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ORDER CONVOLUTION AND VECTOR-VALUED MULTIPLIERS

BY

U. B. TEWARI (Kanpur)

Abstract. Let I = (0,00) with the usual topology. For z,y € I, we define zy =
max(z,y). Then I becomes a locally compact commutative topological semigroup. The
Banach space L'(I) of all Lebesgue integrable functions on I becomes a commutative
semisimple Banach algebra with order convolution as multiplication. A bounded linear
operator T on L*(I) is called a multiplier of L' (I) if T(f xg) = f*Tg for all f,g € L*(I).
The space of multipliers of L' (I) was determined by Johnson and Lahr. Let X be a Banach
space and L! (I, X) be the Banach space of all X-valued Bochner integrable functions on I.
We show that L'(I, X) becomes an L'(I)-Banach module. Suppose X and Y are Banach
spaces. A bounded linear operator T from L'(I,X) to L'*(I,Y) is called a multiplier if
T(fxg) = f+Tg for all f € L'(I) and g € L'(I,X). In this paper, we characterize the
multipliers from L'(I, X) to L'(I,Y).

1. Introduction. Let I = (0,00) with the usual topology. For x,y € I,
we define zy = max(x,y). Then I becomes a locally compact commutative
topological semigroup. Let L!(I) denote the Banach space of all Lebesgue
integrable functions on I. It becomes a commutative semisimple Banach
algebra if multiplication is defined to be the order convolution introduced
by Lardy [3]. More specifically, if f, g € L'(I), then

S

Jx9(s) = () gt) dt + g(s) | (1) d.
0

0

A bounded linear operator T on L!(I) is called a multiplier of L'(I) if
T(fxg) = f*Tg for all f,g € L'(I). Johnson and Lahr [2] characterized
the multipliers of L'(I). In fact, they considered any interval in place of I,
with possibly infinite end points, and which may include one or the other of
the end points. Slightly earlier, Larsen [4] had characterized the multipliers
of L1([0,1]) with order convolution.

Let X be a Banach space. Let L'(I,X) be the Banach space of X-
valued measurable functions f such that §° || f(¢)[| dt < co. If f € L*(I) and
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g € LY(I,X) , we define
f*a(s) = 1(s) Ja(t) di + g(s) | F(0) .
0 0

It turns out that f g € LY(I,X) and L'(I, X) becomes an L!'(I)-Banach
module.

Let X and Y be Banach spaces. A bounded linear operator T from
LY (I,X) to LY(1,Y) is called a multiplier from L'(I,X) to LY (1,Y) if
T(f%g) = fTg for all f € L'(I) and g € L*(I,X). In this paper, we
characterize the multipliers from L'(I, X) to L'(1,Y).

2. Preliminaries. Let I = (0,00) as before. Let M (I) denote the Ba-
nach algebra of all bounded regular Borel measures on I. It can be identified
with the Banach space dual of Cy(I), the Banach space of all continuous

functions on I vanishing at infinity. The convolution of i and v belonging
to M(I) is defined by

V() dpxv(z) = |\ flay) du(z) du(y).
I I1
The Banach space L!(I) consisting of all measures in M (I) which are ab-
solutely continuous with respect to Lebesgue measure on I becomes a com-
mutative semisimple Banach algebra with the product inherited from M(I).
If f,g € L'(I), this product turns out to be
S S
Frgls)=fs)\gt)dt+g(s) ft)dt  ace.
0 0
Lardy [3] studied the algebra L!(I). Its maximal ideal space T can be iden-
tified with the interval (0, c0] and the Gelfand transform Fof feLl(l)is
defined by

&)=\ sydt (0<s< o),

that is, f is the indefinite integral of f on (0, 00]. The algebra L!(I) is with-
out identity, but it does have approximate identities. One such approximate
identity is the sequence {u,} defined by

n if0<z<1/n,
up(z) = . n=12....
0 ifl/n<z< oo,
If T is a multiplier of L!(I) there exists a bounded continuous func-
tion ¢ on (0,00] such that (Tf)" = ¢f and [|¢|lc < ||T||, where ||@]loc =

supser [¢(t)]. Conversely, if ¢ is a bounded continuous function on (0, 0]
such that for each f € L'(I) there exists a g € L'(I) such that § = ¢f then
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we define T'f = g and T becomes a multiplier of L' (I) such that (T f)" = d)]?
for all f € LY(I).

