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RADICALS OF SYMMETRIC CELLULAR ALGEBRAS

YANBO LI (Qinhuangdao)

Abstract. For a symmetric cellular algebra, we study properties of the dual basis of
a cellular basis first. Then a nilpotent ideal is constructed. The ideal connects the radicals
of cell modules with the radical of the algebra. It also yields some information on the
dimensions of simple modules. As a by-product, we obtain some equivalent conditions for
a finite-dimensional symmetric cellular algebra to be semisimple.

1. Introduction. Cellular algebras were introduced by Graham and
Lehrer [0] in 1996, motivated by previous work of Kazhdan and Lusztig [7].
They were defined by a so-called cellular basis with some nice properties.
The theory of cellular algebras provides a systematic framework for studying
the representation theory of many important algebras. One can parameter-
ize simple modules for a finite-dimensional cellular algebra by methods of
linear algebra. Many classes of algebras from mathematics and physics are
found to be cellular, including Hecke algebras of finite type, Ariki-Koike al-
gebras, g-Schur algebras, Brauer algebras, Temperley—Lieb algebras, cyclo-
tomic Temperley—Lieb algebras, Jones algebras, partition algebras, Birman—
Wenzl algebras and so on. We refer the reader to [4, 6], [I5] [16, [17] for details.

An equivalent basis-free definition of cellular algebras was given by
Koenig and Xi [8]. It is useful in dealing with structural problems. Using
this definition, Koenig and Xi [9] made explicit an inductive construction of
cellular algebras which is called inflation. It can produce all cellular algebras.
In [I0], Brauer algebras were shown to be iterated inflations of group alge-
bras of symmetric groups. Then more information about Brauer algebras
was found.

Recently, Koenig and Xi [I1] introduced affine cellular algebras which
contain cellular algebras as special cases. Affine Hecke algebras of type A
and infinite-dimensional diagram algebras like the affine Temperley—Lieb
algebras are affine cellular.

It is an open problem to find explicit formulas for the dimensions of
simple modules of a cellular algebra. By the theory of cellular algebras,
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this is equivalent to determining the dimensions of the radicals of bilinear
forms associated with cell modules. In [12], for a quasi-hereditary cellular
algebra, Lehrer and Zhang found that the radicals of bilinear forms are
related to the radical of the algebra. This leads us to studying the radical of
a cellular algebra. However, we have no idea for dealing with general cellular
algebras now. We will do some work on the radicals of symmetric cellular
algebras in this paper. Note that Hecke algebras of finite types, Ariki-Koike
algebras over any ring containing inverses of the parameters, Khovanov’s
diagram algebras are all symmetric cellular algebras. The trivial extension
of a cellular algebra is also a symmetric cellular algebra. For details, see [I],
[13], [18].

We begin with definitions of and some well-known results on symmet-
ric algebras and cellular algebras in Section 2. Then in Section 3, for a
symmetric cellular algebra, we study properties of the dual basis of a cellu-
lar basis. In Section 4, a nilpotent ideal of a symmetric cellular algebra is
constructed. This ideal connects the radicals of cell modules with the rad-
ical of the algebra and also yields some information on the dimensions of
simple modules. As a by-product, we obtain some equivalent conditions for
a finite-dimensional symmetric cellular algebra to be semisimple.

2. Preliminaries. In this section, we start from the definitions of sym-
metric algebras and cellular algebras (a slightly weaker version due to Good-
man) and then recall some well-known results about them.

Let R be a commutative ring with identity and A an associative R-
algebra. As an R-module, A is finitely generated and free. Let f : AxA — R
be an R-bilinear map. We say that f is non-degenerate if the determinant
of the matrix (f(ai,a;))a;a;ep is @ unit in R for some R-basis B of A. We
say f is associative if f(ab,c) = f(a,bc) for all a,b,c € A, and symmetric if
f(a,b) = f(b,a) for all a,b € A.

DEFINITION 2.1. An R-algebra A is called symmetric if there is a non-
degenerate associative symmetric bilinear form f on A. Define an R-linear
map 7: A — R by 7(a) = f(a,1). We call 7 a symmetrizing trace.

