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Abstract. We determine the Hochschild cohomology of all finite-dimensional gen-
eralized multicoil algebras over an algebraically closed field, which are the algebras for
which the Auslander-Reiten quiver admits a separating family of almost cyclic coher-
ent components. In particular, the analytically rigid generalized multicoil algebras are
described.

1. Introduction and the main results. Throughout the paper by
an algebra we mean a basic, finite-dimensional k-algebra over a fixed alge-
braically closed field k. For an algebra A, we denote by mod A the category
of finitely generated right A-modules, and by ind A a full subcategory of
mod A consisting of a complete set of representatives of the isomorphism
classes of indecomposable modules. We shall denote by rad(mod A) the Ja-
cobson radical of mod A, and by rad®(mod A) the intersection of all pow-
ers rad’(mod A), i > 1, of rad(mod A). Moreover, we denote by I’y the
Auslander-Reiten quiver of A, and by 74 and 7, the Auslander-Reiten
translations D Tr and Tr D, respectively. We will not distinguish between a
module in ind A and the corresponding vertex of I'y. Following [42] a family
C of components in I'4 is said to be generalized standard if rad®(X,Y) =0
for all modules X and Y in C. We note that different components of a gen-
eralized standard family C of components in I'4 are orthogonal. Recall also
that a family C of components in 4 is called sincere if any simple A-module
occurs as a composition factor of a module in C.

The Auslander—Reiten quiver is an important combinatorial and homo-
logical invariant of the module category mod A of an algebra A. Frequently,
we may recover A from the behaviour of distinguished components of I'4
in the category mod A. For example, this is the case for tilted algebras
[14, 19, 41], or more generally, double tilted [34] and generalized double

2010 Mathematics Subject Classification: Primary 16E40, 16G70; Secondary 16G20.
Key words and phrases: Hochschild cohomology, Auslander—Reiten quiver, generalized
multicoil algebra.

DOI: 10.4064/cm136-2-5 [231] © Instytut Matematyczny PAN, 2014



232 P. MALICKI AND A. SKOWRONSKI

tilted algebras [35) [46] whose Auslander-Reiten quiver admits a faithful
component with a finite section (respectively, double section, multisection)
satisfying a vanishing hom-condition.

In the representation theory of algebras a prominent role is played by
algebras with a separating family of stable tubes (in the sense of Ringel
[36]). This class of algebras contains the tame hereditary algebras, the tame
concealed algebras, the tubular algebras, the canonical algebras and, more
generally, the concealed canonical algebras. It has been proved in [I7] that
the class of algebras with a separating family of stable tubes coincides with
the class of concealed canonical algebras. This was deepened in [33] [45],
where a characterization of concealed canonical algebras in terms of external
short paths (cycles) was established. Moreover, in order to deal with wider
classes of algebras, a slightly more general concept of a separating family of
components is natural. Namely, a family C = (C;);c; of components of I'y
is said to be separating in mod A if the modules in ind A split into three
disjoint classes P4, C4 = C and Q4 such that:

(S1) C4 is a sincere generalized standard family of components;
(S2) HomA(Qa,Pa) =0, Hom4(Q4,Ca) =0 and Hom4(Ca, Pa) = 0;
(S3) any morphism from P4 to Q4 factors through add C4.

We then say that C4 separates Py from Q4 and write ind A=PAVCaV Q4.
We note that P4 and Q4 are then uniquely determined by C4 (see [5]). We
also refer to the survey article [29] for the structure of arbitrary algebras
with separating families of Auslander—Reiten components.

In [2, 8, 4] Assem and Skowronski introduced a natural generalization of
the concept of tube, called a coil, and then the class of coil algebras, which
are the tame algebras with a separating family of coils. The coil algebras have
played a fundamental role in the study of tame strongly simply connected
algebras [0, [43] as well as in describing the geometric and homological prop-
erties of indecomposable modules over strongly simply connected algebras
of polynomial growth (see [30} 31l 32, [47] for some results).

Motivated by the importance of coils and coil algebras, the present au-
thors introduced in [25] the concept of a generalized multicoil, and then of
a generalized multicoil algebra [26]. A generalized multicoil is a translation
quiver obtained from a finite family of stable tubes by iterated application
of a sequence of admissible operations of types (ad 1)—(ad 5) and their duals
(ad 1*)—(ad 5*). We recall that a coil in the sense of [3] is a translation
quiver obtained from one stable tube by iterated application of admissible
operations of types (ad 1)-(ad 3) and their duals (ad 1*)-(ad 3*). It has
been proved in [25] that a component C of the Auslander—Reiten quiver I'4
of an algebra A is a generalized multicoil if and only if C is almost cyclic
and coherent. Recall that a component I' of I'y is called almost cyclic if
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all but finitely many modules in I lie on oriented cycles contained entirely
in I'. Further, a component I" of I'y is called coherent if the following two
conditions are satisfied:

(C1) For each projective module P in I" there is an infinite sectional
patthXl —)XQ — *)Xl — Xi+1 —)XZ'+2 — (that iS7
X # 7aXiyo forany i > 1) in I'.

(C2) For each injective module I in I" there is an infinite sectional path
=Y =Y =Y = - =5 Yy = Y] =1 (that is, Yo #
TAY; for any j > 1) in I'.

The main result of [26], Theorem A, asserts that the Auslander—Reiten
quiver I'4 of an algebra A admits a separating family of almost cyclic com-
ponents if and only if A is a generalized multicoil enlargement of a finite
product of concealed canonical algebras by iterated application of admissi-
ble algebra operations of types (ad 1)—(ad 5) and their duals (corresponding
to the translation quiver operations (ad 1)—(ad 5) and their duals, leading
from a finite family of stable tubes to generalized multicoils). These algebras
are called generalized multicoil algebras and play a prominent role in recent
investigations (see [8 21] 22] 23] 26, 27, 28] for some results concerning the
geometric and homological properties of their module categories).

We note that, by [26, Theorem EJ, each generalized multicoil algebra A
is of global dimension at most three and every module in ind A has pro-
jective or injective dimension at most two. We also mention that the qua-
sitilted algebras of canonical type [I8| [44] form a distinguished special class
of generalized multicoil algebras. Moreover, recently generalized multicoil
algebras have proved to be important in describing the support algebras of
infinite cyclic components of Auslander—Reiten quivers of algebras consisting
of cycle-finite indecomposable modules (see [24]).

Here, we are interested in the Hochschild cohomology spaces H™(A) =
H™(A,A), n > 0, and the deformation theory of generalized multicoil alge-
bras A. In Section [4] we introduce numerical invariants da, fa,pa,r4 of a
generalized multicoil algebra A, depending on the types of admissible oper-
ations (ad 1)—(ad 5) and their duals, leading from a product C of concealed
canonical algebras to A.

The following theorem is the main result of the paper.

THEOREM 1.1. Let A be a connected generalized multicoil algebra. Then:
(i) H"(A) =0 forn > 3.

(i) dimy H2(A) = pa +7a.

(iii) dimg H'(A) =da + fa.

(iv) dimy HY(A) = 1.

The numbers pa,ra,da, fa will be defined at the end of Section [
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We note that in the very special case of quasitilted algebras the above
statements follow from results proved by Happel (see Section |3)).

Following Gerstenhaber [I1], a one-parameter deformation of an algebra
A is a k[[t]]-algebra structure on k[[t]] @4 A given by f: A®; A — k[[t]| @ A
where f(a®b) = ab+t® f1(a®b)+t2® fa(a®@b)+- - - for k-bilinear morphisms
fi: Ax A — A. Then the algebra A is said to be analytically rigid if any
one-parameter deformation of A is isomorphic to the trivial one given by
fi =0 for i > 1. It was shown in [I1] that one-parameter deformations of A
are related to low Hochschild cohomology spaces, H'(A), 1 < i < 3. In fact,
for a one-parameter deformation of A given by f: A®y A — k[[t]] ®k A, the
first f; different from zero defines an element of H?(A). Hence, if H?(A) = 0,
then A is analytically rigid. Moreover, if H3(A) = 0 and A is analytically
rigid, then H?(A) = 0.

