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CHEN’S INEQUALITY IN THE LAGRANGIAN CASE

BY

TEODOR OPREA (Bucuresti)

Abstract. In the theory of submanifolds, the following problem is fundamental: es-
tablish simple relationships between the main intrinsic invariants and the main extrinsic
invariants of submanifolds. The basic relationships discovered until now are inequalities.
To analyze such problems, we follow the idea of C. Udriste that the method of constrained
extremum is a natural way to prove geometric inequalities. We improve Chen’s inequal-
ity which characterizes a totally real submanifold of a complex space form. For that we
suppose that the submanifold is Lagrangian and we formulate and analyze a suitable
constrained extremum problem.

1. Optimization on Riemannian submanifolds. Let (N,g) be a
Riemannian manifold of dimension m, M be a Riemannian submanifold of
it, g be the metric induced on M by g, and f : N — R be a differentiable
function.

In [6] we considered the constrained extremum problem and proved the
following theorem:

THEOREM 1. If x¢g € M is such that f(xo) = mingens f(z), then
(i) (grad f)(zo) € Ty M,
(ii) the bilinear form
o TpoM xTyyM — R,
a(X,Y) =Hessf(X,Y) + g(h(X,Y), (grad f)(zo))
1s positive semidefinite, where h is the second fundamental form of

the submanifold M in N.

We shall use this theorem in order to find an inequality satisfied by the
Chen invariant of a Lagrangian submanifold in a complex space form.

2. An estimation of Chen’s invariant. Let (M, g) be a Riemannian
manifold of dimension n, and x a point in M. We consider an orthonormal
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frame {e1,...,e,} in T, M. The scalar curvature at x is defined by
T= Z R(e;, ej,¢€i,¢€5),
1<i<j<n

where R is the Riemann curvature tensor of (M,g). We define 6y = 7 —
min(k), where k is the sectional curvature at z. The invariant 0y is called
the Chen invariant of the Riemannian manifold (M, g).

Let (M , g, J) be a Kahler manifold of real dimension 2m. A submanifold
M of dimension n of (M, g,J) is called totally real if J(T,M) C T;+M for
any x in M.

If, in addition, n = m, then M is called a Lagrangian submanifold. For
a Lagrangian submanifold, the relation J (7T, M) = T;- M holds.

A Kahler manifold with constant holomorphic sectional curvature c is
called a complex space form and is denoted by M (¢). The Riemann curvature
tensor R of M (c) is given by

R(X,Y)Z = 421 (Y, 2)X - §(X, 2)Y
Y GIY, 2)IX — G(JX, Z)JY + 2§(X, JY)JZ}.

B. Y. Chen, F. Dillen, L. Verstraelen and L. Vrancken showed in [5] that
every totally real submanifold M of real dimension n in a complex space
form M(c) of real dimension 2m satisfies Chen’s inequality

n—2( n? 9 c
< =
du < 5 {n_1||HH +(n+1)4},

where H is the mean curvature vector of M.

REMARKS 1. If M is a totally real submanifold of real dimension n in a
complex space form M/(c) of real dimension 2m, then

AjyX = —-Jh(X,Y) = A;xY
for any vector fields X and Y on M, where Ax is the Weingarten operator.
2. Let m = n (M is Lagrangian in M(c)). If we consider a point z € M

and orthonormal frames {e1,...,e,} in T, M and {Jei,...,Je,} in T3+ M,
then

‘e =hl, Vi keln,
where h;k is the coefficient of Je; in the expansion of the vector h(ej, ey).
With these ingredients we prove the next result, which is an improved
version of Chen’s inequality in the Lagrangian case.
THEOREM 2. Let M be a Lagrangian submanifold in a complex space
form M(c) of real dimension 2n, n > 3. Then
(n—2)(n+1) n? 2n —3

o < ¢
2 4 2 2n+3
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Proof. We consider a point x € M and orthonormal frames {e1,...,e,}
in T,M and {Jey,...,Je,} in T;-M, {e1,es} being an orthonormal frame
in the 2-plane which minimizes the sectional curvature at .

By using Gauss’s equation and the fact that M (c) is a complex space
form, we obtain

DRSS S T Sy

r=11<i<j<n r=11<i<j<n
and
r
(2) R(61762761762 = _+ E hllh E : ) .
r=1

By subtracting (1) and (2), we find

n

(3) 5M:WE+Z(Z(&M Wi+ Y bk

r=1 3<j<n 3<i<j<n
2 2
- 2 = 3 ),
3<j<n 2<i<j<n

By using the symmetry in the three indices of h¥., we can rewrite (3) as

Z]’

(4) 5M£WE+Z( RN DT h;hgj)
r=1 3<j<n 3<i<j<n
= D)= D )P > (i)t Y (hy)?
3<j<n 3<j<n 2<i<j<n 2<i<j<n
_ —(”_2)2(”+1) §+Z( DR CTRRI ST h;h;‘])
r=1 3<j<n 3<i<j<n
- Z (h{y)? - Z (hj;)? — Z (hl)? — Z (h5;)?
3<j<n 3<j<n 2<i<j<n 2<i<j<n
ZWEJFZ( S R+ > hihy)
r=1 3<j<n 3<i<j<n
— > (WP YD ()P = D ()
3<j<n 3<j<n ijezm
i#j

