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A CATEGORICAL QUOTIENT IN THE CATEGORY OF
DENSE CONSTRUCTIBLE SUBSETS

BY

DEVRIM CELIK (Tiibingen)

Abstract. A. A’Campo-Neuen and J. Hausen gave an example of an algebraic
torus action on an open subset of the affine four space that admits no quotient in the
category of algebraic varieties. We show that this example admits a quotient in the
category of dense constructible subsets and thereby answer a question of A. Bialynicki-
Birula.

The purpose of this note is to answer a question by A. Biatynicki-Birula
on categorical quotients in the category of dense constructible subsets (dc-
subsets) introduced in [4]. The objects of this category are pairs X C X/,
where X’ is a complex algebraic variety and X is a dense constructible
subset of X’. A morphism from X C X’ toY C Y’ is a map X — Y that
extends to a morphism X — Y’ for some open neighbourhood X{ C X’
of X. Consider the C*-variety

X :=C*x (C)?U(C)? x C?, tx:= (twy,tre, 23,1 114).

A categorical quotient for this C*-variety is a C*-invariant morphism :
X — Y, i.e. a morphism constant along the C*-orbits, such that any other
C*-invariant morphism ¢: X — Z has a unique factorization ¢ = ¥ om with
a morphism 1: Y — Z. This concept depends strongly on the category one
works with. For example, in the category of complex algebraic varieties, there
is no such quotient for X (see [2, Prop. 5.1(ii)]), whereas in the category of
toric varieties, X admits a quotient, namely the toric morphism

T X — (C3) (.’,1?1,.1‘2,-%3,.%4) = (m1x4,x2x4,$3)

(use [1, Thm. 2.3]). Now, set Y := 7(X). Then Y C C? is a proper dc-
subset, and 7 defines a morphism of dc-subsets from X C X to Y C C3.
A. Bialynicki-Birula asks [4, p. 53] whether or not this is a categorical quo-
tient in the category of dc-subsets.
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THEOREM. The map w: X — Y 1is a categorical quotient for the C*-
action on X in the category of dc-subsets.

Proof. The most convenient way is to treat the problem in the setting of
the toric varieties; we work in the notation of [5]. Note that X arises from
the fan A in Z* that has oy := cone(ey,es) and o9 := cone(es, e4) as its
maximal cones. Let P: Z* — 73 denote the homomorphism defined by

P(e1):=e1, P(e2):=e2, Ples):=e3, Pleq):=e1+ea.

Moreover, set 7; := P(0;), p; := cone(e;), where ¢ = 1,2,3, and py :=
cone(e1 + e2). Then these cones are located in R? as indicated in the figure

below.
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Note that 7: X — C3? is the toric morphism defined by the homomorphism
P:7* — 73, and that the image Y = 7(X) is given by

Y =C3\ ({0} x C* x {0} UC* x {0} x {0})

3
= Ty U U Ty, U Ty, U Tys

i=1

where yo, y,,, etc. in C? denote the distinguished points corresponding to
the faces 0, p; etc. of the cone ¢ := cone(ey,eq,e3) describing the toric
variety C3.

Moreover, let Y denote the toric prevariety obtained by gluing the affine
toric varieties Y;, := Spec(C[r,’ N Z3]), where i = 1,2, along the big torus
T := (C*)3 C Y,,. Then P: Z* — 73 defines a C*-invariant toric morphism
X Y. Finally, the lattice homomorphism id: 73 — 73 gives us a toric
morphism k: Y — C? with k(Y) =Y and 7 = ko 7.

In order to verify the universal property of the morphism 7: X — Y, let
Z C Z' be a dc-subset and ¢: X — Z a C*-invariant morphism. According
to [2, Prop. 5.1(i)], the toric morphism 7: X — Y is a categorical quotient
for the C*-action on X in the category of complex prevarieties. Consequently,
we have ¢ = 19 o ™ with a morphism ¢: Y — Z’. Our task is to show that
there is a morphism ¢: Y — Z of dc-subsets making the following diagram
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commutative:

In a first step, we show that such a v exists as a set-theoretical map.
Since ¥(Y) = p(X) C Z, this amounts to verifying that 1 is constant along
the fibres of k. Let 40, ¥p, s Ypo» Yr € }771 and Y0, Ypss Ypa» Yo € }772 denote the
distinguished points corresponding to the cones 0, p; etc. Further, denote
by T, the isotropy groups of yr,. Then, using e.g. [3, Prop. 3.5], we find
that the k-fibres are

