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ON THE AVERAGE OF THE SUM-OF-a-DIVISORS FUNCTION

BY

SHI-CHAO CHEN and YONG-GAO CHEN (Nanjing)

Abstract. We prove an (2 result on the average of the sum of the divisors of n which
are relatively coprime to any given integer a. This generalizes the earlier result for a prime
proved by Adhikari, Coppola and Mukhopadhyay.

1. Introduction. The estimate of the error term in the average of the
sum-of-divisors function has attracted attention of many people (see Walfisz
[7], Pétermann [5], [6]). Recently, Adhikari, Coppola and Mukhopadhyay [1]
proved that

22 1
Z Dy(n) — b <1 - 1’_9> = 24 (zloglogx),

n<x

where D), (n) is defined to be the sum of the divisors of n which are relatively
coprime to a prime p, that is,

Dy(n)= >  d.

d|n
(d,p)=1
Their main ideas come from Erdés and Shapiro [2] and Pétermann [4].

In this paper, we generalize the results of [1] to the general case. We
define D, (n) to be the sum of the divisors of n which are relatively coprime
to an integer a, that is,

Do(n)= > d.
d|n
(d,a)=1

We prove the following theorem.
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THEOREM. For any integer a > 1, we have

ZD - 22(2( @) = 24 (zloglogx),

n<x

where ¢(n) is Euler’s function.

2. Lemmas. We will use p, ¢ to denote primes Let @ > 1 be an integer
with standard factorization a = p’f ! pﬁ pPs where 5; >0 (1 <i<s). It
is convenient to define

(1) Z Du *2¢(a T ¢la)

12a
(2) Fo(x) =Y Dan(”) - ”gZ(a).

LEMMA 1. For each natural number n we have

Yoy Ia-n

din  pl(a,d)

Proof. Since both sides are multiplicative functions of n, it suffices to
check the equality for n = ¢°, where ¢ is a prime and b is a nonnegative
integer. In fact, for n = ¢®, if ¢|a, then both sides are 1/¢%; if ¢fa, then
both sides are (1+q+---+¢%)/q".

LEMMA 2.
Zl H(l— ):{logp1+0(1/x) if s=1,
Zn Pr= o0/ if 5> 1.

Proof. Since

1
> =logy+7+0(1/y),

n<y
we have
d
SEMa-n=3" 3 wdd=Y @ ¥ °
n<z  p|(a,n) n<z  d|(a,n) dla n<z,d|n
) Z Z” <log +v+0(d/w)>
dla n<m/d

= (logz+7) Y u(d) = Y u(d)logd+ O(1/x)

dla dla
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= (logz+7) Y wld)+Y logpi > p(d)+0(1/)

dlp1-ps =1 d|(p1---ps/pi)
logp1 + O(1/z) ifs=1,
O(1/x) if s > 1.

LEMMA 3.

Proof. Since

® YpMo-n-T(Xx I a-»)

k=1 pl(a,k) q =0 pl(a,q?)

by (2) and Lemma 1 we have

D= T a-n-+>5 [Ta-»

n<z kln  p|(a.k) k=1 " pl(a,k)
=1
= Sali] ook oo
k=1 pl(a,k) k=1 " pl|(a,k)
o
pl(a,k)

LEMMA 4.

Fu(z) = —Z%{%} I a-p+ow

k<y pl(a.k)
uniformly for x > 2, y > %\/E
Proof. By Lemma 3 we only need to prove that

S {5} I a-n-ow.

kE>y pl(a,k)
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Ify > %m, then
1=z
ZE{E} IT @ <<Z—<< < 1.
k>y pl(a,k) k>y
Now we assume that /7 <y < z. Since
1(x
) e 1-p)=0(1
> i{i} T a-n-ow.
k>z p|(a,k)
it suffices to prove that
1(=x
) 1—p) =0(1).
> i Ha-n-o0
y<k<z pl(ak)

Let M be an integer with M < x/y < M + 1. Then, for each integer ¢t with
2<t< M+1, {x/k} is monotone in the range x/t < k < x/(t —1). Hence,
by Lemma 2 and partial summation, we have

1(x
> i Ta-n-ows
z/t<k<z/(t—1) pl(a,k)

and

> {5} T a-n=o0m),

y<k<z/M pl(a,k)

Hence, because y > %\/5, we have

i Lo 3 9o 7)o

y<k<az pl(ak) 1<t<z/y
LEMMA 5.
Bl®  py @)= 000
Proof. By (1) we have
(4) Z Da(n) — = ffcf a),
T i<e

By Lemmas 1, 2 and 4, we have

G Yo=Y [Ja-n=XT0-n "

n<z n<z dln  p|(a,d) d<z p|(a,d) n<z/d
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~S(E R Lo

<z pl(a,d)

-y (%*%‘3{3}) I (1-p) +0)

d<z p‘(avd)

Y M-+ [T a-n+ow

d<z — pl(a,d) d<z pl(a,d)

x2 Z % H (1 —p)+axF,(x)+ O(x).

d<z  pl(a,d)
By (3)—(5), we finally obtain
Eu(z) 1 1
— Fy(z) = —5952 72 H (1-p)+0(1)

T
d>z  pl(a,d)

_ O(acz %) +0(1) = 0(1).

d>x

LEMMA 6 (Montgomery [3]). If b, r are positive integers such that (b,r)
=1 and B is a real number, then for any positive integer N, we have

g:{n?bJrﬁ}:g{rﬁ}+¥<r;1>+0(r).

n=1

LEMMA 7. Let A = m!/(p]*---p%) be an integer with (A,a) = 1 and
A > ma. Then

k,A a
> ( = ) I a-p»=> Qlogm+0(1).
k<A p\(a,k)
Proof. We have

SED T a-n= 2 5 uaa

k<A pl(a,k) k<A dla,d

|k
OIS DR YIS Sl

dla k<A,dlk dla k<A/d

d k,A d k, A
:Z#Z (k;2)+zu(d) Z (k:Q)

dla k<A/a dla Ala<k<A/d

a k, A 1 k, A
-da (kz)Jr;u(d)E y &4

k<A/a Ala<k<A/d
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Since
(k, A) (k,A) 1
Z L2 = k2 Z k
k<A/a k<m, (k,a)=1 k<m, (k,a)=1
1 1
SOED WIS WIS i
k<m " d|k,d|a dla k<m,d|k
Hd) ~ 1 =pld) [, m
= — - = —~ | log — 1
>4 F =2 g (log g +001)
dla k<m/d dla
= @ logm + O(1)
and

1 (k, A) (k, A) 1
dould) S D> < Y < Yy, o<
dla Ala<k<A/d Ala<k<A Ala<k<A

we obtain the assertion.

3. Proof of the Theorem. Let A be as in Lemma 7 and let B be an
integer with 0 < B < A. By Lemmas 4, 6 and 2 we have

A A
%X_:Fa(nA+B):—% %{”A;B} II @-p+00)

pl(a,k)

e () o
k<A pl(a,k) n=1
A
= gkﬂp}}m“— Yo} s 3) o
B (k, A) B B _1
2 Q}}k)“ p>)<{<k,A>} 2)*0(”
Hence
A
(6) Y mea =Y BT a-pron
n=1 E<A pl(a,k)
and
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S (’“];;4) I1 (-»+00).

k<A pl(a,k)

Noting that

loglog(A? + B) < loglog A < log(mlogm) < logm,

by (6), (7) and Lemma 7 we obtain F,(z) = {24 (loglogz). By Lemma 5 we
conclude that F,(x) = 24 (zloglogx). This completes the proof.
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