In order to describe analytically rigid generalized multicoil algebras we
need two numerical invariants. Let C' be a connected concealed canonical
algebra of tubular type pc = (p1,...,pt) (see Section 3 for details). Then
we set tc = t and define the number ec as follows:

0 ifte > 3,

1 if pc = (p1,p2) with p1,p2 > 2,

2 if pc = (p1,p2) with p1 =1, p2 > 2,
3 if pc = (p1,p2) with p1 = p2 = 1.

ec =

As a consequence of Theorem [I.I] and Gerstenhaber’s results, described
above, we obtain the following fact.

COROLLARY 1.2. Let A be a connected generalized multicoil algebra. The
following statements are equivalent:

(i) A is analytically rigid.

(i) H?(A) =0.

(ili) A is a generalized multicoil enlargement of a family Ci,...,Cy,
of connected concealed canonical algebras such that, for any i €
{1,...,m}, te, < 3 and the number of operations applied to mod-
ules from the mouth of stable tubes of rank one in I'c, is at most ec;.

We note that analytically rigid coil algebras, or more generally strongly
simply connected algebras of polynomial growth, have been characterized in
[10, [40].

For basic background on the representation theory of algebras we refer to
the books [II, 36, 37, B8], and for Hochschild cohomology and deformations
of algebras to the articles [10} [1T], 12].
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2. Hochschild cohomology of algebras. Let A be an algebra. Denote
by C*® A the Hochschild complex C*® = (C?, d*);cz defined as follows: C* = 0,
di =0 for i < 0, C° = 4A4, C* = Homy (A%, A) for i > 0, where A®
denotes the i-fold tensor product over k of A itself, d® : A — Homy(A4, A)
with (d°z)(a) = ax — xa for z,a € A, d' : C* — C*! with

(dlf)(al ®'-'®ai+1) = alf(a2 ®"'®ai+1)
+ Z(_l)Jf(a’l Q- ® a;aj41 (SR ®ai+1)
7=1

+ (—1)i+1f((11 - & ai)ai-i-l

for f € C* and a1, ...,a;41 € A. Then H'(A) = H'(C®A) is called the ith
Hochschild cohomology space of A (see [7, Chapter IX]). Recall that the first
Hochschild cohomology space H'(A) of an algebra A is isomorphic to the
space Der(A, A)/Der’(A, A) of outer derivations of A, where Der(A, A) =
{6 € Homy (A, A) | 6(ab) = ad(b)+I(a)b for a,b € A} is the space of k-linear
derivations of A, and Der®(A, A) is the subspace {6, € Homy (A, A) | 6,(a) =
ax — za for a € A} of inner derivations of A.

We recall the following classical result (see [12, Proposition 1.6 and Corol-
lary 1.7])

PROPOSITION 2.1. Let A be the path algebra KQ of a connected quiver Q.
Then:

(i) H°(A) =k and H"(A) =0 forn > 2.
(i) H(A) =0 if and only if Q is a tree.

The following tilting invariance of Hochschild cohomology spaces of al-
gebras has been established by Happel [12, Theorem 4.2].

PROPOSITION 2.2. Let B be an algebra, T a tilting B-module and A =
Endp(T). Then H"(A) = H™(B) for any n > 0.

Frequently an algebra A can be obtained from another algebra B by
a sequence of one-point extensions and one-point coextensions. Recall that
the one-point extension of an algebra B by a B-module M is the matrix
algebra

B 0

BIMI=10

with the usual addition and multiplication of matrices. The quiver of B[M]
contains Qp as a convex subquiver and there is an additional (extension)
point which is a source. B[M]-modules are usually identified with triples
(V,X,p), where V is a k-vector space, X a B-module and ¢ : V —
Homp(M, X) a k-linear map. A B[M]-linear map (V, X, ) = (V', X', ¢') is
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then identified with a pair (f,g), where f: V — V' is k-linear, g : X — X’
is B-linear and ¢’ f = Homp(M, g)¢. One defines dually the one-point co-
extension [M]B of B by M (see [30]).

The following theorem proved by Happel [12, Theorem 5.3] provides an
important tool for calculation of the Hochschild cohomology of algebras.

THEOREM 2.3. Let A be the one-point extension B[M] of an algebra
B by a B-module M. Then there exists the following long exact sequence
connecting the Hochschild cohomology spaces of A and B:
0— H°(A) — H°(B) — Homp(M, M)/k — H'(A) — H'(B)
— Bxth(M, M) — -+ — Extizs(M, M) — H"(A) - HTY(B)
— BxtS (M, M) — - .

3. Concealed canonical algebras. An important role in our consid-
erations will be played by certain tilts of canonical algebras introduced by
Ringel [36]. Let pi,...,p; be a sequence of positive integers with ¢ > 2,
1<pi <...<p and p; > 2 if t > 3. Denote by A(p1,...,p:) the quiver

ai2 Qlpy—1
[0} O e O
oay ‘Ym
a1 22 X2py—1  O2pg
o o o cee o o o
CYX Apt
O O DY O
(%%} Otpp—1

For ¢ > 3, consider a (t + 1)-tuple of pairwise different elements of P;(k) =
kU {oo}, normalized so that \; = oo, A2 = 0, A3 = 1, and the admis-
sible ideal I(\q,..., ) in the path algebra kA(p1,...,p:) of A(p1,...,pt)
generated by the elements

Qip; - - - 2041 + Q2p, - . . 220021 + )\Z'qul ... (19001, 3 <1<t

Then the bound quiver algebra A(p, A) = kA(p1,...,pt)/I(A1, ..., \) is said
to be the canonical algebra of type p = (p1,...,p:). Moreover, for t = 2, the
path algebra A(p) = kA(p1,p2) is said to be the canonical algebra of type
p = (p1,p2). It has been proved in [36, Theorem 3.7] that if A is a canonical
algebra of type (p1,...,p) then ind A =P,V Ty V Q4 for a Py (k)-family Ty
of stable tubes of tubular type (p1,...,p:), separating P, from Q .
Following [16] a connected algebra C' is called a concealed canonical alge-
bra of type (p1,...,pt) if C is the endomorphism algebra End4(7") for some
canonical algebra A of type (p1,...,p) and a tilting A-module T" whose in-
decomposable direct summands belong to P4. Then the images of modules
from T, via the functor Hom, (T, —) form a separating family 7¢ of stable
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tubes of I'c, and in particular we have a decomposition ind C = PoVToVOc.
It has been proved by Lenzing and de la Penia [I7, Theorem 1.1] that the class
of (connected) concealed canonical algebras coincides with the class of all
connected algebras with a separating family of stable tubes. It is also known
that the class of concealed canonical algebras of type (p1,p2) coincides with
the class of hereditary algebras Euclidean types Ap,, m > 1 (see [15]).

We need the following facts on the Hochschild cohomology of concealed
canonical algebras, proved in [I2] Proposition 1.6] and [13, Theorem 2.4].

ProproSITION 3.1. Let C be a connected concealed canonical algebra of
type (p1,p2). Then HY(C) =k, H*(C) =0 for n > 2, and

(1) HI(C)’E’]{ Zf p17p222;
(H) HI(C) = k2 /Lf p1 = 1; b2 Z 27
(iii) HY(C) = k3 if p1 = p2 = 1.

PROPOSITION 3.2. Let C' be a connected concealed canonical algebra of
type (p1,...,pt) with t > 3. Then H°(C) = k, H*(C) = k'=3, and H"(C)
=0 forn #0,2.