Let A be a symmetric algebra with a basis B={a; |i=1,...,n}and 7 a
symmetrizing trace. Denote by D = {D; | i = 1,...,n} the basis determined
by the requirement that 7(Dja;) = d;; for all 4,5 =1,...,n. We will call D
the dual basis of B. For arbitrary 1 < i,j < n, write a;a; = Y, rijrax, where
riji € R. Fixing a symmetrizing trace 7 for A, we have the following lemma.

LEMMA 2.2. Let A be a symmetric R-algebra with a basis B and dual
basis D. Then

CLZ‘D]' = ZrkijDk, Diaj = ZT‘jkka.
k k
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Proof. We only prove the first equation. The other one is proved simi-
larly.

Suppose that a;D; = >, 1Dy, where 1, € R for k = 1,...,n. Left
multiplying by ay, and then applying 7, we get 7(ax,a;D;) = ry,. Clearly,
T(ak,aiDj) = 1y, i ;. This implies that ry, = 74,;.

Given a symmetric algebra, it is natural to consider the relation between
two dual bases determined by two different symmetrizing traces. For this we
have the following lemma.

LEMMA 2.3. Suppose that A is a symmetric R-algebra with a basis B =
{a;|i=1,...,n}. Let 7,7’ be two symmetrizing traces. Denote by {D; | i =
1,...,n} the dual basis of B determined by 7 and {D, | i = 1,...,n} the
dual basis determined by 7'. Then for 1 < i < n, we have

Dj = r(a;D})D;.
j=1

Proof. This is proved by a similar method to Lemma .

Graham and Lehrer [6] introduced the so-called cellular algebras; then
Goodman [3] gave a slightly weaker version. Throughout this paper, we will
adopt Goodman’s definition for the sake of being more general.

DEFINITION 2.4 ([3, Defnition 2.9]). Let R be a commutative ring with
identity. An associative unital R-algebra is called a cellular algebra with cell
datum (A, M, C, 1) if the following conditions are satisfied:

(C1) The finite set A is a poset. Associated with each A € A, there is
a finite set M (X). The algebra A has an R-basis {qu‘,T | S,T €
M), A € A},

(C2) The map i is an R-linear anti-automorphism of A with i?> = id and

i(C’é\’T) = Ci\“,s (mod A(<)))
for all A € A and S,T € M(\), where A(<]) is the R-submodule
of A generated by {C%, 1, | S, T" € M(p), p < A}.
(C3) If A€ Aand S,T € M()), then for any a € A, we have
aCir= Y 7a(8,9)C% ¢ (mod A(<N)),
S'eM(N)
where 7,(5’,5) € R is independent of T.

Applying i to the equation in (C3), we obtain

(C3') R gi(a) = Xgreprny Tal S, S)CF 5 (mod A(<N)).

REMARK 2.5. Graham and Lehrer’s [6] original definition requires that

i(C§7T) = C%,S for all A € A and S,T € M()). But Goodman pointed out
that the results of [0] remained valid with his weaker axiom. In case 2 € R
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is invertible, these two definitions are equivalent. For details, we refer the
reader to [4].

It is easy to check the following lemma by Definition

LEMMA 2.6 ([0, Lemma 1.7]). Let A € A and a € A. Then for arbitrary
elements S, T,U,V € M(\), we have
C3paCy = 0,(T,U)Csy (mod A(<N)),
where (T, U) € R depends only on a, T and U.

We often omit the index a when a = 1, that is, write &(7, U) for &1 (T, U).
Let us now recall the definition of cell modules.

DEFINITION 2.7 ([6, Definition 2.1]). Let A be a cellular algebra with
cell datum (A4, M, C,i). For each A € A, define the left A-module W(\) as
follows: W () is a free R-module with basis {Cs | S € M(A)} and A-action
defined by

aCs= Y  1a(5,8)Cs (a€A SeMMN),
S'eM(N)
where r,(5’,S) is the element of R defined in Definition (C3).