Larsen gave a characterization of the multipliers of L![0,1] under order
convolution. Let ACY0,1] denote the subalgebra of C]0, 1] consisting of all
absolutely continuous functions on [0, 1]. Here, C[0, 1] is the space of contin-
wous functions on [0,1]. Suppose ¢ € AC[0,1]; then for all f € L0, 1] we
have ¢f € AC|0,1] and (gbf)(()) = 0. Hence there exists a g € L'[0,1] such
that g = qﬁf, in fact g = (gb]?)’ almost everywhere. If we define T'f = g, then
we get a multiplier of L[0, 1] such that (T f)" = ¢ f. Conversely, Larsen [4]
proved that if 7" is a multiplier of L'[0, 1] then there exists ¢ € AC[0, 1] such
that (Tf)" = ¢f for all f € L1[0,1].

In [2] Johnson and Lahr described the multipliers of L!(.J), where J
is any interval, with possibly infinite end points, and which may contain
one or the other of the end points. The following theorem is an immediate
consequence of the multiplier results in [2] and [4].

THEOREM 2.1. Let T be a multiplier of L'(I). Then there exists an ab-
solutely continuous function ¢ on (0,00] which is of bounded variation such
that (Tf)(s) = ¢(s)f(s) for all s € (0, o] and f € LY(I). Conversely, if ¢
is an absolutely continuous function on (0,00] which is of bounded variation
then there exists a multiplier T of L*(I) such that (T f)"(s) = ¢(s)f(s) for
all s € (0,00] and f € LY(I).

REMARK. If ¢ is as in Theorem 2.1 then ¢ is differentiable almost every-
where and ¢’ € L(I). Further, lim;_q ¢(¢) exists. Let ¢(0) = lim;— o4+ ¢(¢).

~

Then T'f = ¢(0)f + (o).

3. Main results. In this section we prove our main result which char-
acterizes the multipliers from L'(I, X) to L'(I,Y). We begin with a propo-
sition about L'(I, X).

PROPOSITION 3.1. Let {u,} be the approzimate identity of L' (I) defined
earlier. Suppose f € L'(I,X). Then

|lun*xf—flli—0 asn— oo.

Proof. Let € > 0. Choose t > 0 such that
t

VIf(s)llds < e/3.

0
If s > 1/n, then

S S

un x f(5) = un(s) | F(r)dr+ f(s) Vun(r) dr = f(s),

0 0
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since u,(s) = 0 and {j u,(r) dr = 1. Therefore,

00 1/n
J lun s f(s) = f(s)llds = | llunx f(s) = f(s)ll ds
’ 1?71 s s
= S ‘un(s)Sf(r) dr—}—f(s)Sun(r) dr — f(s)Hds.
0 0 0

Choose ng such that ¢ > 1/ng. Then, for all n > ny,
1/n

lunx f = fll < § [un() 1) dr + 2017 (5)1)] ds
0 0
Since t > 1/n and s < 1/n, we have
€ b 2e
len > f = fllr < 3 | Un(s)ds + — =¢
0

DEFINITION. Let f € LY(I, X). For each s € (0, 00], define

The function f is called the Gelfand transform of f. Clearly f is absolutely
continuous. Also (f)'(s) = f(s) almost everywhere.

Note that f(s) — 0 as s — 0. Further, if f(s) =0 for all s € (0, 00] then
f(s) = 0 almost everywhere.

PROPOSITION 3.2. Let X,Y be Banach spaces and B(X,Y') be the Ba-
nach space of bounded linear maps of X into Y. Suppose T is a multiplier
from LY(I,X) into L'(I,Y). Then there exists a B(X,Y)-valued bounded

strongly continuous function ¢ on (0,00] such that (T f)"(s) = gb(s)f(s) for
all s € (0,00] and f € LY(I, X), where ¢(s )f( ) is the value of ¢(s) at f(s)

Proof. Let f,g € L*(I) and € X. Then the function fz defined by
(fz)(s) = f(s)x belongs to L'(I,X). It is easy to see that (f x g)z =
(fz)*xg = f*gx. Since T is a multiplier, we have

T((fxg9)z) = fxT(gr) =T(fr)*g.
Therefore, f(s)(T(g:v))/\( )= (T(fz))(s)g(s). We define
o(s)r = M, provided  f(s) # 0.
f(s)