Let us consider the quadratic forms fi, f2, fr : R® — R, r € 3, n, defined
by

f (h117 h%Qa te h711n) Z (h%l + h22 + Z hlllhjlj Z (h}j)Q’

3<i<n 3<i<j<n 3<j<n
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fo(hiy, B3y, .. h2,) = Z (hi; + h%2)hj2j + Z hz?ih?j - Z (h?j)27

3<j<n 3<i<j<n 3<j<n
fr(Riys hags oo hyy) = Z (k11 + hag)hj; + Z hi;h;
3<j<n 3<i<j<n
2 2
—()? = > (h3)?
j€2n
J#r

First, we find an upper bound for f;, subject to P : hl; +hiy+---+hl,
= k', where k' is a real constant.
The first three partial derivatives of the function f; are

of
(5) g = 2 M
o 3<i<n
oh
(6) S = D i
2 3<j<n
7 O hy; — 2h}
(7) EA 11+ 22+Z jj — “N33-
33 4<j<n
Since for a solution (hh, h%Q, ..., hl ) of the problem in question, the vector
grad fi is normal to P, from (5)—(7) we obtain
(8) hiy + hy = 3hj; =3a', Vj€3,n.

By using the relation h{; + hi, + hig + -+ + h}, = k', from (8) we obtain
3a' + (n —2)a' = k'. Consequently,

kl
9 al = .
) n+1
As f; is obtained from the function involved in Chen’s inequality (see [6])
by subtracting some square terms, the Hessian of fi|P is negative definite.
Consequently, the point (hi, hd,, ..., hL.) given by the relations (8) and (9)
is a maximum point, and hence

(10) i< 3a1(n—2)a1—|—0721_2(a1)2—(n—2)(a1)2 = (a)? (n+1)(n—2).

From (9) and (10), it follows that
(k')2?n—-2 n?®n-—2
2 n+l 2n+l

In a similar manner, we show that

(11) f1<

n?n—2
12 < —
(12) <5
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Next, we find an upper bound for f3, subject to P : h3; +h3y +---+h3,
= k3, where k3 is a real constant.
The first four partial derivatives of the function fs3 are

ofs _
I 3<i<n
ofs
(14) ah3 Z h 227
22 3<j<n
ofs _
(15) Oh3. 1 + h 22 T Z hm’
33 4<j<n
JE 3 3 3 3
(16) o3 hiy + hayg + Z hi; — 2hyy
44 3<j<n
J#4
For a solution (hh, h%Q, ...,hL ) of the problem in question, the vector
grad f3 is colinear to (1,1,...,1). By using (13)—(16) we obtain
(17) hzlsl - h%? = 30/3,
(18) h3s = 12a°,
3 _ 4.3 LT
(19) hj; =4a®, Vj €4 n.
As b3 + h3y + hig + - + hd, = k3, from (17)—(19), one gets
3 k?
20 = .
(20) dn + 6
By an argument similar to that above, the point (h:{’l, h%2, ..., h3.) given
by (17)—(20) is a maximum point. Therefore
(21) f3 < 6a312a® + 6a>(n — 3)4a® + 12b(n — 3)4a>

+C2%_,16(a®)? — 18(a®)? — (n — 3)16(a®)?
=2(a®)%(2n — 3)(2n + 3).
From (20) and (21) we obtain
3)2 _ 2 —
fgg(k) 2n—3 n”2n-3
2 2n+3 2 2n+3
In a similar manner, we prove that

(H?)2.

n? 2n — 3 —

(22) fr < 2 m T3 (H™)?, Vre3n.
As 2 n—+1 < 2n+3, from (11), (12) and (22) it follows that
2n —3 -

(23) Ir < n2 QZ 3 (H)?, VYreln.
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By using (4) and (23), we have

(n—2)(n+1)c n?2n—-3 9
24 oy < ———— - 1 H"
(24) M= 2 it 2n+3;( )
_(n=2)n+1)c n_22n—3||H||2
N 2 4 2 2n+3 ’

wich completes the proof.

REMARKS. 1. B. Y. Chen, F. Dillen, L. Verstraelen and L. Vrancken
showed in [5] that every Lagrangian submanifold, of real dimension 2n,
n > 3, of a complex space form M(c), satisfying the equality

n—2( n? c
o =" P + (4 ) 5,

2 n—1
is minimal. Now, this result is an immediate consequence of our Theorem 2.

2. If n = 3, in Theorem 2 equality occurs if and only if there is an
orthonormal frame {e1,es,e3} in T, M in which the Weingarten operators
take the following form:

a b c b —a 0 c 00
AJel = b —a O 9 AJ@Q = —a _b Cc 9 AJ63 = 0 C O 9
c 0 0 0 c 0 0 0 4c

where a, b and ¢ are real numbers.

3. In [1] J. Bolton and L. Vrancken showed how to construct all 3-
dimensional non-minimal submanifolds in CP? (4) attaining equality in The-

orem 2 at all points. The classification in the minimal case can be found
in [5].
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