LEMMA 2.8 ([0, Lemma 2.2]). There is a natural isomorphism of A-
bimodules
C* WA ®gi(W(N) = Rspan{Cgr | S,T € M(\)},

defined by (Cs,Cr) — ng“
For a cell module W (), define a bilinear form
By W) x W(A) — R

by @,(Cs,Cr) = @(S,T). It plays an important role in studying the struc-
ture of W(A). It is easy to check that &(T,U) = ®(U,T) for arbitrary
T,U € M(\).
Define
rad A\ :=={z € W(A\) | ®x(z,y) =0 for all y € W(A)}.

If &) # 0, then rad A is the radical of the A-module W (). Moreover, if A is
a maximal element in A, then rad A = 0.
The following results were proved by Graham and Lehrer [6].

THEOREM 2.9 ([6l Theorem 3.4]). Let K be a field and A a finite di-
mensional cellular algebra. For any \ € A, denote the A-module W (\)/rad A
by Ly. Let Ag ={ A€ A| Py #0}. Then {Ly | X € Ao} is a complete set of
(representatives of equivalence classes of ) absolutely simple A-modules.

THEOREM 2.10 ([6, Theorem 3.8]). Let K be a field and A a cellular
K-algebra. Then the following are equivalent:
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(1) The algebra A is semisimple.

(2) The nonzero cell representations W () are irreducible and pairwise
inequivalent.

(3) The form @y is nondegenerate (i.e. rad A = 0) for each X € A.

For X € A, fix an order on M(X) and let M(X) = {S1,...,S5y,}, where
ny is the number of elements in M (\). The matrix

G(A) = (2(5i, 5)))1<ij<ns
is called the Gram matriz. It is easy to know that all the determinants of
G(A) defined using different orders on M () are the same. By the definition

of G(X) and rad A, for a finite-dimensional cellular algebra A, it is clear that
if @) # 0, then dimg Ly = rank G(\).

3. Symmetric cellular algebras. In this section, we study properties
of the dual basis of a cellular basis for a symmetric cellular algebra. We will
prove that the dual basis is “almost” cellular.

Let A be a symmetric cellular algebra with cell datum (A, M,C,1i).
Throughout, denote the dual basis by D = {DQT | S,T € M(\), A € A},
which satisfies

T(CQ,TDl&v) = O\u05vOTU-

For any \,pue€ A, S, T € M(X), U,V € M(u), write
CiaCly = D, Tsrn.0vmxyoCky-
ee, X, YeM(e)
The lemma below plays an important role throughout this paper.
LEMMA 3.1. Let A be a symmetric cellular algebra with cell datum

(A, M,C,i) and T a given symmetrizing trace. For arbitrary \,u € A and
S, T,P,Q € M(\), UV € M(u), the following hold:

(1) DiyvCar= > Tsoavxe.mom Dy
e€N, X, YeM(e)

(2) C3rDpy = > T(Y,X,0),(S,TA), (V.U Dy -
e€eN, X, YeM(e)

Proof. (1), (2) are corollaries of Lemma The equations (5)—(8) are
corollaries of (1) and (2). We now prove (3).
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By (2), we have

A A
CsrDp g = Z T(Y,X,0,(S TN (TN DX v
e€A, X, YeM(e)

CipDps= D Trxas.ra@Pry Dy
eeN, X, YEM (e)
On the other hand, by (C3) of Definition [2.4| we also have
"(YVX,0,(STN(QTA) = T(V,X,0),(5,PA)(Q.PA)
for all e € A and X,Y € M(e). This completes the proof of (3).
(4) is proved similarly. =

LEMMA 3.2. Let A be a symmetric cellular algebra with cell datum
(A, M, C,i), and D = {DE\*,T | S, T € M(X\), A\ € A} the dual basis. Then
(C3) of Deﬁm’tion holds with respect to the opposite order on A. More-
over,

i(Dg‘w,T) = T‘T’SJ\D%S (mod Ap(>X)),
where r7.g )\ € R and where Ap(>\) is the R-submodule of A generated by
(Dl 1T,V € M(u), > A).

