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MULTIPLICATIVE FREE SQUARE
OF THE FREE POISSON MEASURE
AND EXAMPLES OF FREE SYMMETRIZATION

BY

MELANIE HINZ and WOJCIECH MLOTKOWSKI (Wroctaw)

Abstract. We compute the moments and free cumulants of the measure p; := m R,
where 7; denotes the free Poisson law with parameter ¢ > 0. We also compute free cu-
mulants of the symmetrization of p;. Finally, we introduce the free symmetrization of a
probability measure on R and provide some examples.

1. Introduction. Free convolution is a binary operation on the class
M of probability measures on R, which corresponds to the notion of free
independence in noncommutative probability (see [2] [7, 5]). Namely, if X, Y
are free noncommuting random variables with distributions u,v € M re-
spectively, then the (additive) free convolution p B v is the distribution of
the sum X + Y. Similarly, if moreover X > 0 then the multiplicative free
convolution ¥y can be defined as the distribution of the product v XYVX.

For the sake of this paper we can confine ourselves to the class M€ of
compactly supported measures in M. Then these operations can be described
in the following way. For p € M€ we define its moment generating function

o0
(1) M,(z) = Z Sm(p)z™,

m=0
defined in some neighborhood of 0, where
&) ) := | ™ dp()

R

is the mth moment of p. Then we define its R-transform R, (z) by the
equation
(3) My(2) = Ru(2My(z)) + 1.

If Ry(2) = oy rm(p)z™ then the numbers 7, (1) are called the free cu-
mulants of p. For p,v € M€ their free convolution p B v can be defined as
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the unique measure in M€ satisfying

(4) Rumu(2) = Ru(2) + Ru(2).
The free S-transform (see [6]) of p € M€ is defined by the relation
(5) Ru(2S,(2)) =2z or M,(2(1+2)7'S,(2)) =1+ =.

If u,v € M€ and at least one of them has support contained in [0, 00) then
the multiplicative free convolution p®v is defined by

(6) Spun(2) = Su(2)5,(2).

For pn € M concentrated on [0,00), we define its symmetrization p® by
§ f(2?) dps(z) = §g f(x) dp(x) for every compactly supported continuous
function f : R — R. If M,(z) is the moment generating function of ;1 then
the moment generating function of u® is Mys(z) = M, (z?) (which means
that som (1°) = sm(p) and s, (u%) =0if n is odd)

The aim of this paper is to compute the moments and free cumulants
of the measure p; := m X7, where m; denotes the free Poisson measure.
We also compute the free cumulants of the symmetric measure pf. Finally,
we introduce and study the notion of free symmetrization, which can be
considered as a free analog of the map u — u°, and provide a one-parameter
family of examples.

2. A family of sequences. For real parameters ¢, r we define a sequence
{em/(t,7)}o°_ by putting co(t,7) := 1 and for m > 1,

R T e

k=1

where (7‘;) = a(a_l)(a_izi"(a_mﬂ) denotes the generalized binomial coef-

ficient. By convention we also put c_i(t,7) := 0. For example, using the
Cauchy—Vandermonde convolution formula (see formula (5.22) in [3]) one
can see that for m > 1,

3m —1
em(l,r) = < _— ;—T):’;
PROPOSITION 2.1. For m > 0,
(8) tecm(t,r) =cmo1(t,r +2) +2(t — 1)cpm_1(t,r+ 1)
+ (t—1)%emo1(t,r) +t-cn(t,r—1).
Proof. First we note that
(9)  cm(t,r) —em(t,r — 1)

ECEIC e
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Now we observe that can be written as

(10)  tlem(t,r) — em(t,r —1)]
= [em-1(t,7 +2) — cmo1(t,r + 1)] = [emo1(t, 7+ 1) — cp1 (¢, 7)]
+ 2t[emo1(t,r + 1) — o1 (t,7)] + t2em_1(t, 7).

Applying @D and the binomial identity (Z:i) + (agl) = () to the right
hand side of (10) we obtain

SO e (]S

mz:l 2m — 2 m+r—2 (r+1)+ m+7r—2 t*
— m+k—1 k—2 k-1 m—1
m—1
2m — 2 m+r—2 m+r—2\] th*!
2 1
* ;<m+k—1) ( k—2 >(T+ )+< k—1 )]m—l
m—1 k+2
2m — 2 m+r—2\ t
+Z<m—|—k—1)< k-1 >rm—1

m+r—2 m+r—1 tk
( k—3 >T+2< k—2 )]m—l
—1
2m — 2 m+r—2 m+r—1\] tF!
+2kz<m+k‘—1>[< k—2 >r+< k-1 )}m—l
+mz:1 2m — 2 m+r— 2\ rtht?
— \m+k-1 k=1 Jm-—1

Now we substitute &' := k — 1 in the first sum and k" := k& + 1 in the last
one, obtaining