4. Admissible operations. Recall from [9,[36] that a translation quiver
I' is called a tube if it contains a cyclic path, and if its underlying topological
space is homeomorphic to S* x R* (where S! is the unit circle, and R* the
nonnegative real half-line). A tube has only two types of arrows: arrows
pointing to infinity and arrows pointing to the mouth. Tubes containing
neither projective vertices nor injective vertices are called stable. Recall that

if Ay is the quiver 0 — 1 — 2 — ---, then ZA, is the translation quiver
(i —1,0) (4,0) (i +1,0) (i +2,0)
N N N

with 7(i,7) = (i —1,j) for i € Z, j € N. For r > 1, denote by ZA,/(7") the
translation quiver I' obtained from ZA., by identifying each vertex (i,7)
of ZA~ with the vertex 77(7, j), and each arrow = — y in ZA,, with the
arrow 7"z — 71"y. Translation quivers of the form ZA./(7"), r > 1, are
called stable tubes of rank r. The rank of a stable tube I is the least positive
integer r such that 7"z = z for all x in I'. A stable tube of rank 1 is said
to be homogeneous. The T-orbit of a stable tube I' formed by all vertices
having exactly one direct predecessor is said to be the mouth of I'.
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We also note that the generalized canonical algebras (introduced in [45])
provide a wide class of algebras whose Auslander—Reiten quivers admit gen-
eralized standard stable tubes.

It has been proved in [25, Theorem A] that a connected component I’
of I'4 is almost cyclic and coherent if and only if I" is a generalized multicoil
obtained from a family of stable tubes by a sequence of operations called
admissible. Our task in this section is to recall the latter and simultaneously
define the corresponding enlargements of algebras.

For r > 1, we denote by T, (k) the r x r lower triangular matrix algebra

k0O ... 00
k' kO ..00
k' k k ... 00
kk k ... kO

Given a generalized standard component I' of I'4, and an indecompos-
able module X in I', the support S(X) of the functor Homu (X, —)|r is
the k-linear category defined as follows [4]. Let Hx denote the full sub-
category of I consisting of all indecomposable modules M in I" such that
Homyu (X, M) # 0, and Zx denote the ideal of Hx consisting of all mor-
phisms f : M — N (with M, N in Hx) such that Hom4 (X, f) = 0. We
define S(X) to be the quotient category Hx /Zx. Following the above con-
vention, we usually identify the k-linear category S(X) with its quiver.

From now on let A be an algebra and I' be a family of generalized
standard infinite components of I'4. For an indecomposable module X in I,
called the pivot, one defines five admissible operations (ad 1)-(ad 5) and
their duals (ad 1*)-(ad 5*) modifying the translation quiver I" = (I',7) to
a new translation quiver (I',7’) and the algebra A to a new algebra A’
depending on the shape of the support S(X) (see [25, Section 2| for figures
illustrating the modified translation quivers I").

(ad 1) Let ¢t € N and assume S(X) consists of an infinite sectional path
starting at X:
X=Xo—>X1—>Xo—---.
If t > 1 then D = Ty(k) and Y3,...,Y; denote indecomposable injective

D-modules with Y = Y] the unique indecomposable projective-injective D-
module. We define the modified algebra A’ of A to be the one-point extension

A = (Ax D)X @Y],
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and the modified translation quiver I of I' to be obtained by inserting in
I' the rectangle consisting of the modules Z;; = (k, X; @Y, [H) for i > 0,
1 <j <t and X| = (k, X;,1) for i > 0. The translation 7" of I"" is defined as
follows: T/Zz‘j = Zz',l?jfl if 4 2 1, j Z 2, T/Zil = Xifl if 4 2 1, T/Z()j = }/];1
if j > 2, Zoy is projective, 7' X} = Y;, 7' X! = Z; 1, if i > 1, 7(771X;) = X
provided X; is not an injective A-module, otherwise X7 is injective in I". For
the remaining vertices of I, 7/ coincides with the translation of I", or I'p,
respectively.

Finally, if ¢ = 0 we define the modified algebra A’ to be the one-point
extension A’ = A[X], and the modified translation quiver I" to be the
translation quiver obtained from I' by inserting only the sectional path
consisting of the vertices X/, i > 0.

The nonnegative integer ¢ is such that the number of infinite sectional
paths parallel to Xg — X7 — X9 — --- in the inserted rectangle equals
t+ 1. We call t the parameter of the operation.

In case I' is a stable tube, it is clear that any module on the mouth of
I" satisfies the condition for being a pivot for the above operation. Actually,
the above operation is, in this case, the tube insertion as considered in [9].

(ad 2) Suppose that S(X) admits two sectional paths starting at X, one
infinite and the other finite with at least one arrow:

Vi Y+ X=X X1 > Xg—> -

where t > 1. In particular, X is necessarily injective. We define the modified
algebra A’ of A to be the one-point extension A’ = A[X], and the modified
translation quiver I'" of I' to be obtained by inserting in I' the rectangle
consisting of the modules Z;; = (k:,Xi Y], [H) fori >1,1<j <t and
X! = (k,X;,1) for i > 1. The translation 7" of I is defined as follows: X is
projective-injective, 7' Z;; = Z;_1 ;111> 2, > 2,725 = X;q ifi > 1,
TZ =Y it j > 2, 7X] = Zigifi > 2, 77X =Y, 7(r7IX) = X
provided X; is not an injective A-module, otherwise X is injective in I".
For the remaining vertices of I/, 7/ coincides with the translation 7 of I".

The integer ¢ > 1 is such that the number of infinite sectional paths
parallel to Xg — X7 — X2 — --- in the inserted rectangle equals ¢ + 1. We
call ¢t the parameter of the operation.

(ad 3) Assume S(X) is the mesh-category of two parallel sectional paths:

i =-= Y% —» -+ = Y
T T T
X=Xy, - X1 —» -+ = X1 = Xy —--

where ¢ > 2. In particular, X;_; is necessarily injective. Moreover, we
consider the translation quiver I' of I' obtained by deleting the arrows
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Y, — T;l}/i_l. We assume that the union I' of the connected components
of I' containing the vertices Tlei_l, 2 < i < t, is a finite translation quiver.
Then I is the disjoint union of I and a cofinite full translation subquiver 1™,
containing the pivot X. We define the modified algebra A" of A to be the
one-point extension A’ = A[X], and the modified translation quiver I of I"
to be obtained from I'* by inserting the rectangle consisting of the modules
Zij = (b, X; @Y}, [1]) fori > 1,1 <j <t j<i and X = (k X;,1)
for ¢ > 1. The translation 7" of I is defined as follows: X/, is projective,
T’Zij == Zi—l,j—l le Z 2, 2 S j S t, T/Zil == Xi—l le Z 1, T/XZ{ == Y; if
1<i<t,7'X]=Zi 1, ifi > t41,7'Y; = X ,if2 <j <t,7'(77'X;) = X]
if 4 > ¢ provided Xj is not injective in I", otherwise X! is injective in I"". For
the remaining vertices of I/, 7/ coincides with the translation 7 of I"*. We
note that X/ is injective.

The integer t > 2 is such that the number of infinite sectional paths
parallel to Xo — X7 — X9 — -+ in the inserted rectangle equals ¢ + 1. We
call t the parameter of the operation.

(ad 4) Suppose that S(X) consists of an infinite sectional path starting
at X,

X=X X1 —-Xo— -,

and let
Y=Y1-Ys— - =Y

with ¢ > 1 be a finite sectional path in I'4. Let » € N. Moreover, we consider
the translation quiver I" of I" obtained by deleting the arrows Y; — 7'21}/,‘_1.
We assume that the union I" of the connected components of I" containing
the vertices Tglﬁ_l, 2 < i <'t,is a finite translation quiver. Then I is the
disjoint union of I’ and a cofinite full translation subquiver I'*, containing
the pivot X. For r = 0 we define the modified algebra A’ of A to be the
one-point extension A’ = A[X @ Y], and the modified translation quiver I’
of I' to be obtained from I'™* by inserting the rectangle consisting of the
modules Z;; = (k:,XZ- DYj, [H) fori >0,1<j <t and X] = (k, X;,1)
for i > 1. The translation 7’ of I'" is defined as follows: 7'Z;; = Z;_; j_1 if
1>1,5 > 2, 771 = X;-1 if i > 1, T/Z()j =Y, 1 if j > 2, Zy; is projective,
TX) =Yy, X! = Zi—1y ifi > 1, 7(771X;) = X provided X; is not
injective in I', otherwise X/ is injective in I"”. For the remaining vertices
of I'', 7/ coincides with the translation of I'*.