Proof. Let us prove (C3) holds. For arbitrary CQT, by Lemma 2),
we have

A N o €
CsrDpy = Y ryxosrawUm Dy
eeN, X,YeEM/(e)

By (C3) of Definition if € < p, then 7y x o) (5,70, (v,u,u) = 0- Therefore,

C@,TD/&V = Z v X, (ST, (VU Dy (mod Ap(>p)),
X,YeM(p)

where Ap(>p) is the R-submodule of A generated by
{Dg",T” | ", T" € M(N\), n > u}.
By (03/) of Definition ifYy ?é V, then r(Y,X,uL(S,T,A),(V,U,u) = 0. So

CarDiyv = D rwxwsrn v Dy (mod Ap(>p)).
XeM(p)

Clearly, for arbitrary X € M (u), we have
VXS TN,V = Ty (U X),

which is independent of V. Since CQ’T is arbitrary,

aDiy = Y ri@(UU) Dy (mod Ap(>p))
U'eM(p)
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for any a € A. By Definition 7i(a)(U,U’) is independent of V. Thus we
have completed the proof of (C3).

Let

ST
i(Dsr) = Z rxv,Dxy
eeA, X,YeM(e)

with rx vy, € R. If there exists n # X such that rpg, # 0 for some P,Q €

M(n), then T(i(DgT)ng p) = rpQy # 0. This implies that i(DgT)CgP

# 0. Thus C?DQDS\T # 0. But we know n # X, so by Lemma (7),
C}Z,QDgT = 0, a contradiction. This implies that

i(Dg’T) = Z TX,Y,/\Dé(,Y (mod Ap(>M)).
X, YeM(X)

Now assume rgy,y # 0. Then i(qu,T)Cé,U # 0, hence C(’\WDQ,T # 0. By
Lemma [3.1(5), V = S. We can get U = T similarly. This completes the
proof of the lemma. =

REMARK. Obviously, if rp gy = 1 for all A € A and S,T € M()), then
the dual basis D% g is again cellular with respect to the opposite order on A.

It is easy to check that for arbitrary elements S,T,U,V € M()\),
D§ oDy = W(T,U)Dgy (mod A(>))),

where W(T,U) € R depends only on T" and U. Then we also have Gram
matrices G'(A\) defined by the dual basis. Now it is natural to ask about
the relation between G(\) and G’()). To study this, we need the following
lemma.

LEMMA 3.3. Let A be a symmetric cellular algebra with cell datum
(A, M, C,i). For every A € A and S,T,U,V,P € M()\), we have

CirDryChyDyp= Y O, V)#(Y,V)C37rD7 p.
YeM(N)

Proof. By Lemma [3.1|(1), we have
C31D7.uChy Dy.p = C37(D2yCv) DY p

A € A
- Z T(va)\)7(Y7X7€):(U:Tv\)CS,TDX,YDV,P'
e€A, X,YEM(e)

If € > )\, then by Lemma (7), C'g’TDny = 0; if ¢ < A, then by Defini-
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tion (03), T(U,V,)\),(Y,X,E),(U,T,)\) = 0. This 1mphes that

A € A
Z T(U,V,/\),(Y,X,e),(U,T,/\)CS,TDX,YDV,P
eeN, X, YEM(e)

A A A
= Y rovawaxnornCirDyy Dy p.
X,YeM(N)

By Definition (C3), if X # T, then r v\, (v,x .\, = 0. Hence,

A A A
Z T, vA),(Y,x\),01rNCsrDx vy Dy p
X,YEM(N)

= Z 7”(U,V,A),(Y,T,,\),(U,T,A)%\,TD%,YDI/\/,P-
YeM(N)
Note that
D}y Dy p =W(Y,V)Dj p (mod Ap(>X)).

Moreover, by Lemma (7 ), if € > A, then Cgv"TDny = 0. Thus

Z Ty, 1), Ty CorDry DY p
YeM())
= > Y, V)&, V)CirD7p.
YeM(N)
This completes the proof. m
By Lemma CﬁVDf}’ p is independent of the choice of V', hence so
,V

is ZYeM(/\) &( YW (Y,V). Then for any A € A, we can define a constant
kx,r as follows.

