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LOCAL EXISTENCE OF SOLUTIONS FOR AN AGGREGATION
EQUATION IN BESOV SPACES

BY

QIAN ZHANG (Beijing)

Abstract. We prove the local in time existence of solutions for an aggregation equa-
tion in Besov spaces. The Fourier localization technique and Littlewood—Paley theory are
the main tools used in the proof.

1. Introduction. In this paper, we consider the following aggregation
equation

(1) {ut+V-(u(VK*u)) =0,

u(z,0) = ug(z), (x,t) € R™ x RT,

with a given kernel K : R” — R. The unknown function u is either the pop-
ulation density of a species or the density of particles in a granular medium.
Aggregation equations of the form arise in many problems in biology,
chemistry and population dynamics and describe a collective motion and
aggregation phenomena in biology and in mechanics of continuous media.
From the mathematical point of view, equation can be considered as a
nonlinear, nonlocal transport equation, and its character depends strongly
on the properties of the kernel K.

Laurent [I4] has studied problem in detail and proved several local
and global existence results for a class of kernels K with different regularity.
Bertozzi et al. [2-5] have proved finite-time blowup of solutions correspond-
ing to compactly supported radial initial data. Those results can be summa-
rized as follow. Kernels that are smooth (not singular) at the origin x = 0
lead to the global in time existence of solutions (see e.g. [3],[14]). Nonsmooth
kernels (and C! off the origin, like K (z) = e~*l) may lead to blowup of
solutions either in finite or infinite time [2-4, 14-16].

Equation has also been intensively considered in the viscous case,
i.e. with the dissipative term (—A)7u. The authors of [6] [7, 8, [15] [16] studied
the problem with fractional dissipation (—A)Y/2u, and proved finite
blowup of solutions or global wellposedness for a certain class of kernels.
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Recently, Karch and Suzuki [I3] have classified kernels which lead either
to the blowup or global existence of solutions to ((1.1)) with the classical
dissipation Au.

The goal of this work is to generalize the recent result by Bertozzi et al. [5]
who considered the local well-posedness of problem in LP spaces with
kernels which are less singular at the origin than the Newtonian potential,
i.e., in the form K(z) = |z|% a > 2 —n, and K(x) = |z| at the origin. In
addition, they also require the initial datum to have a finite second moment.
The Besov framework adopted in this paper allows us to make two significant
advances in the understanding of the aggregation equation. First, it allows
us to consider potentials which are more general than those considered in
previous papers, namely we require VK € WH1(R"), which extends to the
endpoint the case VK € WIP(R"), 1 < p < oo, considered in [5]. Second,
Besov spaces are important spaces which contain LP spaces, Sobolev spaces
and Holder spaces and are applied to many different models. In this paper,
using the Fourier localization technique and Littlewood—Paley theory, we
prove the local in time existence of solutions for the aggregation equation in
Besov spaces. We follow the ideas introduced in [6] 9, 111, [17, [I8]. Our main
result reads as follows.

THEOREM 1.1. Let VK € WL (R"Y), 1 < p < 0o and s = 1+ n/p.
Assume that ug € By (R"). Then there exists T = T(||luol|ps ) such that
the initial value problem has a unique solution v € C([0,T; B, 1 (R™))N
([0, T B33 (R™)).

We recall the definition of the Besov space Bj ;(R") in the next section.
Here, we only point out the embedding B3, < B35, where B3,(R") =
H?(R™) is the usual Sobolev space.

Following the reasoning from [5], one can directly complete the result
stated in Theorem [1.1| by showing that if ug € B5;(R") N L'(R™), then the
corresponding solution u of satisfies u € C([0,7T7]; B, 1 (R") N LY(R™)).
Moreover, if ug > 0 then wu(t,x) > 0 almost everywhere. For proof that
solutions to may blowup in finite time, we refer the readers to [2-5, 7].