We see that the definition of ¢(s) does not depend on the choice of f and
¢(s) is a linear map from X into Y. We now show that ¢(s) € B(X,Y) and
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llo(s)]| < ||T||- Let s € (0, 00]. Choose n such that s > 1/n. Then u,(s) =1
and we have

le(s) ]| = (T (unz)" (s)I| < 1T (un (@)l < 1T} ],

as ||up|[1 = 1. Therefore ¢(s) € B(X,Y) and ||¢(s)|| < ||T||. It follows from
the definition of ¢(s) that it is continuous in the strong operator topol-
ogy and (T(fz))(s) = ¢(s)(fz)"(s) for f € LY(I) and = € X. Since
{38, fiwi: fi € LY(I), 2; € X} is dense in L'(I, X), we conclude that

(T)\s) = ¢(s)f(s) forall f e L (I, X).

PROPOSITION 3.3. Let U : X — Y be a bounded linear map. Then the
map U : LYNI,X) — LY1,Y) defined by Uf = U o f is a multiplier from
LYI,X) to L'(1,Y) and

ITEI < U1 £

Proof. Let f € L'(I) and g € L*(I, X). Then

S S

fxgls) = f(s){g(t)dt+g(s) | f(2) dt.

0 0

Also
ONHNs) =U(ft)dt =U(f(s)).
0

Thus the multiplier function ¢ corresponding to U is ¢(s) = U for all s €
(0, o]
The following definitions are taken from Hille and Phillips [1].

DEFINITION. Let ¢(s) be an operator-valued function defined on (0, 0o).
We say that ¢ is of strong bounded variation on (0,00) if for each x € X the
function s — ¢(s)x is of strong bounded variation, that is,

sup Y _ [[o(t:)x — ¢(ti—1)z|| < oo,
i=1

where all possible finite sets {to,t1,...,t,} C (0,00) such that tg < t; <
... < t, are allowed.

¢ is called strongly absolutely continuous if for every € > 0 there exists
a 0 > 0 such that whenever {(s;,t;)} is a finite sequence of disjoint open
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intervals for which > (t; — s;) < J, we have

D et — ¢(s)al < e.
=1

For all results and notions regarding operator-valued functions on (0, c0),
we refer to [1].

PROPOSITION 3.4. Let T be a multiplier from L*(I,X) to L*(I1,Y). Let
¢ be the corresponding multiplier operator-valued function. Then ¢(s) is of
strong bounded variation on (0,00).

Proof. Let {to,t1,...,tn} C (0,00) be such that typ < t; < -+ < t,. Let
a =ty and b = t,. Then {to,t1,...,t,} is a partition of [a,b]. Choose an
integer m such that 1/m < a. Then u,,(s) =1 for all s > 1/m. Let xz € X.
For s > 1/m, we have ¢(s)x = (T(um,x))"(s). Therefore,

ZH¢ z = (ti1)z| —ZH (um))" (ti) = (T (umz)) " (ti-1) |

:,ZH § T (um)(r) dr | SS”T (um)(r) dr|| < | T (um)|ls < | T [l

This completes the proof.

ProroOSITION 3.5. Let T and ¢ be as in Proposition 3.4. Then the map
s — ¢(s)x is weakly absolutely continuous.

Proof. We have
(TF)s) = ¢(s)f(s) forall s € (0,00] and f € L*(I, X).
Let z € X and y* € Y*. Define S : L'(I) — L'(I) by
Sf(s) = (T(fz)(s),y") for fe LN(I).

It can be easily seen that

S(fxg)=fxSg for f,g € L'(I).
Hence S is a multiplier of L!'(I). By Theorem 2.1, there exists an abso-
lutely continuous function h on (0,00] such that (Sf)"(s) = h(s)f(s) for
all f € LY(I). It also follows from the definition of S that (Sf)"(s) =
(f(s)qﬁ( )x,y*). Choosing f € L(I) such that f( ) # 0, we see that
(p(s)x,y*) = h(s). This shows that the map s — ¢(s)(z) is weakly ab-
solutely continuous.

PROPOSITION 3.6. Let T and ¢ be as in Proposition 3.4. Then for each
x € X, the function s — ¢(s)x is strongly differentiable almost everywhere.
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Proof. Let n be any positive integer. Then for all s > 1/n,
S
6(s)7 = (T(un)) () = | T(una)(¢) dt.

