tigated by Johnson, Lindenstrauss, Preiss and Schechtman [3]. The modulus
of asymptotic uniform convezity of an infinite-dimensional Banach space X
is given for ¢ > 0 by

dx(t) ||i«ﬁl£1 ;1;13{ ;glf{ |z +h| — 1.
codim H<oo IRI[>t
The Banach space X is said to be asymptotically uniformly convex if 0 x (t)
> 0 for all 0 < t < 1. If X is a subspace of £,, 1 < p < oo, then dx(t) =
(1+tP)1/P —1, and X is asymptotically uniformly convex. If X is a subspace
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of ¢o then §x(t) = 0 for every ¢t € (0;1], so that X is not asymptotically
uniformly convex.

2. Statement and proof of the main result

THEOREM 1. The unit sphere of every infinite-dimensional Banach space
X contains an a-separated sequence for every 0 < a < 14 0x(1).

Proof. Fix 0 < a < 1+ 0x(1) and o1 € Sx. Write X = Hy. There ex-
ists a finite-codimensional subspace H; C Hj such that for every h € Sy,
|lz1 — Al = ||z1 + (=h)|| > . Take x9 € Sp,. It is easy to see that dp, (1)
> 6x(1). As before, there exists a finite-codimensional subspace Hy C H;
such that for every h € Su,, ||z2 — h|| > a. Take z3 € Sp,. As Sy, C Su,,
we have ||x; — z3|| > « too. Inductively, we construct an a-separated se-
quence (z,) in Sx along with a corresponding non-increasing sequence of
finite-codimensional subspaces (H,). These sequences are chosen so that
ZTn41 € Sg, with H, C H,_1 such that ||z, — h|| > « for every h € Sp,. =»

3. Comments. If X is asymptotically uniformly convex, then x (1) > 0
and the e obtained by Elton and Odell [2] is quantified. In X =¢,,, 1 < p < o0,
the sequence of unit vectors is 2'/P-separated and 1 + dx (1) = 2'/P. This
answers the question raised in [6] whether Theorem 1.2 therein can be im-
proved. This improvement occurs in two ways. Indeed, according to Propo-
sition 2.3(3) in [3], for every infinite-dimensional Banach space X and every
0 < e < 1, we have dx(¢) < dx(¢) (where dx denotes the modulus of
convexity of X). First, every infinite-dimensional uniformly convex Banach
space is asymptotically uniformly convex, but the converse is false (con-
sider ¢1). Secondly, quantitatively we have 1+ dx (1) > 1+ 15x(2/3) where
the right-hand side is the separation constant obtained in [6].

REFERENCES

[1] J. Diestel, Sequences and Series in Banach Spaces, Grad. Texts in Math. 92, Springer,
New York, 1984.

[2] J. Elton and E. Odell, The unit ball of every infinite dimensional normed linear space
contains a (1 + p)-separated sequence, Colloq. Math. 44 (1981), 105-109.

[3] W. B. Johnson, J. Lindenstrauss, D. Preiss and G. Schechtman, Almost Fréchet
differentiability of Lipschitz mappings between infinite-dimensional Banach spaces,
Proc. London Math. Soc. (3) 84 (2002), 711-746.

[4] A. Kryczka and S. Prus, Separated sequences in nonreflexive Banach spaces, Proc.
Amer. Math. Soc. 129 (2001), 155-163.

[5] V. D. Milman, Geometric theory of Banach spaces. II. Geometry of the unit ball,
Uspekhi Mat. Nauk 26 (1971), no. 6, 73-149 (in Russian); English transl.: Russian
Math. Surveys 26 (1971), no. 6, 79-163.


http://dx.doi.org/10.1112/S0024611502013400
http://dx.doi.org/10.1090/S0002-9939-00-05495-2
http://dx.doi.org/10.1070/RM1971v026n06ABEH001273

SEPARATED SEQUENCES 125

[6] J. M. A. M. van Neerven, Separated sequences in uniformly conver Banach spaces,
Collog. Math. 102 (2005), 147-153.

Sylvain Delpech

26 bis rue Xavier Privas

69008 Lyon, France

E-mail: sylvain.delpech@gmail.com

Received 10 December 2008;
revised 19 August 2009 (5143)


http://dx.doi.org/10.4064/cm102-1-13

	Introduction
	Statement and proof of the main result
	Comments