2 om — 9 m4+r—2 m+r—1 th+1
2 i
m+k k—2 k-1 m—1
k=0
m—1
2m — 2 m+r—2 m+r—1\] tht!
2
* kzzl<m+k—1>[< k—2 >r+< k—1 >]m—1
+§: 2m — 2 m—+r—2 rtkﬂ.
m+k—2 k—2 m—1

k=2

Note that each sum can be taken from &k = 1 to k = m. Applying the
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binomial identity we finally get
i 2m m+r—2 9 2m — 1\ (m+r—1\] tFt!
— m+k k—2 m+k k—1 m-—1

To see that this is equal to the left hand side of we use the identity
(i?:kl) = (ﬁfk)”;—;f, so it remains to check that

m4r—2 r n m+r—1 m—k
k=2 Jm-—1 E—1 )Jm(m-—1)
_(mAr—=2 L—l— m-+r—2 i
N k-2 Jm k-1 Jm "
ProOPOSITION 2.2. For every r,s,t € R and every m > 0,

(11) Zcm,k(t,r)ck(t, s) = cm(t, T+ 5).
k=0

Proof. 1t is easy to check that is true for m = 0,1. Assume this
holds for m — 1 and for all r,s,¢t € R. To prove that it holds for m we use
induction on r. For r = 0 it is clear. Assume it holds for » — 1. Then using
, the inductive assumpion and again, we get

m

m
t- Z Cm—k(t, 1)k (t, s) = Z [em—k—1(t, 7 +2) +2(t — )emop—1(t, 7 + 1)
k=0 k=0

+(t— l)gcm,k,l(t, )+t emi(t,r — 1)]ck(t, s)
=Cm-1(t,r+5+2)+2(t — Dep—1(t,r+s+1)

+(t =121 (t,r +5) +t-cmt,r+s5—1)
=t-cp(t,r+s).

In this way we prove that holds for all natural r. Since each side of
is a polynomial in r, the equality holds for all r € R. =

Denote by Ct(z) the generating function for the sequence {c¢,,(t,1)}2°_:
(12) Ci(z) = em(t,1)2™.

Since ( 2m ) < 4™, we have

m+k
en(t.1)] < 4m Z’” m—1 e t4™ (1 + J¢)™ !
C — =
T m —\k-1 m ’

so Ct(z) is defined in some neighborhood of 0. Moreover, since C¢(0) = 1, the
powers Cy(2)", r € R, are well defined on a (possibly smaller) neighborhood



FREE POISSON MEASURE 131

of 0. Then implies that

(13) Ci(2)" = Z em(t,r)z™
m=0

PROPOSITION 2.3. For fixred t € R the function Cy satisfies the equation
(14) t(Cy(2) — 1) = 2C4(2)(Ce(2) — 1 +1)?
for z belonging to some neighborhood of 0.

Proof. It is sufficient to multiply both sides of . by 2™, take > °°
putting r = 1, and then apply . "

m=0

3. Multiplicative square of the free Poisson measure. For ¢ > 0
let m; denote the free Poisson measure with parameter ¢:

4 — (x —1—1)2
(15) m = max{l —t,0}5p + v (27m: ) dz,
with the absolutely continuous part supported on [(1—+/#)2, (1++/%)?]. Then
2
(16) My, (2) =

1+(1—tz+\/1—1+t) — 4122

)?
CIRS 5 1A

tz 1
, Sﬂt(z):t+z.

From now on we are going to study the multiplicative free square p; :=
m R 7. Note that p; corresponds to 721 in [I].

(18) R, (2) =

1—2z

THEOREM 3.1. For the moment generating function and the free R-
transform of p; we have

tm+k

@=L ()5
1—2tz—m:tz <2m+1) (tz)™

20 R = —_
(20) pel2) 2z m 2m + 1

m=1

Proof. Since S,,(z) = (t+2) 72, the function M,,(z) satisfies the equation

) o (rairae) =1+

which means that M, (z) — 1 is the composition inverse of the function
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2 — . Therefore

(1+z)2€t+z)2
My, (2) —1

22) M () My (2) 1 F 02

or equivalently
(23) My, (2 )—122Mm( )(Mp,(2) = 1+1)%

Comparing (23] with (14]) we see that Mpt(z) Cy(tz).
For the R- transform we have R, ( HE ) which is equivalent to
Ry, (2)
24 pr =z.
2 Y MEE

Solving this equation we get
@) Ry = VI
2z T 12tz 41—z

For ¢ € R\{0} and u € M we define the dilation Dy € M by Dep(X) =
p(c1X) for a Borel subset of R. Then we have Mp,,(z) = M,(cz) and
Rpu(2) = Ry(c2).

COROLLARY 3.2. Put p; := Dy-1ps. Then {pt}i=o0 is a B-semigroup, i.e.
we have ps B py = psyt whenever s,t > 0.

Proof. This is a direct consequence of . u

4. Free symmetrization. Let p be a probability measure on R with
support contained in [0, 00). Then its symmetrization p® is defined as the
symmetric measure satisfying

(26) | (@) dp*(2) = | f(x) dp(x)
R R
for every compactly supported continuous function on R. If M,(z) is the

moment generating function of p then the moment generating function of u®
is Mys(z) = M, (2%). For example,

— (22 —-1-1)?