DEFINITION 3.4. Keep the notation above. For A € A, take an arbitrary
V € M(X). Define

kar= Y X VWX, V).
XeM(N)
It is helpful to note that {k), | A € A} is not independent of the choice

of symmetrizing trace. Fixing a symmetrizing trace 7, we often write k) ;
as ky. The following lemma gives the relation among G(\), G'()\) and k.

LEMMA 3.5. Let A be a symmetric cellular algebra with cell datum
(A, M, C,i). For any A € A, fix an order on the set M(\). Then G(A)G'(\) =
kxE, where E is the identity matriz.

Proof. For an arbitrary A € A, according to the definition of G(\), G'())

and ky, we only need to show that > y-¢ /) @(Y,U)¥(Y,V) = 0 for arbi-
trary U,V € M () with U # V.
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In fact, on one hand, for arbitrary S € M()), by Lemma[3.1)(5), U # V
implies that CQ’UD‘)},S = 0. Then CQ’UDE\LSCQ’UD‘A/S = 0. On the other
hand, by a similar method to the proof of Lemma

C3uDpsCouDvs = D, TsuanrxosunCivDiy Dis

ecA, X,YeM(e)
_ C)\ D)\ D)\
= Z T(S,UN),(Y,UN, (S, UNYsuPuyPv,s
YEM(N)
= > oY, U)W(Y,V)C3yDis.
YeM(N)

Then Yy sy DY, U)W (Y, V)C§ 1y Diy ¢ = 0. This implies that

f( Y UG DY) = 0.
YeM()

Since T(CQ’UD?}’S) =1, we have ZYGM(A) oY, U)W (Y,V)=0.m

COROLLARY 3.6. Let A be a symmetric cellular algebra over an integral
domain R. Then kyx =0 for any A € A with rad A # 0.

Proof. Since |G(A)| = 0 is equivalent to rad A\ # 0, Lemma shows
that rad A # 0 implies ky = 0. =

4. Radicals of symmetric cellular algebras. To study radicals of
symmetric cellular algebras, we need the following lemma.

LEMMA 4.1. Let A be a symmetric cellular algebra. Then for any A € A,
the elements of the form ZS,UeM()\) TSUCQ,VDX)},U with rsy € R form an
ideal of A.

Proof. Denote the set of elements of the above form by I*. Then we claim
that CIZQCL@\’VD‘)‘/’U €I forany n € A, P,Q € M(n), and S,U € M()). In
fact, by (C3) of Definition and Lemma [3.1)(7),

ChaCsvDvu= D, TemsvaxyoChyDiu
eeN, X,YEM (€)
= D e vy Ry DY
XeM(N)
That CQVD{\/UCIZQ € I is proved similarly. =

We will denote -y 4 iy =0 I* by IA. Similarly, for each A\ € A, the el-
ements of the form ZS,UGM()\) TU,SD?J,VC?/\',S with r7 g € R also form an
ideal 17, of A. Denote ZAeA,sz:OIg by I and set I = I + I,
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Define
/11:{)\6/1’1‘&(1)\:0}, /12:/10—/11,
/13:/1—/10, /14:{)\6/11“{3)\:0}.
Now we are in a position to give the main result of this paper.

THEOREM 4.2. Suppose that R is an integral domain and that A is
a symmetric cellular algebra with a cellular basis C = {CﬁT | S,T €
M(N), A € A}. Let T be a symmetrizing trace on A and let {D%,S | S,T €
M(X), A € A} be the dual basis of C' with respect to 7. Then

(1) I Crad A and I3 = 0.
(2) I is independent of the choice of T.

Moreover, if R is a field, then

(3) dimgI > Y (ny+dimgrad \)dimg Ly + Y. n3,
AEA2 A€y
where ny is the number of elements in M(\).

(4) Y (dimg Ly)?> — > n3 < 3 (dimgradA\)?— Y n3.
AEAS AEA3 AEAg AEAY

Proof. (1) I Crad A and I = 0.