For r > 1, let G = T;.(k), let Ui 41,Uz¢+41,...,Ur 41 denote the inde-
composable projective G-modules, and Uy 411, Uy t42, ..., Uy 4, denote the
indecomposable injective G-modules, with U, ;41 the unique indecompos-
able projective-injective G-module. We define the modified algebra A’ of A
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to be the triangular matrix algebra of the form

A 00 ...0
Y kO 00
P Y kk ... 0
Y kk ... kO
XoY k k ... k k]

with 742 columns and rows, and the modified translation quiver I of I" to be
obtained from I'* by inserting the rectangles consisting of the modules Uy =
(k, Y1 ® Usgq1, [1]) for 1 < s <r, 1 <1<t and Z; = (k, X; ® Uy, [1])
fori >0,1<j<t+r, and X/ = (k,X;,1) for i > 0. The translation 7/
of I’ is defined as follows: T/Zij = Zi—l,j—l if ¢ > 1, j > 2, T/Zﬂ = Xz'—l if
i>1,72y =Upj_1if2 < j <t+r, Zn,Uk, 1 <k < r are projective,
T Uy = Uk—l,l—l f2<k<r,2<I<t+r,7U;=Y_1if2<1<t+1,
7' XY = Uppr, X! = Zic1 440 if i > 1, 7/(771X;) = X/ provided X; is not
injective in I', otherwise X/ is injective in I". For the remaining vertices
of I'", 7' coincides with the translation of I'*, or I, respectively.

We note that the quiver Q4 of A’ is obtained from the quiver of the
double one-point extension A[X]|[Y] by adding a path of length r + 1 with
source at the extension vertex of A[X] and sink at the extension vertex
of A[Y].

The integers ¢ > 1 and » > 0 are such that the number of infinite
sectional paths parallel to X9 — X; — X9 — --- in the inserted rectangles
equals t +r + 1. We call t 4+ r the parameter of the operation.

To define of the next admissible operation we also need finite versions of
the admissible operations (ad 1)—(ad 4), which we denote by (fad 1)—(fad 4),
respectively. In order to obtain these operations we replace all infinite sec-
tional paths of the form Xy — X; — X3 — --- (in the definitions of (ad 1)—
(ad 4)) by finite sectional paths of the form Xy — X; — X9 — -+ — X,.
For the operation (fad 1) we have s > 0, for (fad 2) and (fad 4) we have
s > 1, and for (fad 3) we have s > ¢ — 1. In all the above operations, X is
injective (see [25] or [26] for the details).

(ad 5) We define the modified algebra A’ of A to be the iteration of the
extensions described in the definitions of the admissible operations (ad 1)—
(ad 4), and their finite versions corresponding to the operations (fad 1)-
(fad 4). The modified translation quiver I of I' is obtained in the following
three steps: first we perform on I" one of the operations (fad 1)—(fad 3), next
a finite number (possibly empty) of times the operation (fad 4) and finally
the operation (ad 4), all in such a way that the sectional paths starting from
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all the new projective vertices have a common cofinite (infinite) sectional
subpath.

Finally, together with the admissible operations (ad 1)—(ad 5), we con-
sider their duals, denoted by (ad 1*)—(ad 5*). These ten operations are
now called the admissible operations. Following [25] a connected transla-
tion quiver I" is said to be a generalized multicoil if I' can be obtained from
a finite family 71, ..., 7T; of stable tubes by iterated application of admissible
operations (ad 1), (ad 1%), (ad 2), (ad 2*), (ad 3), (ad 3*), (ad 4), (ad 4%),
(ad 5) or (ad 5*). If s = 1, such a translation quiver I" is said to be a gener-
alized coil. The admissible operations of types (ad 1)—(ad 3), (ad 1*)—(ad 3*)
have been introduced in [2] [4] 5], and the admissible operations (ad 4) and
(ad 4*) for r =0 in [20].

Observe that any stable tube is trivially a generalized coil. A tube (in the
sense of [9]) is a generalized coil having the property that each admissible
operation in the sequence defining it is of the form (ad 1) or (ad 1*). If we
apply only operations of type (ad 1) (respectively, of type (ad 1*)) then such
a generalized coil is called a ray tube (respectively, a coray tube). Observe
that a generalized coil without injective (respectively, projective) vertices is
a ray tube (respectively, a coray tube). A quasi-tube (in the sense of [39]) is a
generalized coil with the property that each of the admissible operations in
the sequence defining it is of type (ad 1), (ad 1*), (ad 2) or (ad 2*). Finally,
following [3] a coil is a generalized coil having the property that each of the
admissible operations in the sequence defining it is of one of the forms (ad 1),
(ad 1%), (ad 2), (ad 2*), (ad 3) or (ad 3*). We note that any generalized
multicoil I" is a coherent translation quiver with trivial valuations, and its
cyclic part .I" (the translation subquiver of I" obtained by removing from I
all acyclic vertices and the arrows attached to them) is infinite, connected
and cofinite in I', and so I is almost cyclic.

Finally, let C' be a (not necessarily connected) concealed canonical al-
gebra and T¢ a separating family of stable tubes of I'c. Following [26] we say
that an algebra A is a generalized multicoil enlargement of C' using modules
from T if there exists a sequence of algebras

C=A9,Ar,... A, = A

such that A;y; is obtained from A; by an admissible operation of one of
the types (ad 1)—(ad 5), (ad 1*)—(ad 5*) performed either on stable tubes
of Ta,, or on generalized multicoils obtained from stable tubes of T4, by
means of operations done so far. Observe that this definition extends the
concept of a coil enlargement of a concealed canonical algebra introduced
in [5]. We note that a generalized multicoil enlargement A of C' invoking
only admissible operations of type (ad 1) (respectively, of type (ad 1*)) is
a tubular extension (respectively, tubular coextension) of C' in the sense
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of [36]. An algebra A is said to be a generalized multicoil algebra if A is a
connected generalized multicoil enlargement of a product C' of connected
concealed canonical algebras.

In order to formulate our main result, we define some numerical in-
variants of A. Let A be a generalized multicoil enlargement of a concealed
canonical algebra C'. Let C = Cp x -+ x C; X Cj31 X - -- X Cp, be a decom-
position of C' into a product of connected algebras such that Cy,...,C; are
of type (p1,p2) and Cj4q,...,Cy, are of type (p1,...,p:) with t > 3. By h;
we denote the number of all homogeneous tubes from I, with 1 < i </
used in the whole process of creating A from C, and h; =0if [+1 < i < m.
Moreover, let

if C; is of type (p1,...,p:) with ¢ > 3,

P1,p2) With p1,pa > 2,
p1,p2) with p; =1, pa > 2,
p1,p2) with p; = py =1,

for i € {1,...,m}. We also define fc, = max(e; — h;,0) for ¢ € {1,...,m}
and set fa =Y ", fc, = Zi:l fc,. Note that we can apply (ad 4), (fad 4),
(ad 4%), (fad 4*) in two ways. The first way is when the sectional paths
occurring in the definitions of these operations come from a component or
two components of the same connected algebra. The second one is when
these sectional paths come from two components of two connected algebras.
We denote by d4 the number of operations of type (ad 4), (fad 4), (ad 4*)
and (fad 4*) used in the whole process of creating A from C which are
of the first type. Moreover, we denote by v; the number of all admissible
operations of type (ad 1), (ad 1*), (ad 4), (ad 4*), (ad 5) and (ad 5*) applied
to an indecomposable pivot or copivot A;-module X lying on the mouth of
a stable tube of rank one in the whole process of creating of A from C.
Next, we define the nonnegative integer numbers r; = max(v; — ¢;,0) and
ra = > i, r;. Finally, we set p; = max(t; — 3,0), 1 < i < m, where t; is
the number of arms of the algebra C;, and define the invariant p4 of A by
pa =300 =200 P

PROPOSITION 4.1 ([26, Proposition 3.7]). Let C be a concealed canonical
algebra, To a separating family of stable tubes of I'c, and A a generalized
multicoil enlargement of C' using modules from To. Then I'4 admits a gener-
alized standard family C4 of generalized multicoils obtained from the family
To of stable tubes by a sequence of admissible operations corresponding to
the admissible operations leading from C to A.

if C; is of type
if C; is of type

W N = O
~~ o~ —~

if C; is of type

Let A be an algebra with a separating family C4 of almost cyclic coherent
components in I'4, and ind A = P4V Cq V Q4. Then, by [26l Theorem CJ,
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there are uniquely determined quasitilted algebras A; and A, such that
Pa =Py, and Q4 = Q4,. Moreover, from the proof of [26], Theorem C] we
obtain the following fact.