4t
(27) 7 = max{l —¢,0}d9 + v —

dx,

where the absolutely continuous part is supported on
(1= Vi, =1 =V U1 = Vi, 1+ Vi].

It is known (see Corollary 3.2 together with the remark in [4]) that =} is
not B-infinitely divisible, except the case t = 1, i.e. of the Wigner measure:

= %\/4—7[132 . X[*Z,Q] d.%'

Let us now consider the symmetrization p} of the measure p;, so that
(28) Rp?(ZMpt(Z2)) +1= Mpt(z2)‘
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PROPOSITION 4.1. For the R-transform of p§ we have

2t22 — 1+ /1 +4t22(t — 1)

(29)  Rple) = e
= N 2m N\ (mA k=1 (=1)klgmtk
(30) :leZZm;<m+k>( +m >(m)+k—1 '
Proof. Put Ry := Rps. Then
(31) Ri(2M,, (%)) + 1 = M, (2?).
To prove we note that R; satisfies the quadratic equation
(32) Ry(2)(1+ Ry(2)) = 2%(Ru(2) +1)%

Indeed, it is sufficient to substitute z — 2M,,(z?) and use (31)) and .
For we apply the Taylor expansion to :

Ri(z) = ;[Qt% 14 i(f) (4t22(t — 1))k] izﬂ
— ;[2t2z2 + Z( ) (4t22( 1))’“} izzl.

Now we note that

1/2 (—1)k [2k —1
Lk =
(33) 2 (k) 2%k —1\k—1)
so that for the coefficient 79, at z2™ we have
m k
2k — 1Y (t(1 —1))
=t — 7 > 2.
(39 =300 ) S e

Now it remains to prove that
m k
2k — 1\ (t(1 —1))
2 _ AN
w3 () S

k=2
_Z m+k— 1\ (=1)Ftgmtk
m+ k m m+k—1"
Denoting the left (resp. right) hand side of by LHS(m) (resp. RHS(m))
we have LHS(1) = RHS(1) = t? and for m > 1,

m—1
2m—2 \ (m+k—2\ (—1)k-1gmth-l
RHS(m — 1) — RHS(m) = (m+k—1>< m—1 >( Tr2+k—2
k=1

i m + k _ 1 (_l)kflt’mrFk‘
P m+k m m+k—1
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_”f 2m — 2\ (m + k — 1\ (—1)kgm+k
N m—+k m—1 m+k—1

(e tte
) (e
_ <2::__11> w — LHS(m — 1) — LHS(m).

Now we can conclude by induction. =

One can check that if X,Y are independent random variables with dis-
tributions p and %((5_1 + d1) respectively and with X > 0 then p® is the
distribution of the product Yv/X. Let V1t denote the distribution of VX,
so that
(36) | f(z)dy/p(e) == | (V) dp(x)

R R

for every continuous compactly supported function f : R — R. Similarly,

we define the free symmetrization of a probability measure p with supp pu C
[0,00) by uf® := 1y ® \/z1, where vy := 1(6_1 + &1). It is easy to check that
Sue(2) = /(14 2) /2, so that S (2) = /(1 + 2)/2 Su(2).

PROPOSITION 4.2. If i is a probability measure with support contained
in [0,00) then

(37) W = (Viw Vi)

R1/2

Moreover, if exists then

(38) wW=ryRpu
Proof. We have

z z
14+2z= MMfs (1—{-2’ Sufs (Z)> = Mufs <\/:S\/ﬁ(z)>

and, on the other hand,

[z z
M(\/ﬁg\/ﬁ)s( mS\/ﬁ(Z)) :Mﬁ®ﬁ<WSW(Z)2> = 1+Z,

which means that M e = M( g m)s and consequently ufs = (VIR /).
For the second statement we note that

M (2(1+2) 71 8,(2)) = 1+ 2 = Mys(2(1 + 2) 1 S,(2))
= M(22(142)5,e(2)7),

x1/2
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which implies that

(39) Sye(2) = ,/“ZFZ /Su(2). m

ExXAMPLE. For t > 0 define

(40) py :=max{1l —¢,0}d0 + VA (Vo1 -1 dx

dmx

with the absolutely continuous part supported on [|1 — v/¢|,1 4+ v/t]. Then
we have 1; = /iy and therefore ufs = (m; ®7)S = pf.

Y

Final remarks. Denote by Mg (resp. M) the class of probability mea-
sures on R which are symmetric (resp. have support in [0,00)). Then it is
easy to see from that the symmetrization My > p — p®> € Mg is a
bijection. On the other hand, in view of the free symmetrization is a
well defined map M, — Mg which is one-to-one but not onto. Indeed, if
v € Mg is the free symmetrization of some measure p € M, then v is of
the form n® for n € M, such that there exists the multiplicative free power
02",

Let us finally mention that it is also possible to investigate other free
versions of classical symmetrization, e.g. M > p — pBpu € Mg, where
f:= D_;(u) denotes the reflection of p, or My > p — %(5_1 +01)RKu =
(LR u)® € Mg, where the last equality can be proved in the same way as
Proposition 4.2.
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