Firstly, we prove (I)2 = 0. Obviously, by the definition of I, every
element of (I1)? can be written as a linear combination of elements of the
iorm g’ghTD% S2CZI’VD“2U2 (we omit the coefficient here) with k) = 0 and

p =Y

If i < A, then Cg, D3 6,Cf DYy, = 0 by Lemma (8)

If 41 > A, then by Lemma [3.1)(1)&(7),

A A A A

Ca,rD15C0, v Dy, = D T (8.0 O3 r DTy Dy,
YeM(\)
However, by Lemma every DZQ with nonzero coefficient in the expan-
sion of D%YD{jUQ satisfies n > p. Since p > A, we have n > A. Now, by
Lemr;\la (7), we get C’gl,TDZ)’Q = 0, that is, Cé\l,TD%,Sgcgl,VDQUQ =0 if
> A

If A\ = pu, by Lemma [3.1(3)&(4), we only need to consider elements of

the form N DA A DA
S1,T1~T,82~ 82, T2~ 15,55

By Lemmas [3.3 and
A A A A A A
CSlyTlDThSQCSQ:T2DT27SS = k,\CSthDTth =0.
Then we see that all the elements of the form C’gl,TD% SQC& VD€U2 are

zero, that is, (11)% = 0.
Similarly, we get (I4)% = 0.



SYMMETRIC CELLULAR ALGEBRAS 77

To prove I? = 0, we now only need to consider elements in 14T ]/31[ A and
IATAIA. For A\ p,m € A with ky = k, = k, = 0 and S,T,M € M()\),
UV,N e M(u), P,Q,W € M(n), suppose that

CQ,TD%’,MDZ,VC\%,NCIZ,QDZQ,W 7é 0.

If A > p, then any DY, with nonzero coefficient in the expansion of

D% MDZV satisfies € > X, so € > p; this implies that D% C{y = 0
by Lemma a contradiction. If A < y, then any DSy with nonzero coeffi-

cient in the expansion of DT7 MDUy satisfies € > u, so € > A; this implies that
C'g’TDkY =0 by Lemma a contradiction. Thus A=p. Similarly, we get
1n = p. By direct computation, we can also get Cg,TD%, MD% VC’ c} QDQ W
= 0. This implies that I4IAI4 = 0. Similarly IAIATA =0 is proved. Then
I? = 0 follows.

Now it is clear that I C rad A for I is a nilpotent ideal of A.

(2) I is independent of the choice of T.

Let 7 and 7/ be two symmetrizing traces and D, d the dual bases deter-
mined by 7 and 7’ respectively. By Lemma for arbitrary dgv ed,

dﬁ,v = Z T(Cg(,yd)ﬁ,v)fo,X-
eeN, X,YEM/e)
Then for arbitrary S € M (),
CS UdUV = Z T(Og(,Ydé,V)Cg,UD;X'
e€A, X,YeM(e)
By Lemma B.I[7)&(8), if ¢ < A, then C%ydyy = 0; if & > A, then
CQ,UD% y = 0. This implies that
CS UdUV = Z T(Cﬁ\(,ydﬁv)oé\,UD{\/,x-
X,YeM(X)
By Lemma (5), if Y #£ U, then Cé\UDf‘,’X = 0. Hence
Csudpy = Z 7(Cx vy )C5uDi x-
XeM(N)
Note that T(Cﬁ‘QUdg’V) = T(dﬁ’VC)A(’U). Then it follows from Lemma
that dpy,Cx y = 0 if X # V. Thus

S P WO A A
Csudpy =7(Cyudyyv)CsuyDyy -



78 Y. B. LI

Similarly, we obtain
CeuDpy =7 (Co.uDyy)Ceudpy
d{\/,UCi\I,S = T(C?},Ud?},v)D‘)},UC?J\,S?
D\)},Ucﬁ,s = T/(C\é,UDé,V)d%/,UCI)},S'

The above four formulas imply that I is independent of the choice of sym-
metrizing trace.