2. Preliminaries. Given f € S(R"), its Fourier transform is defined
by Ff(€) = f(&) = (2m)"/? §gn €7 f(z) dz. Now let us recall the Little-
wood—Paley decomposition (see e.g. [1]). We choose two nonnegative ra-
dial functions x,p € S(R™), supported respectively in the ball {£ € R™ :
€] < 4/3} and in the shell {{ € R : 3/4 < |¢] < 8/3} such that x(§) +
2s0p(2776) = 1for £ € R, and ) 7 0(277€) = 1 for £ € R™\{0}.
For ¢;(€) = ¢(279¢), h = F 1y and h = F~1y, the frequency localization
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operators are defined by
Ajf =(279D)f =2 | h(2y) f(x —y) dy,
Rn
Sif= > Af=x@7D)f=2" | h(2y)f(z—y)dy.

—1<k<j—1 R"
We now define Besov spaces by means of the Littlewood—Paley projections
Aj and Sj:
DEFINITION 2.1. For s € R, 1 < p,q < o0, the inhomogeneous Besov
space B, (R") is defined by
B, ,(R") ={f € S'R") : ||£l5;, < o0},
where
Sl 1/q
(3 2*a513,) " for g < oo,
Ifllsy, =q =1

sup 275(| A, f || e for ¢ = oc.
j>—1

The following lemmas will be used in the proof of the main result.
LEmMMA 2.1 ([I2, Lemma A.2]). Let u be a solution of the transport
equation
us +v - Vu =0,
u(x,0) = ug,

define Rq :=v - VAgu — Ag(v-Vu), and let 1 <p <p; < oo, 1 <r < oo
and s € R be such that

(11 (1 1N
§>—nmin| —, — or s> —1—nmin| —,— | if dive=0].
p1 p b1 p

There exists a sequence (cq) € €"(Z) such that ||(cq)|ler = 1 and a constant
C depending only on n, r, s, p and p1, which satisfy

Vg €Z, 2%|Ryllrr < CecyZ'(t)|ullps,
with
, VOl e if s < 1+n/p1,
(2.1) Z'(t) = ||VUHB;—1 if either s > 1+ n/p1,
177‘
ors=1+mn/py forr=1.

LEMMA 2.2 ([10, Lemma 2.2]). Let s > 0, g € [1,00]. There exists a
constant C such that

(2:2) 1£9ll ;. < CULNmlglp, +lglenfl5, ).
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where p1,71 € [1,00] satisfy 1/p =1/p1+1/p2 = 1/r1 +1/r2. An analogous
inequality is valid when the homogeneous space B;j’q(R") is replaced by its
ihomogeneous counterpart.

Notice that under the assumptions either s > n/p or s > n/p for ¢ = 1,
the space By  (R") is a Banach algebra.

3. Local existence of solutions. We now prove Theorem

STEP 1. A priori estimates. We first derive estimates of solutions to
equation (|1.1), which we rewrite as follows:

ug +v-Vu+ u(AK xu) =0,
(3.1) v=VK *u,
w(z,0) = up(z), (z,t) €eR" xR*.
Applying the operation A, with ¢ > —1 on both sides of the first equation

of (3.1)), we have

(3.2) O Aqu+v-VAju=R,— [

with Ry :=v-VAu — Ay(v-Vu) and f; = Ag(u(AK * u)).
Multiplying equality (3.2) by |Au[P~2A,u yields

d
(33) | 14gul |AuP? Agu+ | v VAu|AguP~2 Agu
R™ R™

= | RylAulP?Apu— | Ry|AqufP2Aqu.
R” R™

Integrating by parts, by the Holder inequality, we have

d . —1
(34) —l1Aqulzy < CUR e + [ folloe + div ol e[ Aqull o) [ Agull7,
Then we get

d .