PROPOSITION 4.2. Let A be an algebra with a separating family of almost
cyclic coherent components in I'4. Then:

(i) A can be obtained from A; by a sequence of admissible operations of
types (ad 1)—(ad 5).

(ii) A can be obtained from A, by a sequence of admissible operations of
types (ad 1*)—(ad 5%).

5. Proof of Theorem [1.1]

(i) It follows from [26] Theorem E(iv)] that gl.dim A < 3, and hence
H™(A) =0 for n > 4. Moreover, we know (see details below) that A can be
obtained from a concealed canonical algebra C' by one-point extensions or
one-point coextensions. Applying [27], Proposition 2.6, where we proved that
if M is a module in addC4 then Ext’y(M, M) = 0 for r > 2, Propositions
and Theorem (and its dual) we obtain H3(A) = 0.

(iv) It follows from [26, Corollary B] that the ordinary quiver of A has
no oriented cycles. Since A is connected, the center of A is a field, so that
HO(A) = k. Hence dimy H°(A) = 1.

(ii), (iii) From [26, Theorem A] we may assume that A is a generalized
multicoil enlargement of a concealed canonical algebra C. Let C' = C7 x
-+ x Oy, be a decomposition of C' into a product of connected algebras and
let h;i,e;,v;, 7, p; and pa,7Ta,da, fa be as above. We shall prove our claims
by induction on the number n of admissible operations leading from C' to
the algebra A.

Assume n = 1. Then we can only apply an admissible operation of type
(ad 1) or (ad 1*). In particular, we have m = 1 and d4 = 0. Assume that A
is obtained from C by applying an operation of type (ad 1). Then A = C[X]
ift=0,and A= (C x D)[X®Y]if t > 1, where the C-module X is the
pivot and Y is the unique indecomposable projective-injective D-module
(see definition of (ad 1)). From Theorem and the statements (i), (iv)
established above, we have the following exact sequences:

0— k — k— Homg(X, X)/k — H' (A) = H(C) — Ext5(X, X)
— H?*(A) = H*(C) — Ext4(X,X) = 0
if t =0, and
0—k—k? = Homexp(X @Y, X @Y)/k — H'(A) — H'(C x D)
— Extiyp(X @Y, X ®Y) — H*(A) — H*(C x D)
— ExtZ, p( XY, XDY) =0
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if ¢ > 1. In this case X is an indecomposable module from the mouth of a
stable tube of I'x, and Y is either zero or a directing D-module. Therefore
we have Home (X, X) = k, Homp(Y,Y) = k, and hence

Homexp(X @Y, X @Y) = Home (X, X) @ Homp(Y,Y) 2 k@ k = k2.
Moreover,
Extoy p(X @Y, X @Y) =2 Exth (X, X) @ Exth(V,Y) = Exts (X, X)

for i > 0. Always H(C x D) = H'(C) for i = 1,2. We have the following
four cases:

(1) I =1, hy = 1. Then Ext5 (X, X) = k and Ext% (X, X) = 0, because
pde X = 1. Moreover, by our assumption on C' and by Proposition we
have H2(C) = 0. Hence, from the above exact sequences, we deduce that
dimy, H'(A) = dimy H'(C)—1 = d4 + fa and dimy H%(A) = dimy, H%(C) =
0=pa+ra.

(2) I = 1, hy = 0. Then Ext} (X, X) = Ext%(X,X) = 0. Moreover,
by our assumption on C, we have H?(C) = 0. Then from the above exact
sequences we obtain dimy H'(A) = dimy H'(C) = e1 = fo, = da + fa,
dimy, H?(A) = dimy, H*(C) = 0 = pa +7a.

(3)1=0,h; =0, v; = 1. Then we get Ext} (X, X) = k, Ext2 (X, X) = 0.
Moreover, by our assumption on C, we have H'(C) = 0. So from the above
exact sequences we find that dimy H'(A) = dim, H(C) = 0 = da + fa,
dimy, H?(A) = dimp H>(C) +1=p1+1=pa+1=pa+7a.

(4) 1 =0, hy = 0, vy = 0. Then Ext}(X,X) = Ext3(X,X) = 0.
Moreover, by our assumption on C, we have H'(C) = 0. Then from the
above exact sequences we infer that dimy H'(A) = dim HY(C) = 0 =
da+ fA, dimy, H2(A) = dimy, Hz(C) =pA+TA.

If the algebra A is obtained from C by applying (ad 1*), then the proof
is dual.

Let n > 1 and I' be a generalized multicoil of I'4 which is obtained
from a finite family 77, ..., T, of stable tubes of I'». Assume that the state-
ment holds for n — 1, so after applying n — 1 admissible operations we
have a disjoint union of a finite family of generalized multicoils (21, ..., {2,
1 < g < s. If the nth admissible operation is of type (ad 1), (ad 1%),
(ad 2), (ad 2*), (ad 3) or (ad 3*) then ¢ = 1, so I" is obtained from {2;.
Note that we can apply an admissible operation (ad 2), (ad 3), or (ad 4)
(that is, also (ad 5)) (respectively (ad 2*), (ad 3*), (ad 4*)) if the num-
ber of all successors (respectively, predecessors) of the module Y; (which
occurs in the definitions of the above admissible operations) is finite for
each 1 < ¢ < t. Indeed, if this is not the case, then the family of gener-
alized multicoils obtained after applying such admissible operations is not
sincere, and then it is not separating. If the nth admissible operation is
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of type (ad 1), then let A = B[X] if ¢t =0, and A = (B x D)X & Y]
if ¢ > 1, where X is an indecomposable nondirecting B-module (pivot)
and Y is either zero or a directing D-module. Therefore Homp(X, X) = k,
Hompxp(X @Y, X @Y) = Homp(X,X) ® Homp(Y,Y) = kD k = k2,
and Exty, n(X @Y, X @Y) = Exty(X, X) @ Exth(Y,Y) = Exty(X, X)
for i > 1. Moreover, H'(B x D) = H'(B) and H?(B x D) & H?(B). Then
from Theorem and the statements (i), (iv) we have the following exact
sequences:

0—k—k—0— HY(A) - HY(B) 5 Ext(X, X)
— H*(A) —» H*(B) — Ext4(X,X) = 0
if t=0, and
0 k—k =k HY(A) - HY(B) % Exth(X, X)
— H?*(A) - H*(B) — Ext}(X,X) = 0
ift > 1.
Note that B is a connected algebra. We will show that Ext%(X, X) = 0.
Clearly, we may assume that X is noninjective. Denote by {2 the generalized

multicoil of I'p containing X. Let 0 — X 2y E be an injective envelope of X
in mod B, and V be the cokernel of j. Then Ext%(X, X) = Ext5(X, V). In
order to prove that Ext%(X, X) = 0, it is sufficient to show, by [40, Lemma
5.7], that mod B has no path W — --- — X with W an indecomposable
direct summand of V. Since 2 is standard (see [25, Section 3]) and convex,
we infer from the proof of [40, Theorem 5.1] that Ext%(X, X) = 0. Note
that the Auslander-Reiten formula gives an isomorphism Exth(X, X) =
DHomp (7~ X, X). We have three cases:

(1) fa = fB, ra = rp + 1. Then Exth(X,X) = k, n = 0 and from
the above exact sequences we deduce that dimy H'(A) = dim, H(B) =
dp+ fp = da+ fa, dim, H*(A) = dimy H*(B)+1 =pp+rp+1=pa+ra.

(2) fB #0, fa= fg—1,74 = rg. Then Ext}(X, X) =k, # 0 and from
the above exact sequences we find that dimy H'(A) = dimy HY(B) — 1 =
dp+ fp —1=da+ fa, dim H*(A) = dimy H*(B) = pp +rB = pa +7A.