(3) dimg I > 3" (ny+dimgrad\)dimg Ly + > n3.
AEAS AEAY

For any A € Ag and S,T € M()), it follows from Lemma |3.1 that
CirDir= Y @(X,8)Dxr (mod Ap(>N)),
XeM(\)
DyrCps= > &(Y,5)Dpy (mod Ap(>))).
YeM(N)
Let V be the R-space generated by the union of the sets

3 #(X,S)DXr ‘ ST e M()\)},
XeM(N)

Y B(Y,S)D}y ‘ S,T e M()\)}.
YeM(N)
Then it is easy to deduce from the definition of I* and I3, that
dimp(I* + 1) > dim V.
On the other hand, since @) # 0 and rank G, = dimp L), we have
dimV = 2ny dimpg Ly — (dimp L))?,
that is, dim V' = dimpg Ly X (n) + dimgrad A). Thus
dimR(I/\ + Iﬁ) > dimp Ly x (n) + dimgrad ).
Clearly, the above inequality holds true for any A\ € Ay, so
dimp(I* + Ip) > n3
for any \ € Ay. Tt is clear by Lemma [3.2] that
dimpT > Y dimp(I* + 1) + Y n3,
AEA2 AEA,
and thus item (3) follows.

(4) Y (dimg Ly)? — > n3 < > (dimgrad \)2
AEAg AEA3 AEA2
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By (1) and (3),

dimprad A > ) (ny + dimprad \) dimp Ly + Y _ n3.
AEA2 AEAY

By the formula
dimgprad A = dimg A — Z (dimp Ly)?,

AeAg
we have
dimp A — Z (dimp L)\)2 > Z (ny +dimprad \) dimpg Ly + Z n%\
AEAg AEAL A€y
That is,
Z n3 + Z n3 — Z (dimp Ly)?
AEA3 AEAg AEAy
> Z (ny + dimprad A\) dimpg Ly + Z n?\,
AEAL AEAY
or
S Y- Y
A€A3 AEAg AEAg
> Z (ny +dimprad \)dimpg Ly + Z ni,
A€ AEAy
or
Z (dlmK L/\)2 — Z ng\
AEA AEA3
< Z n?\ — Z (nx + dimgrad \) dimp Ly — Z n%\
AEAs A€As AEA,

According to dimpg Ly = n) — dimgrad A, the right side of the above in-
equality is ), 4, (dimg rad N2 =3¢ A n3. This completes the proof. m

COROLLARY 4.3. Let R be an integral domain and A a symmetric cel-
lular algebra. Let A be the minimal element in A. If rad X\ # 0, then R-
Span{CgT | S, T € M(\)} C rad A.

Proof. If a = ZX?YeM(A) erCﬁ‘(,Y is not in rad A, then there exists
some Dr;y, such that aDpy, ¢ rad A. If p # A, then aDp;y, = 0 by Lemma
so aDy y, is in rad A. If o = A, then an}y € rad A by Theorem

1s is a contradiction. m
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COROLLARY 4.4. Let A be a finite-dimensional symmetric cellular alge-
bra and r € rad A. Assume that A € A satisfies:

(1) There exist S, T € M(X\) such that C’QT appears in the expansion of

r with nonzero coefficient.
(2) For any p > X and U,V € M(u), the coefficient of C(’j’V in the
expansion of T is zero.

Then ky = 0.

Proof. Since r =} 4 X,y eM(e) rx,v,:Cky € rad A, we have T‘D%S €
rad A. The conditions (1) and (2) imply that

A A A
TDT,S = Z TX,T)\CX,TDT,S'
XeM(N)

It is easy to check that (TD%S)H = (k:,\rS?Tv)\)”_er%’S. Applying 7 on both
sides of this equation, we get T((TD%,S)H) = (karso )" trera. If ky # 0,
then T((TD%S)”) # 0. Hence ’I“D%S is not nilpotent and so rD%S ¢ rad A,
a contradiction. This implies that k) = 0. =

ExAMPLE 4.5. Consider the group algebra [F353, where Fg is the field of
integers modulo 3. The algebra has a basis

{1, s1, $2, $152, S251, 15281 }-
A cellular basis is
Cﬁ) =14 81 + 89 + 8182 + 5251 + 515251,
C%l) =1+ sq, C%l) = 59 + 5159,
C’éi’l) = S2 + 5251, C’%’l) =1+ s15981,
=1,
The corresponding dual basis is

(3)

