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DIVERGENT VECTOR SEQUENCES {yn} WITH ∆yn → 0BYROMAN WITU�A (Gliwie)Abstrat. An approximation property of divergent sequenes in normed vetor spaesis disussed.1. Introdution. We are interested in sequenes {yn} of elements of anormed vetor spae X suh that ∆yn := yn+1 − yn → 0 as n → ∞. Eahvetor sequene {yn} of this kind an be approximated by a sequene of theform(1) xn = βny + yn, yn ∈ N,where ‖y‖ = 1 and {βn} ⊂ R is a sequene onvergent to zero. Then, ofourse, ‖xn − yn‖ → 0 as n → ∞. Moreover, the sequene {xn} an behosen so that
‖∆xn‖ = αn, n ∈ N,is any given null sequene with αn > ‖yn+1 − yn‖, n ∈ N.Interesting results are obtained when {yn} is a divergent sequene withone of the properties: either lim sup ‖yn‖ = ∞, or lim inf ‖yn‖< lim sup ‖yn‖

< ∞, or {yn} is divergent and, at the same time, has no subsequene withonvergent sequene {‖yn‖}.2. Main resultTheorem 1. Let (X, ‖ · ‖) be a normed linear spae over either F = Ror C and let {yn} ⊂ X, ∆yn := yn+1−yn → 0. Then, for every {αn} ⊂ (0,∞)suh that αn → 0 and ‖yn+1 − yn‖ < αn, n ∈ N, and for every y ∈ X with
‖y‖ = 1, there exists a sequene {βn} ⊂ R onvergent to zero suh that

‖xn+1 − xn‖ = αnwhere xn is de�ned in (1).Proof. Fix {αn} and y ∈ X as in the statement. We de�ne βn by indutionin suh a way that(2) ‖βn+1y + yn+1 − βny − yn‖ = αn2000 Mathematis Subjet Classi�ation: 40A05, 46B20.Key words and phrases: divergent vetor sequenes.[263℄
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and(3) |βn+1| < |βn| whenever βnβn+1 > 0for every n ∈ N. Set β1 = 0. Suppose that β1, . . . , βn satisfying (2) and (3)have already been de�ned. Clearly, eah of the following two funtions isontinuous:

(−∞, βn] ∋ β
f
7→ ‖βy + yn+1 − βny − yn‖and

[βn,∞) ∋ β
g
7→ ‖βy + yn+1 − βny − yn‖.Moreover, we have f(βn) < αn, g(βn) < αn and

lim
β→∞

f(β) = lim
β→∞

g(β) = ∞.Hene, by the Darboux property, there exist(4) β
(1)
n+1 ∈ (−∞, βn) and β

(2)
n+1 ∈ (βn,∞)suh that

f(β
(1)
n+1) = g(β

(2)
n+1) = αn.Let βn+1 = β

(1)
n+1 if βn ≥ 0. In the opposite ase let βn+1 = β

(2)
n+1. Thenonditions (2) and (3) are obviously satis�ed.We show that the sequene {βn} is onvergent. We distinguish two ases.First, assume that βnβn+1 > 0 for su�iently large n ∈ N. This means, by(4), that either 0 < βn+1 < βn, or βn < βn+1 < 0for su�iently large n ∈ N. Hene, the sequene {βn} is onvergent. Theseond ase, where βnβn+1 ≤ 0 for in�nitely many n, also implies the on-vergene of {βn}. Indeed, sine

|βn+1 − βn| ≤ ‖βn+1y + yn+1 − βny − yn‖ + ‖yn+1 − yn‖ < 2αnit follows that(5) max{|βn|, |βn+1|} < 2αnin the ase of βnβn+1 ≤ 0, i.e. for in�nitely many positive integers n. From(3), (5) and the onvergene of {αn} to zero we an easily dedue that {βn}is onvergent.At the same time, by (2), we have
‖xn+1 − xn‖ = αnfor every n ∈ N, where xn = βny + yn. Sine for the sequene

x∗

n = (βn − lim
k→∞

βk)y + ynwe have ‖∆xn‖ = ‖∆x∗

n‖, it an be assumed that {βn} is onvergent to zeroand thus the proof is �nished.
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Remark 1. If ∑ αn < ∞, then eah sequene {βn} with βn∈{β
(1)
n , β

(2)
n }for every n ∈ N is onvergent, beause

|βm − βn| = ‖βmy − βny‖ ≤ ‖ym − yn‖ + ‖βmy + ym − βny − yn‖

≤ ‖ym − yn‖ +
n−1
∑

k=m

‖βk+1y + yk+1 − βky − yk‖

= ‖ym − yn‖ +
n−1
∑

k=m

αkfor every m, n ∈ N, m < n.Remark 2. If {yn} ⊂ X is suh that limn→∞ ‖yn‖ = ∞, then the proofof Theorem 1 an be easily visualized. For simpliity, let us draw the sequene
{yn} on the horizontal axis. The element xn+1 belongs to the intersetionof a straight line with a sphere of radius αn; there are two possibilities ofhoosing suh an element (see Remark 3 below) and one has to hoose theappropriate one; Figure 1 illustrates this situation.
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Fig. 1.
Remark 3. As follows from the proof of Theorem 1, the intersetionof a straight line with a sphere ontains at least two points. Note that (seefor example [1℄) if C ⊂ X is onvex and x0 ∈ clC, x1 ∈ intC then x0 +

Θ(x1 − x0) ∈ intC for every Θ ∈ (0, 1], so there are no more suh points.Corollary 1. Let (X, ‖ · ‖) be an inomplete normed linear spae. Thenfor every positive real p there exist divergent series ∑

xn and ∑

yn with
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xn, yn ∈ X suh that

{‖xn‖} ∈ lp \
⋃

q<p

lq and {‖yn‖} ∈
⋃

q>p

lq \ lp.Proof. By Theorem 1, it is su�ient to prove that
lp \

⋃

q<p

lq 6= ∅ and ⋃

q>p

lq \ lp 6= ∅.But an easy omputation shows that
{

n
−1−2

log log(n+3)
log n

}

∞

n=1
∈ l1 \

⋃

q<1

lqand
{n−1}∞n=1 ∈

⋃

q>1

lq \ l1,whih implies the above relationships.Aknowledgments. The author wishes to express his gratitude to Pro-fessor Piotr Biler and Mr. Jerzy Trzeiak for several helpful suggestions dur-ing the preparation of the �nal version of the paper.
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