(3) fa = fB, 74 = rp. Then Exth(X, X) = 0 and from the above exact
sequences we infer that dimy, H'(A) = dimy H'(B) = dg + f = da + fa,
dimy, H?(A) = dimy, H*(B) = pp + 75 = pa +7a.

If the operation is of type (ad 1*), then the proof is dual.

If the nth admissible operation is of type (ad 2) then let A be the algebra
obtained from B by applying this admissible operation with pivot X, so
A = B[X]. Note that B is a connected algebra. From Theorem and the
statements (i), (iv) we have the exact sequence

(*) 0=k —k— Homp(X,X)/k — H'(A) — H'(B) — Exth(X, X)
— H?*(A) — H*(B) — Ext%(X, X) — 0.
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From the definition of the operation (ad 2) we know that X is an injective
B-module, so Exth(X, X) = ExtQB(X,X) = 0. Since X is the pivot, we get
Homp (X, X) = k. Moreover, dg = dp, fa = fB, pA = pB, ra = rp, for
arbitrary t > 1. Therefore, by the above remarks, by the exact sequence
(%) and by our inductive assumption we have dimy, H'(A) = dimy H'(B) =
dp + fp=da+ fa, dimyg HQ(A) = dimy, H2(B) =pp+rp=pa+ra.

If the admissible operation leading from B to A is of type (ad 2*), then
the proof is dual.

If the nth admissible operation is of type (ad 3) then let A be the alge-
bra obtained from B by applying this admissible operation with pivot X,
so A = B[X]. Note that B is a connected algebra. Again, from Theorem
and the statements (i), (iv) we have the exact sequence (x). Denote

by {2 the generalized multicoil of I'p containing X. Let 0 — X L E be
an injective envelope of X in mod B and V be the cokernel of j. Then
Ext% (X, X) = Exth(X,V). Again, in order to prove that Ext%(X, X) =
0, it is sufficient to show, by [40, Lemma 5.7], that mod B has no path
W — ... — X with W an indecomposable direct summand of V. Since {2 is
standard (see [25, Section 3]) and convex we infer from the proof of [40, The-
orem 5.1] that Ext%(X, X) = 0. Moreover, the Auslander-Reiten formula
gives Exth(X, X) = DHomp (7~ X, X), and by definition of (ad 3) we have
DHompg(77X,X) = DHomp(7~ X, X) = DHomp(Y2, X) = 0, where Y3 is
a directing B-module. Again, X is the pivot, which yields Hompg(X, X) = k.
We have d4 = dp, fa = fB, pa = pB, T4 = rp, for arbitrary t > 2.
Hence, by the above remarks, by the exact sequence (x) and by our induc-
tive assumption we have dimy H'(A) = dimy H'(B) = dg + fg = da + fa,
dimy, H?(A) = dimy H?(B) = pg +7rB = pa +74.

If the admissible operation leading from B to A is of type (ad 3*), then
the proof is dual.

If the nth admissible operation is of type (ad 4) then let A be the algebra
obtained from B by applying this admissible operation with pivot X, so for
r=0, A= B[X &Y], and for r > 1,

SR _
Y kO ..
Y kk ...00
A=
Y kk ... kO
XoY k k ... k k

with r + 2 columns and rows. In this case ¢ = 1 or ¢ = 2, so I' is obtained
from {2 or from the disjoint union of two generalized multicoils §2, £2'.
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If » = 0, then by Theorem and condition (i) we have the exact
sequence

0— H°(A) - H*(B) - Homp(X @Y, X ®Y)/k — H'(A) — H'(B)
S Exth(XaY,X®Y) - H*(A) - H*B) - Ext3(X @Y, X DY) — 0.
If » > 1, then observe that the modified algebra A of B can be obtained
by applying 7 + 1 one-point extensions in the following way: By = B[Y)],
Bl = Bo[Yl], BQ = Bl[YQ],..., Br—l = Br—2[}/r—1] and ﬁnally A= BT =
B,_1[X @ Y;], where Yy =Y, and Y} is a projective B;_i-module such that
radY; = Y;_q, for r > 1,1 < j < r. Therefore, from Theorem and the
statement (i) we have the following finite sequence of exact sequences:

0 — H°(By) — H°(B) — Homp(Yy, Yy)/k — H*(By) — H'(B)
— BExty (Yo, Yo) — H?(By) — H*(B) — Ext%(Yy, Yy) — 0,
0 — H°(B;) = H*(B;_1) — Homp, ,(Y;,Y;)/k — H(B;) — H'(B;_)
— Exty_ (Y;,Y;) » H*(B;) = H*(Bi—1) — Bxtp,_,(Y;,Yi) = 0,
fori=1,...,7r—1, and
0— H°(A) —» H(B,_1) — Homp,_ (X ®Y,, X ®Y,)/k — H'(A)
— H'(B,1) > Extp (X &Y, X&Y,) = H*(A) - H*(B,_1)
—Exty (X@Y,XaY,)—0.
Since the modules Y, Y7, ..., Y, are directing and X is a pivot, we get
Homp(X @Y, X @Y) = Homp(X,X) @ Homp(Y,Y) 2 k@ k = k?
Exth(X @Y, X &Y) = Extl(X, X) @ Ext’(Y,Y) = Ext) (X, X),
for j =1,2,
Homp (Yo, Yp) = k
Homp, ,(Y:,Y;) =k
fori=1,...,r—1,
Homp, (X @Y, X®Y,)= Homp, ,(X,X)® Homp, ,(Y;,Y;)
ke k= k2,
Ext, (Xe&VY,XeVY,)=Ext, (X X)eity (V.Y

-1 -1 -1

~ Ext}, (X, X)

-1

Exth(Yp, Yo) = Ext%(Yp, Yy) = 0,
Extp, (Y3, Y;) = Exty, (¥, Y;) =0,

Y
Y

1

for j = 1, 2. Therefore, for r > 1, we obtain
H"(By) = H’(B), H'(Bo) = H'(B), H*(By) = H*(B),
HY(B;) =2 H°(B;_1), H'(B;)=HY(B;_1), H*B;)=H?*B;1),

12
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where i = 1,..., 7 — 1. These isomorphisms imply H’(B) = H/(B,_),
j=0,1,2.
Hence, for » = 0 we have the exact sequence

(x%x) 0— H°(A) —» H°(B) —» k — H'(A) —» HY(B) 2 Exth(X, X)
— H?*(A) - H*(B) — Ext}(X, X) — 0,
and for r > 1 we have the exact sequence
0— H°(A) —» H°(B) —» k — H'(A) - H'(B) — Extp _ (X, X)
— H*(A) —» H*(B) — Exty (X, X) — 0.

In order to simplify the notation we will consider the case when r = 0, so
X is an B-module, because the proof for > 1 is the same (just replace B by
B,_1). Note that in our situation the algebra B is not necessarily connected.
Without loss of generality we may assume that X belongs to the generalized
multicoil 2 of I's. We shall show now that Ext% (X, X) = 0. Clearly, we may

assume that X is noninjective. Let 0 — X 2, F be an injective envelope
of X in mod B, and V be the cokernel of j. Then Ext% (X, X) = Exth (X, V).
Again, in order to prove that ExtQB(X,X ) = 0, it is sufficient to show,
by [40, Lemma 5.7], that mod B has no path W — --- — X with W an
indecomposable direct summand of V. In our case the full subcategory
Homp(X, £2) of the vector space category Homp (X, mod B) consisting of
all objects Homp(X, V) # 0 with V from (2 has the form

Homp (X, Xo) - Homp(X, X1) - Homp(X, X2) — - --

with X = Xj.

If all modules X;, ¢ > 0, are noninjective then FE is a direct sum of
modules which do not belong to 2. Then, since {2 is convex, mod B has no
path W — ... — X with W an indecomposable direct summand of V.

Hence assume that one of the modules X; is injective. Let s be the
smallest index such that X is injective. Then (2 contains a full translation
subquiver

Zy = Ly — - = L
T T T
X=Xy - X1 = Xo = -+ = X5 = Xgp1 — -
and there is an exact sequence (see [2, (2.2)])

0—-X—>Xs—Z;—0.