/fl(tyo) = tyo, ffl(typi) =1y, 1=1,2,3,
Hﬁl(tyﬂ) = tTy-r1 gn U tTy-rl gpu ’iil(yé) = T?j‘mu

where t € T. Thus, only for k= *(ty,) and k= !(ys) is there something to
show. Take v € Z2 from the relative interior p, and let A\y: C* — T denote
the corresponding one-parameter subgroup. Then, in Y, we have

Ao (C*)tyo \ Ao (C)tgo = {try s tYp, }-

Note that tf;, € Yy, and tUps € Y,,. Since Z' is separated, ¢ (tf, ) = J(tgjm).
In particular, for ¢t € Ty, = Tgﬁ we obtain the equation

{Z(tgm) = J(thl) = J(ng)

Consequently, for every ¢ € T, the set 1; (k~(tys,)) consists of a single point.
Now we treat £ !(tys) = Tyr,. First note that T = Ty, T7,, and hence any
t € T can be written as t = t,t;, with ¢, € Ty, Con51der again the one-
parameter subgroup A,: C* — T correspondlng to a lattice vector v € Z3 in

the relative interior of py. Then
J(t?jm) = lg% J(tntm)‘v(s)gm) = ;% J(tntm)‘v(s)gﬁ)
= lm ¢ (tn Ao (5)r) = U(tnTn) = $(Fn)-

We now show that ¢: ¥ — Z is a morphism of dc-subsets. Consider the
open affine toric subvarieties Y,,, Yy, € C? and ng C Y defined by the cones
p3 and 7. Then Y, ,Y,, CY and, for U := YT1 UYp3 and V :=Y, UY,,, the
restriction x;y: U — V is an isomorphism of varieties. Thus, ¢ = 1; okt
on V', and hence v is a rational map.

We have to show that v is defined near the point ys. For this we choose
an affine open neighbourhood Wy C Z’ of 9(ys) in Z’ and set Uy := ¢~ (W)
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and Vj := ¢~ 1(W). Then we have an open subset
VonV =k(UyNU) C C3,

on which 9 is a morphism. After realizing Wy as a closed subset of some K",
we obtain functions gi,...,g. € O(Vy N V) such that the morphism v is
given on VNV as

Vv VoNV —Wo, vy (91(y),---,9-(y))-

Suppose for the moment that each g; is defined at ys. Then there are an
open set V' C C3? containing Vy NV and the point ys such that gi,...,g,
define a morphism ¢’: V! — Wy extending 1,y This morphism fits into
the diagram

UpnNU C sk~ 1V 77ZJ4>VV0

| A

VonVe v

Since zz and 1)’ o k coincide on the dense open subset Uy N U, they coincide
on £~ 1(V'). Thus, by surjectivity of %, we obtain ¢/ = 1 and see that
1 is a morphism on the neighbourhood V’ C C3 of y5 € Y. Hence, v is a
morphism on the open set V UV’ C C3. This shows that ¢: Y — Z is a
mophism in the category of dc-subsets.

Thus, our task is to show that every g; is defined at ys. For this, we
regard g; as a rational function on the normal ambient variety C3 of Y and
show that div(g;) is nonnegative at ys. For this in turn, it suffices to show
that any prime divisor on C? containing ys meets the open set V N Vj.

Let D be a prime divisor on C? passing through ys. We show that D
meets the open set V' NVj. Since C3\ V is of codimension 2 in C3, we obtain
DNV # (. First consider the case that x~!(D) contains the prime divisor
T4y, = T¥p, U TGr,. Then k= 1(D) N Uy # 0, hence

DNVo#0 = DNVNVy # 0.

Next suppose that £~1(D) does not contain Ty,, = Y \ U. Then any com-
ponent of K~ 1(D) meets U. Since C? is factorial, D is principal, and thus

k(D) is of pure codimension one in Y. Consequently, x~(D) equals the
closure of k~1(D)NU in Y. Since k! (D) intersects £~ *(ys), we can conclude

KED)NUNUy £ = DNVNAVy#£0D. =
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