0
It follows from Corollary 2, p. 88 of [1] that the function s — ¢(s)x is
strongly differentiable almost everywhere on (1/n, c0), and hence on (0, c0),
since n is arbitrary. The derivative of this function is denoted by ¢'(s)z.
It is easy to see that ¢'(s) € B(X,Y) and [|¢'(s)|| < ||T|| for almost all
s € (0,00).

COROLLARY 3.7. LetT" and ¢ be as in Proposition 3.4. Then for all x €
X, s — ¢(s)x is strongly absolutely continuous and the function s — ¢'(s)x
is Bochner integrable such that
o0
VlI¢'(s)z ]| ds < || ]|
0
Proof. 1t follows from Propositions 3.4 to 3.6 and Theorem 3.8.6 of [1]
that the function s — ¢(s)z is strongly absolutely continuous and s —
¢'(s)x is Bochner integrable. From the proof of Proposition 3.6, we see that
@' (s)x = T'(upz)(s) almost everywhere on (1/n,00). Therefore

V ¢ (s)zllds < | 1T (una)(s)] ds < | 7| ]
1/n 1/n

Since n is arbitrary,
o0

V 116/ (s)all ds < Tl ||].
0
PROPOSITION 3.8. Let T and ¢ be as in Proposition 3.4. For f € L'(I, X),
let My(f) = ¢'f. Then My is a bounded linear map from L*(I,X) into
LY(LY).

Proof. Let f € LY(I,X). Then (Tf)"(s) = ¢(s)f(s). Therefore,

8(s)f(s) =\ (TH)(¥) dt.

0
Differentiating, we have

3(s)f(s)+ ¢'(s)f(s) =Tf(s) ae.
Hence My (f) =Tf — ¢f. Since ¢ is bounded,

o o0

§ 16(s) ()l ds < |6l § I17(3)]] ds.

0 0
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Therefore ¢ f € L*(1,Y). It follows that My (f) € L'(I1,Y). We also have
1My (H)lle < (T + [[@lloc) I F 11

We are now in a position to prove our main result.

THEOREM 3.9. Let T be a multiplier from L'(I,X) to L'(I1,Y) and ¢
be the corresponding multiplier function from (0,00) to B(X,Y). Then, for
allz € X,

) is of strong bounded variation on (0,00),
s)x is strongly differentiable almost everywhere,
)z is strongly absolutely continuous,

o~

(v) (T)"(s) = &(s)(f(s)) for all s € (0,00) and f € L(I, X).
Conversely, if ¢ is a bounded B(X,Y )-valued function on (0,00) satisfy-
ing (i) to (iv) then there exists a multiplier T from LY(I,X) to L'(I,Y)
satisfying (v).

Proof. Let T be a multiplier from L'(I, X) to L'(I,Y) and ¢ be the cor-
responding multiplier function. Then (i) and (ii) follow from Proposition 3.4
and 3.6 respectively. Further, (iii) and (iv) follow from Corollary 3.7 and

Proposition 3.8 respectively. Moreover, (v) is a consequence of the relation-
ship between T and ¢.

Conversely, suppose ¢ is a bounded B(X,Y')-valued function on (0, c0)
which satisfies all conditions (i) to (iv). We define

T:LYI,X)— LY1,Y)
by
Tf(s) = o(s)f(s)+ & (s)f(s) ae. for feL'(I,X).
Since ¢ is bounded and continuous in the strong operator topology, the

function ¢(s)f(s) is strongly measurable and

o0

J llo(s)f(s)llds < [|lloo | 11
0
Therefore, | Tf|l1 < [[|¢llc + [|[My|l]llf]l1 and we conclude that T is a
bounded linear map from L(I, X) to L'(I,Y).
We can easily see that the derivative of ¢f equals ¢(s) f(s)+ ' (s)f(s) =
Tf(s) almost everywhere. Hence, (T'f)"(s) = ¢(s)f(s) for all s € (0, 00].
This completes the proof of the theorem.



ORDER CONVOLUTION AND MULTIPLIERS 61

NOTE. If the bounded operator-valued function ¢ satisfies (i)—(iii) and

o0

[ 116 (s)]l ds < oo,
0

then (iv) automatically holds. But this condition is much stronger than (iv).
Finally, we remark that we could have taken I to be any finite or infinite
subinterval of the real line and obtained analogous multiplier results in the
more general setting.
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