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Abstract. The incidence coalgebras C = KT of intervally finite posets I and their
comodules are studied by means of their Cartan matrices and the Euler integral bilinear
form be : Z xZY) — 7. One of our main results asserts that, under a suitable assumption
on I, C is an Euler coalgebra with the Euler defect 8¢ : ZY) x ZY) — Z zero and
be(lgth M, 1gth N) = xc¢ (M, N) for any pair of indecomposable left C-comodules M and
N of finite K-dimension, where xc (M, N) is the Euler characteristic of the pair M, N
and lgth M € Z) is the composition length vector. The structure of minimal injective
resolutions of simple left C-comodules is described by means of the inverse €; " € M7 (Z) of
the incidence matrix €; € M;(Z) of the poset I. Moreover, we describe the Bass numbers
ul (S1(a),Sr(b)), with m > 0, for any simple K“I-comodules S;(a), S;(b) by means
of the coefficients of the bth row of C;l. We also show that, for any poset I of width
two, the Grothendieck group Ko(K”I-Comods.;) of the category of finitely copresented
K"I-comodules is generated by the classes [Sr(a)] of the simple comodules S7(a) and the
classes [Er(a)] of the injective covers Er(a) of Si(a), with a € I.

1. Introduction. Throughout this paper, we fix a field K. Given a non-
empty set I, we denote by M (K) the set of all I by I matrices A = [Apglp ger
with A\, € K. The set M;(K) is equipped with the usual K-vector space
structure and (partial) matrix multiplication (which is not associative and
not everywhere defined if I is infinite); see [7, 2.1] and [36].

We denote by M} (K) € M;(K) the associative matrix K-algebra con-
sisting of all matrices A = [A\p,] € M;(K) such that A\,; = 0 for all but
finitely many p,q € I. Obviously, M}(K') has an identity element if and
only if [ is a finite set.

Let I = (I,=) be a poset, that is, I is a partially ordered set with
respect to the partial order relation < (see [25]). The relation < is uniquely
determined by the incidence matriz (see [25]) o

ori =7,

(1.1) Cr = [eilijer €M7 (Z), i = 0 fori j
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where the abelian group

(1.2) M?(Z) = {c = [epglp.ger € MI(Z); cpg = 01if p £ q}

is viewed as a partial subalgebra of M;(Z).

The poset [ is defined to be intervally finite if for any a < b, the interval
[a,b] ={s € I; a <= s = b} is a finite set.

If I is intervally finite then, for any X' = [A};], " = [\/}] € M7 (Z), their
product X - N = [Agplaper, where Agp = Z]EI )\;j ;-’ = Zajjjb )\gj)\;-’b, is
well defined and lies in M7 (Z). Hence, M7 (Z) is an associative K-algebra
and the matrix F, with 1’s on the main diagonal and zeros elsewhere, is the
identity of M7 (Z).

To any intervally finite poset I, we associate the incidence K-coalgebra
K"I = (KI,Ap,er), where KI C MY(K) is the incidence K-algebra (2.1)
of I, Ay is the comultiplication and 7 is the counity (see Definition 2.2).

We show that the coalgebra C = K"I is basic, c¢/-hereditary, Hom-
computable in the sense of [30], left locally artinian (hence left cocoherent),
the Cartan matrix ¢F = oF € M;(Z) [30, (4.3)] is the transpose of C;, ¢F
has a (unique) left and right inverse ¢F~1 = [c;;lijer (2.10) in the partial

algebra I\/JIIj (Z), and the Euler integral bilinear form
(1.3) be : 2D x 7D - 7

[30, (4.6)] is defined by the formula bo(z,y) = - €71yt for all 2,y € Z(0,
where ZU) is the direct sum of I-copies of the group Z. Propositions 2.9
and 2.12 give simple formulae for ¢, in terms of the poset I (see (2.11) and
(2.13)). We also show that, for any intervally finite poset I without infinitely
many pairwise incomparable elements, C' is an Euler coalgebra, the Euler
defect 9o : ZU) x ZU) — 7 is zero [30, (4.14)], the Euler characteristic

> .
(1.4) Xe(M,N) = "(~1) dimg Ext{,(M, N)

j=0
is well defined, and b (lgth M,1gth N) = x¢o(M, N) for any indecompos-
able left C-comodules M and N of finite K-dimension. In this case, a min-
imal injective resolution of any simple left C-comodule Sy(a), with a € I,
is socle-finite and describes the ath column of CI_1 € M}j (Z). The structure
of that resolution is described in Theorems 5.3 and 6.2. In particular, in
Section 6 we describe the Bass numbers u! (Sy(a), S;(b)) (6.1), with m > 0,
of any simple K"”I-comodules Sj(a), S7(b) by means of the entries of the
bth row of Cl_l.

In Section 5, we prove that, for any poset I of width at most two, the

Grothendieck group Ko(K"I-Comods.) of the category of finitely copre-
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sented left K" I-comodules has the form
Ko (K I-Comody.) = Ko(K" I-comod) + Ko (K " I-inj),

that is, it is generated by the classes [St(a)] of the simple comodules Sy(a)
and the classes [Er(a)] of the injective covers Er(a) of Sr(a), with a € I (cf.
the group K (C) defined in [30, (4.8)]).

Some of the results of this paper are applied in [32], where we present: (a)
a characterisation of the incidence coalgebras K" that are representation-
directed, (b) a description of posets I such that K"I is representation-
directed, and (c¢) a characterisation of the incidence coalgebras K"I that
are left pure semisimple. We show in [32] that every such coalgebra K1 is
tame of discrete comodule type (see [27] and [28]) and gl.dim KT < 2.