(35 ZllAgullze < C(IBgllLr + | follze + lldiv o] Lol Agul zr)-

Multiplying both sides of the above inequality by 29° with ¢ > —1 and
computing the ¢! norm, we obtain

d
(36)  gl2mlAulially < AR NR ol + 27 fallas | o
+ [|div vl e ||29°]| Aqul Lo | 1) -
By Lemma 2.1} we have
d
(37 Sl = C(IIWIIB;/? lullps, + IAK]| 1 ][w?|| s,

HIVollgsillulls; )
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< C(| Vol lull s, + llulih )
< O(lollsy, Iull 55, + lluliB -

Integrating (3.7) with respect to ¢, we get
t

(3.8) lullzge(ms ) < lluollsg, + CS lo()l s, llullLee (s ) dr
0
t

2
+ CS HU<T)HB;1 dr.
0
Let us show that this inequality leads to the estimate

t
(39) HUHL?O(B;J)SCgCSoHU(T)HB;JdT

t
—C g lo()llps . dr’
x (luollzg, +§e™ 0 N0 )3, ar).

Indeed, if we denote the right-hand side of inequality (3.8) by F'(¢), we obtain
F(8) < llullhy, + ol lullsg, < lullys, +Cllollsg P,

p,1 —
Thus, we have the inequality

t t
(e—CSo Hv(T)HB;JdTF)/ < Cllull3 16—030 \\v(T)\\B;ldT’
P,

which implies (3.9)). This completes the derivation of the a priori estimate
for the solutions of equation (1.1).

STEP 2. Approximate solutions and uniform estimates. In order to
establish the local in time existence of solution we construct a sequence
{u(m*D} defined recursively by solving the linear equations

(3.10) M = VK % u(™m
w(w,0) = S 1100(2),

where we set u(®) = 0. The existence of solutions of the above system in
C([0,T1; By 4) is proved in [I, Ch. 3.2]. By the same procedure as in estimates
leading to (3.9), we obtain

(311)  Ju" TV @)Bs,

t
(m) —CvVim(T)|,,(m
< CeCV (t)<||U0HB;,1+S€ VI )(T)||2B;1 dT)
0
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Let us fix a T' > 0 such that 202HU0”32 T <1 and suppose that

Clluollss ,
1 1 2C2||UOHB;1t

Plugging (3.12]) into (3.11)) yields

(3.12) 1™ ()] 3

for all ¢t € [0,T].

1
(313) a0 < (nuonBs
o (1 —2C%||uo| 5 , 1)/ !
t
dr
+C? 2,
HUOHBp,l (S) (1— QCQHUOHB; 1t)3/2>
Clluollss

- 1- 202”160||B;71t

Therefore, {u™},,en is bounded in L*([0,T); Bj ). This clearly entails

that v VL™ is bounded in L>([0,T7; By ; 1), As the third term of the
first equation of (3.10) is bounded in L>([0, T J; B, 1), we can conclude that

the sequence {u(™ }mGN is bounded in C([0,77; By ;) N Cc([o, T; By .

STEP 3. Fxistence of solutions. We will show that {u m)1 en is a Cauchy
sequence in C([O,T];B;Hl). For all (m, k) € N2, using , it is easy to
verify that the difference u(™+*+1) — 4 (m+1) gatisfies
(3.14) Ay (u (mtk+1) _,, (m+1) ) + p(m+k) - V(u (m+k+1) _ (m—l—l))
™) a4y TR AR s () — ylm)y)
+ (uimth) — m))(AK «u™) = 0.
Let wy = Ay (u 1) — o (mF0y U, = A (0 HR) — (M) .y (mF1)y Y, =

Ay (u R (AK 5 (umHR) —q,(m)))) and Wq = Ay (um+R) —y (M) (AK xu(m)).
Applying the operation A, on both sides of equation (3.14]), we have

(3.15) Bywy +vR)  Vw, =T, — U, =V, — W,
with T, := p(mtk) -Vw, — Aq(v(erk) -Vwy). In the same way as in the proof

of (3.9), we get

(3.16) (™D —ulm ) (1)) 5o

+ ( (m—+k)