Since X; is indecomposable, we get F = X, and V = Z,. Moreover, (2 is
standard (see [25, Section 3]) and is the convex generalized multicoil of I'p,
which implies that there is no path in mod B from Z, to X, and so our claim
follows.
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Assume first that B is a connected. Then by (iv) we get H(B) =
H°(A) = k, and by our inductive assumption we have dimy H!'(B) =
dp + fp, dim H*(B) = pp + rp. Moreover, d4 = dg + 1. Hence, by the
above remarks and from the exact sequence (xx) we get three cases:

(1) fa= fB,ra =7B, pA = pp. Then Ext}B(X,X) = 0 and we deduce
that dim;, Hl(A) = dimy, Hl(B)—l-l = dB+fB+1 = dA—i-fA, dimy, HQ(A) =
dimy H*(B) = pp +rg =pa +7a.

(2) fa= fB,7a=r+1, pa =pp. Then Exth(X, X) =k, n =0 and
we infer that dimy H'(A) = dim, H'(B) + 1 =dp + fg +1 = da + fa,
dimy, H2(A) = dimp H*(B) +1=pp +rp+1=pa +7a.

(3) f8 #0, fo = fg — 1,74 = r5, pa = pg. Then Exth(X, X) = k,
1 # 0 and we have the factorization

0—k—okSk— HY(A) — HYB) 5k H2A) — HX(B)—0

p e
km
where m = dimy H'(B) — 1. Note that fg # 0, so dimy H'(B) > 1. Hence,
dimy H'(A) = dimy HY(B) = dp + fp = da— 1+ fa+1 = da + fa,
dimy, H?(A) = dimy H*(B) = pg +7rB = pa +74.

Assume now that B is not connected. Then by (iv) we see that H(B) 2 k?,
H°(A) 2k, and by our inductive assumption we have dimy H'(B)=dg+fg,
dimy, H?(B) = pp + rp. Moreover, d4 = dp. Hence, by the above remarks
and from the exact sequence (xx) we again get three cases:

(1) fa = fp, ra = rB, pa4 = pp. Then Ext}B(X,X) = 0 and we find
that dlmkH1<A) = dlmkHl(B) = dp + fB = ds + fA; dlmkHQ(/U =
dimy, H*(B) = pp + B = pa + Ta.

(2) fa = fg, 7a = rg+ 1, pa = pp. Then Exth(X,X) 2k, n =0
and we deduce that dimy H'(A) = dimy H'(B) = dp + fp = da + fa,
dimy, H?(A) = dimy H*(B) +1=pg +rp+1=pa +7a.

(3) f8 #0, fa = fg — 1,74 = r, pa = pg. Then Exth(X, X) = £k,
n # 0 and we have dimy H'(A) = dim, H'(B) -1 =dg+ fg—1=da+ fa,
dimy, H?(A) = dimy H*(B) = pg +r = pa +74.

If the admissible operation is of type (ad 4*), then the proof is dual.

If the nth admissible operation is of type (ad 5) then I" is obtained from
the disjoint union of the finite family of generalized multicoils (21, ..., {2,
1 < ¢ < s. Since in the definition of (ad 5) we use the finite versions (fad 1)-
(fad 4) of the admissible operations (ad 1), (ad 2), (ad 3), (ad 4) and the
admissible operation (ad 4), we conclude that the required statement follows
from the above considerations. For type (ad 5*) the proof is dual.

This finishes the proof of Theorem 1.1.
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6. Examples. We present two examples illustrating Theorem and
Corollary

ExXAMPLE 6.1. Consider the algebra A given by the quiver

\/

bound by aA = 0, YA = 0, pA =0, p8 = 0, pd = 0, op = 0. We first
show that A is a generalized multicoil enlargement of a concealed canonical
algebra C'. Indeed, let C' be the hereditary algebra of Euclidean type Dy
given by the vertices 1,2, 3,4, 5. Consider the dimension-vectors
00 oo 00 00
ay= 1, @@= g9, b1=gg, b2= o0
00 00 10 11

We apply (ad 1*) to C with pivot the simple regular C-module with dimen-
sion-vector aj, and with parameter ¢ = 2. The modified algebra B is given
by the quiver with the vertices 1,...,8 bound by aA = 0, yA = 0. Finally, we
apply the admissible operation (ad 4) to B with pivot the simple B-module
X with dimension-vector as and with the finite sectional path Y7 — Y5 in
I'p consisting of all indecomposable B-modules Y7 and Y with dimension-
vectors by and bg, respectively, and with parameter » = 0. The modified
algebra is then equal to A.

We now compute the Hochschild cohomology spaces of A. We have
da =1, f4 =0, pa = 0, r4 = 0. Hence, applying Theorem we get
dimg HY(A) = 1, dimy HY(A) = da + fa = 1, dimy H*(A) = pa + 714 = 0,
and H"(A) = 0 for n > 3. In particular, A is an analytically rigid algebra.

EXAMPLE 6.2. Consider the algebra D given by the quiver

\/\
/\/
\/
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bound by aXA = 0, YA = 0, pA =0, pf =0, pd = 0, o = 0, paf =
VB, pad = ayd, where a € k\ {0,1}. Then D is a generalized multicoil
enlargement of the concealed canonical algebra C from Example Indeed,
we apply the admissible operation (ad 1) with parameter ¢ = 0 to the algebra
A from Example with pivot the regular C-module X corresponding to
the indecomposable representation of the form

k k
1 k /[1]
]432 0
la 1]/ \[?]
k k
lying in a stable tube of rank 1 in I'c (see [37, XIII.2.6(d)]). The modified
algebra is then equal to D.
We now compute the Hochschild cohomology spaces of D. We have
dp =1, fp =0, pp = 0, rp = 1. Hence, applying Theorem we get
dimg H0<D) =1, dimy HI(D) =dp+ fp =1, dim HQ(D) =pp+rp=1,

and H"(D) = 0 for n > 3. In particular, D is not an analytically rigid
algebra.

We also mention that there exist connected generalized multicoil algebras
A with arbitrarily large dimy H'(A) and dimy H?(A).

Acknowledgements. This research was supported by the grant DEC-
2011/02/A/ST1/00216 of the Polish National Science Center.

REFERENCES

[1] I. Assem, D. Simson and A. Skowronski, Elements of the Representation Theory of
Associative Algebras 1: Techniques of Representation Theory, London Math. Soc.
Student Texts 65, Cambridge Univ. Press, Cambridge, 2006.

[2] I. Assem and A. Skowroriski, Minimal representation-infinite coil algebras, Manu-
scripta Math. 67 (1990), 305-331.

[3] 1. Assem and A. Skowroriski, Indecomposable modules over multicoil algebras, Math.
Scand. 71 (1992), 31-61.

[4] I. Assem and A. Skowroniski, Multicoil algebras, in: Representations of Algebras,
CMS Conf. Proc. 14, Amer. Math. Soc., Providence, RI, 1993, 29-68.

[5] 1. Assem, A. Skowroriski and B. Tomé, Coil enlargements of algebras, Tsukuba J.
Math. 19 (1995), 453-479.

[6] T. Briistle, J. A. de la Pena and A. Skowroniski, Tame algebras and Tits quadratic
forms, Adv. Math. 226 (2011), 887-951.

[7] H. Cartan and S. Eilenberg, Homological Algebra, Princeton Univ. Press, Princeton,
NJ, 1956.

[8]] C. Chaio, P. Malicki and A. Skowroriski, Degrees of irreducible morphisms in coher-
ent almost cyclic Auslander—Reiten components, J. Algebra 391 (2013), 125-151.


http://dx.doi.org/10.1007/BF02568435
http://dx.doi.org/10.1016/j.aim.2010.07.007
http://dx.doi.org/10.1016/j.jalgebra.2013.06.011

HOCHSCHILD COHOMOLOGY OF ALGEBRAS 253

9]
(10]

[11]
[12]
[13)
[14]
[15]

[16]

(17]
(18]
(19]
20]
(21]
22]
23]
24]
25]
(26]

27]

(28]

29]

30]

31]

G. D’Este and C. M. Ringel, Coherent tubes, J. Algebra 87 (1984), 150-201.

Ch. Geiss and J. A. de la Penia, On the deformation theory of finite dimensional
algebras, Manuscripta Math. 88 (1995), 191-208.