Dl,l = — 89 + 8182 + $2581,
(2,1) (2,1)
D77 =s1+ 52— s152 —s281, Dy’ = s2— s189,
(2,1) (2,1)
Dy = sp — sas1, D357 = sg — s152 — 5251 + 518281,

13
Di,l) =1—51 — 89+ 5189 + S951 — S15251.

It is easy to see that A3 = (3) and A; = (13). Thus dimrad A = 4. Now we
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compute I. We have

C£31)D£31) 1+ 81+ 82 + 8182 + 8281 + $15251,
1)

C£2 )Dé? =1+ 81 — 82 — 818281,
Ciél)Dg b — = S92 + S1S82 — S251 — S152951,
052 UDSQ ) — 1— 51 — 8182 + 518281,

(2,1) H(2,1)
2.1 Dll = 89 + 8981 — 81 — 8182.

Thus dim I = 4. This implies that I = rad A.

Of course, for a symmetric cellular algebra A, the ideal I may not be
equal to rad A. Here is an example.

ExaMPLE 4.6. Let K be a field and @ be the quiver

92

with relations p given as follows:

e all paths of length > 3;
o ooy — analy;
® (X1(X2, 0/20/1.
Let A = K(Q,p). Define 7 by
T(e1) = 1(e2) = 7(e3) = 0;
T(al) = 7(dey) =1, i=1,2;
7(ay) = 7(al) = 0.
Then A is a symmetric cellular algebra with a cellular basis

a1 a1 agad, s
€1, ) .
al €9 CYQ 63
The dual basis is
/.
Q1Q, ’ 3 ’ .
] o) Qg Qo0
It is easy to see that dim(rad A) = 6 and dim I = 2.
As a by-product of the results on radicals, we will give some equivalent
conditions for a finite-dimensional symmetric cellular algebra to be semi-
simple.

COROLLARY 4.7. Let A be a finite-dimensional symmetric cellular alge-
bra. Then the following are equivalent:

(1) A is semisimple.
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(2) kx #0 forall X € A.
(3) {CgTD%’T |Ae A, S, T € M(\)} is a basis of A.
(4) For any \ € A, there exist S, T € M(\) such that (C§7TD%7S)2 # 0.
(5) For any X\ € A and arbitrary S, T € M()\), (Cg,TD%,S)Q # 0.
Proof. (2)=(1). If k) # 0 for all A € A, then rad A = 0 for all A € A by
Corollary This implies that A is semisimple by Theorem [2.10]
(1)=(2). Assume that there exists some A € A such that k) = 0. Then it
is easy to check that I* is a nilpotent ideal of A. Obviously, I* # 0 because
at least Cg\f,VD\/\/,U # 0. This implies that I* C rad A. But A is semisimple,
a contradiction. This implies that k) # 0 for all A € A.
(2)=(3). Suppose

Z kS7T7)‘C§,TD%,T = 0'
AeA, S,TEM(N)
Take a maximal element \g € A. For arbitrary X,Y € M(\g),
C;\(O,XD;\(O,Y ( Z k&T,ACg,TD%,T) =kx, Z kymn C?(D,TD%?T =0.
AeA,S, TeM(N) TeM(\o)
This implies that
T(k)\o Z kY,T,x\oCS\gTD%?T) =0,
TeM(Mo)

i.e., k/\okY,X,/\o = 0. Since k)\o 7& 0, we get kY,X,)\o = 0.
Repeating this process, we conclude that all the kg1 ) are zeros.
(3)=(2). Since {Cé\,TD%,T | A€ A, S, T € M(\)} is a basis of A,

A A
1 = Z k‘lS,T,)\CS,TDT,T'
NN, S, TEM(N)

For arbitrary € A and U,V € M(u), we have

Cz‘ivD@,V = Z kS,T,ACbA‘,TD%,TCg,vD&V
AEA, S, TeM(N)
= ky Z kX7U,uC§(,vD5,V-
XeM(u)
This implies that k, # 0 since Cy;, Dy, |, # 0. As p is arbitrary, this shows
that k) # 0 for all A € A.
(2)<(4) and (2)<(5) are clear by Lemma n
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