< Cecv(m+k)(t) (HU(()m—i-k—i-l) . u(m—i—l ||BS )

t

_ (7n+k)
+ eV (1, st + 1Vallgs s + Wl gs 1)(17)
0
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We now estimate the right-hand side terms of the above inequality. Since

m-+k+1
(m+k+1) (m+1
UN Z Aquyp,
q=m+2

we have
+k+1 +1 — —
(3.17)  [Jul™ D oy fm )||B;_11 < C27"[V Aol gsr < C27"Juo]| g, -

Using the fact that B;fll is a Banach algebra, we get

(318)  Upllppt < Clo™ ) — o0 s [Vl o
< CYVE] o ™ g, s — ] s
< O™ g ulm ) — s

Similarly, we obtain

(319)  [Vallper < Cllul™ | ot | AK 5 (u™ ) — ™) s

(m+k) (m+k) _ . (m)

< O™ s | AR ™) — ] ey
< C\|u(m+k)HB;,1 (M) — “(m)”B;jllv

and

(3.20) IWall gsr = Cllulm k) — u(m)IIB;;ll JAK u(m)IIB;;ll

= Cl\u(m)llBs ul™ ) — ™

Plugging (3.17] into (3.16)) and using the uniform estimates (3.13]), we

finally get a constant CT 1ndependent of m, k and such that for all ¢ € [0, T7,
(321) [ — u ) ()] g

p,1

<Cr(2m+ SH< () — ) ()| o ).

Proceeding by induction, one can easily prove that

(m+k+1) . (m+1)
(322) ||’LL U HLOO([O’T];B;S;,_ll)
(TCry™ mo oy
< m”u( )HLOO([O,T];B;J) +CTZQ (m—1) .

=0
As [Jut®) ||Loo([0?T};B; 1) can be bounded independently of k, we conclude that

there exists a new constant C” such that

(3.23) D — Yo, pey < Cp2 7"

Consequently, the sequence {u(™} converges to a function u e C([0, T; B;El).
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STEP 4. Passage to the limit. Now using the definition of weak solutions
to problem , we find that the limit u € C([O,T];B;El) is a solution
of with the initial datum uo € B, ;. Indeed, for every test function
v € C(R™ x [0,00)), we have

t
S S w ™ oy da dt — S w2, 0)(x, 0) da

OR" Rn
¢ t
= —S S o™ M o da dt —S S u"(AK s« u™) o da dt.
ORn OR"™

The passage to the limit in the linear terms on the left-hand side is com-
pletely standard. To treat the right-hand side, we have to use the Sobolev
embedding B;fll — LP for every p € [1,00] and the estimates 1) of the
sequence {u(™} in the following way:
t t
’ S S o™ vt dr dt — S S v - Vupdx dt
0R™ 0R™
t
< C( § v o™ o a0 — ] o]
0
+ 00 oo [0 — ]| 1 [ Vel ) dt

t
+ § Il e 00 = vll 2l e )
0

t
< C(IAK s § I oo ™ = ] sl v
0
t
IV § I ooe [0 = | s [Vl
0
t
0

VK [ IVl [0 =l s ol )

t
< O] (Ju™ ) — s + ™ — ] o) d,
) , ,

and, similarly,

S S u(m)(AK*u(m))goda:dt—S S u(AK *u)pdzdt

t t ‘
O R™ OR™
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t
< C(§ It = ull i | AK = ool dt

0
t

+ Y o | AR 5 (™ =) 10l e dt
0
t

< C\Jutm™ - ull o dt.
0

STEP 5. Uniqueness. Consider two solutions uy,us € C([0,T}; B, ;) with

the same initial data. Let w = uq1 — uo. Then w satisfies the equation
(3.24) Ow + v - Vw+ (v1 —v2) - Vug + u1 (AK *xw) + w(AK *ug) = 0.
In the same way as in deriving (3.21)), we obtain the estimate

(3.25) ||WHC([0,T];B;;1) < CQTH“’”C([O,T];BZ,T)‘

Thus, for sufficiently small T', we have w = 0, i.e., u; = us. This completes
the proof of Theorem
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