M. Gerstenhaber, On the deformation of rings and algebras, Ann. of Math. 79
(1964), 59-103.

D. Happel, Hochschild cohomology of finite-dimensional algebras, in: Lecture Notes
in Math. 1404, Springer, Berlin, 1989, 108-126.

D. Happel, Hochschild cohomology of piecewise hereditary algebras, Colloq. Math.
78 (1998), 261-266.

D. Happel and C. M. Ringel, Tilted algebras, Trans. Amer. Math. Soc. 274 (1982),
399-443.

D. Happel and D. Vossieck, Minimal algebras of infinite representation type with
preprojective component, Manuscripta Math. 42 (1983), 221-243.

H. Lenzing and H. Meltzer, Tilting sheaves and concealed-canonical algebras, in:
Representation Theory of Algebras, CMS Conf. Proc. 18, Amer. Math. Soc., Prov-
idence, RI, 1996, 455-473.

H. Lenzing and J. A. de la Pena, Concealed-canonical algebras and separating tubular
families, Proc. London Math. Soc. 78 (1999), 513-540.

H. Lenzing and A. Skowronski, Quasi-tilted algebras of canonical type, Colloq. Math.
71 (1996), 161-181.

S. Liu, Tilted algebras and generalized standard Auslander—Reiten components, Arch.
Math. (Basel) 61 (1993), 12-19.

P. Malicki, Generalized coil enlargements of algebras, Colloq. Math. 76 (1998),
57-83.

P. Malicki, Degenerations in the module varieties of almost cyclic coherent Auslander—
Reiten components, Colloq. Math. 114 (2009), 253-276.

P. Malicki, Degenerations for indecomposable modules in almost cyclic coherent
Auslander—Reiten components, J. Pure Appl. Algebra 214 (2010), 1701-1717.

P. Malicki, Domestic generalized multicoil enlargements of concealed canonical alge-
bras, J. Algebra Appl. 13 (2014), 1350105, 10 pp.

P. Malicki, J. A. de la Pena and A. Skowroriski, Finite cycles of indecomposable
modules, J. Pure Appl. Algebra (2014), do0i:10.1016/j.jpaa.2014.07.011.

P. Malicki and A. Skowroniski, Almost cyclic coherent components of an Auslander—
Reiten quiver, J. Algebra 229 (2000), 695-749.

P. Malicki and A. Skowronski, Algebras with separating almost cyclic coherent
Auslander—Reiten components, J. Algebra 291 (2005), 208-237.

P. Malicki and A. Skowronski, On the additive categories of generalized standard
almost cyclic coherent Auslander—Reiten components, J. Algebra 316 (2007), 133—
146.

P. Malicki and A. Skowronski, On the indecomposable modules in almost cyclic
coherent Auslander—Reiten components, J. Math. Soc. Japan 63 (2011), 1121-1154.
P. Malicki and A. Skowronski, Algebras with separating Auslander—Reiten compo-
nents, in: Representations of Algebras and Related Topics, EMS Ser. Congr. Rep.,
Eur. Math. Soc., Ziirich, 2011, 251-353.

J. A. de la Pena and A. Skowronski, Geometric and homological characterizations
of polynomial growth strongly simply connected algebras, Invent. Math. 126 (1996),
287-296.

J. A. de la Pena and A. Skowronski, The Tits and Euler forms of a tame algebra,
Ann. of Math. 315 (1999), 37-59.


http://dx.doi.org/10.1016/0021-8693(84)90165-0
http://dx.doi.org/10.1007/BF02567817
http://dx.doi.org/10.2307/1970484
http://dx.doi.org/10.1090/S0002-9947-1982-0675063-2
http://dx.doi.org/10.1007/BF01169585
http://dx.doi.org/10.1112/S0024611599001872
http://dx.doi.org/10.1007/BF01258050
http://dx.doi.org/10.4064/cm114-2-8
http://dx.doi.org/10.1016/j.jpaa.2009.12.013
http://dx.doi.org/10.1016/j.jpaa.2014.07.011
http://dx.doi.org/10.1006/jabr.2000.8314
http://dx.doi.org/10.1016/j.jalgebra.2005.03.021
http://dx.doi.org/10.1016/j.jalgebra.2007.07.011
http://dx.doi.org/10.2969/jmsj/06341121
http://dx.doi.org/10.1007/s002220050100
http://dx.doi.org/10.1007/s002080050317

254

P. MALICKI AND A. SKOWRONSKI

J. A. de la Pefia and A. Skowroniski, Algebras whose Tits form accepts a mazimal
ommnipresent root, Trans. Amer. Math. Soc. 366 (2014), 395-417.

I. Reiten and A. Skowroriski, Sincere stable tubes, J. Algebra 232 (2000), 64-75.

I. Reiten and A. Skowronski, Characterizations of algebras with small homological
dimensions, Adv. Math. 179 (2003), 122-154.

I. Reiten and A. Skowroriski, Generalized double tilted algebras, J. Math. Soc. Japan
56 (2004), 269-288.

C. M. Ringel, Tame Algebras and Integral Quadratic Forms, Lecture Notes in Math.
1099, Springer, Berlin, 1984.

D. Simson and A. Skowronski, Elements of the Representation Theory of Associative
Algebras 2: Tubes and Concealed Algebras of Euclidean Type, London Math. Soc.
Student Texts 71, Cambridge Univ. Press, Cambridge, 2007.

D. Simson and A. Skowronski, Elements of the Representation Theory of Associa-
tive Algebras 3: Representation-Infinite Tilted Algebras, London Math. Soc. Student
Texts 72, Cambridge Univ. Press, Cambridge, 2007.

A. Skowroniski, Algebras of polynomial growth, in: Topics in Algebra, Banach Center
Publ. 26, Part 1, PWN, Warszawa, 1990, 535-568.

A. Skowronski, Simply connected algebras and Hochschild cohomologies, in: Repre-
sentations of Algebras, CMS Conf. Proc. 14, Amer. Math. Soc., Providence, RI,
1993, 431-447.

A. Skowroriski, Generalized standard Auslander—Reiten components without oriented
cycles, Osaka J. Math. 30 (1993), 515-527.

A. Skowroniski, Generalized standard Auslander—Reiten components, J. Math. Soc.
Japan 46 (1994), 517-543.

A. Skowronski, Simply connected algebras of polynomial growth, Compos. Math. 109
(1997), 99-133.

A. Skowroniski, Tame quasi-tilted algebras, J. Algebra 203 (1998), 470-490.

A. Skowronski, Generalized canonical algebras and standard stable tubes, Colloq.
Math. 90 (2001), 77-93.

A. Skowronski, On artin algebras with almost all indecomposable modules of projec-
tive or injective dimension at most one, Cent. Eur. J. Math. 1 (2003), 108-122.

A. Skowrorniski and G. Zwara, Degenerations for indecomposable modules and tame
algebras, Ann. Sci. Ecole Norm. Sup. 31 (1998), 153-180.

Piotr Malicki, Andrzej Skowroriski

Faculty of Mathematics and Computer Science
Nicolaus Copernicus University

Chopina 12/18

87-100 Torun, Poland

E-mail: pmalicki@mat.uni.torun.pl

skowron@mat.uni.torun.pl

Received 31 January 2014;
revised 27 May 2014 (6151)


http://dx.doi.org/10.1006/jabr.1999.8386
http://dx.doi.org/10.1016/S0001-8708(02)00029-4
http://dx.doi.org/10.2969/jmsj/1191418706
http://dx.doi.org/10.2969/jmsj/04630517
http://dx.doi.org/10.1023/A:1000245728528
http://dx.doi.org/10.1006/jabr.1997.7328
http://dx.doi.org/10.4064/cm90-1-7
http://dx.doi.org/10.2478/BF02475668

	1 Introduction and the main results
	2 Hochschild cohomology of algebras
	3 Concealed canonical algebras
	4 Admissible operations
	5 Proof of Theorem 1.1
	6 Examples
	REFERENCES