Throughout this paper we use the coalgebra representation theory nota-
tion and terminology introduced in [27], [28], and [37]. The reader is referred
to [18] and [35] for the coalgebra and comodule terminology, and to [1], [2],
[10] and [25] for the representation theory terminology and notation.

Given a K-coalgebra C', we denote by C-Comod and C-comod the cat-
egories of left C'-comodules and left C'-comodules of finite K-dimension, re-
spectively. The corresponding categories of right C'-comodules are denoted
by Comod-C' and comod-C'. Further, we denote by C-inj the category of
socle finite injective left C'-comodules. Given a K-coalgebra C' with comulti-
plication A : C — C®C and counity € : C — K, the coalgebra C°P opposite
to C' is the K-vector space C equipped with the same counity ¢ : C' — K
and comultiplication A* =70A:C - CQ®C,where7:CQC - C®C
is the twist map defined by 7(z ®y) = y @« for x,y € C. It is clear that the
category Comod-C' of right C'-comodules is just the category C°P-Comod of
left C°P-comodules.

Following [24, p. 404], the K-coalgebra C'is defined to be basic if the left
C-comodule soc ¢C has a direct sum decomposition soccC = D¢, S(4),
where I is a set, S(j) are simple comodules and S(i) 2 S(j) for all i # j.
It is shown in [27] that the definition is left-right symmetric and the notion
of basic coalgebra introduced in [6] is equivalent to the above one.

Let lgth M = (;(M))jer. € ZU) be the composition length vector
of a comodule M in C-comod, where ¢;(M) € N is the number of simple
composition factors of M isomorphic to S(j). We recall from [27] that the
map M — lgth M extends to a group isomorphism

lgth : Ko(C) S zUo),
where Ko(C') = Ko(C-comod) is the Grothendieck group of the category
C-comod (see [27]). If dimg S(j) = 1, then ¢;(M) = dimg Home (M, E(j)),
where E(j) is the injective envelope of S(j) [30, Proposition 2.6]. The coal-
gebra C is defined to be Hom-computable if
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lij :={;(E(i)) = dimg Home(E(3), E(j))

is finite for all 4, j € I [30, Proposition 2.9].

Following [29] and [30], a comodule N in C-Comod is said to be finitely
cogenerated (or socle-finite) if N is a subcomodule of a finite direct sum
of indecomposable injective comodules, or equivalently, dimg soc N is fi-
nite. We say that N is finitely copresented if there is an exact sequence
0 - N - E — E'in C-Comod, where E and E’ are each a finite di-
rect sum of indecomposable injective comodules. We denote by C-Comodjg.
the full subcategory of C-Comod whose objects are the finitely copresented
comodules.

We call a coalgebra C' left cocoherent if any finitely cogenerated epi-
morphic image N of an indecomposable injective C-comodule F is finitely
copresented (see [13]). Note that the class of left cocoherent coalgebras con-
tains the right semiperfect coalgebras, hereditary coalgebras and left locally
artinian coalgebras (i.e. coalgebras C' with left indecomposable injectives
artinian); see [13].

2. Incidence coalgebras of intervally finite posets. Let [ = (I, <)
be a poset. We write ¢ < j if i < j and ¢ # j. The poset [ is said to be left
locally bounded if for any b € I, the left cone <b = {p € I; p < b} does not
have infinitely many pairwise incomparable elements. The poset [ is said to
be right locally bounded if for any a € I, the right cone a= = {q € I; a < ¢}
does not have infinitely many pairwise incomparable elements. The width
w(I) of I is defined to be the maximal number of pairwise incomparable
elements of I, if it is finite; otherwise w(I) = oo (see [25]). We say that I
is connected if it is not a disjoint union of two subposets I’ and I” with
all 7/ € I' and i € I" incomparable in I. A subposet I’ of a poset I is
defined to be convez, or intervally closed, if for any a < b in I’, the interval
[a,b] = {s€;a=s=b}=a>nIbis also contained in I'.

Following Rota [22], given an arbitrary poset I, we define the incidence
K-algebra KI C M}(K) of I to be the K-algebra (see [25])

(2.1)  KI=M7(K)NMNEK)={)=[Ayg] € MI(K); Apg = 0if p £ g}

We call the unitary K-algebra M}j (K) the complete incidence algebra of
the poset (I, <) with coefficients in K (see Proposition 4.3).

It is easy to see that K1 is an associative K-subalgebra of M}(K'), and
the matrix units e,q, with p < ¢, having the identity in the (p,q) entry
and zeros elsewhere, form a K-basis of KI. Given j € I, the matrix unit
ej = ej; € K1 is a primitive idempotent of K1, and {e; }jes is a complete set
of pairwise orthogonal primitive idempotents of KI. Obviously, the algebra
K1 has an identity element if and only if I is finite.
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In most of this paper, we assume that [ is a connected intervally finite
poset. It follows that I is finite or countable (and therefore can be identified
with a subset of Z). Hence, if I is countable then C; is an integral Z x Z
matrix and the K-dimension of K1 is countable.

We recall from [10] and [25] that the Hasse quiver of I is the quiver
Qr = (QF,Q1), where Qf = I is the set of points of Q; and there is a unique
arrow p — ¢ from p € I to ¢ € I in Q! if and only if p < ¢ and there is no
t € I such that p <t <gq.

For example, if I = Z with the linear order opposite to the natural one,
then

Qr: - =2 -1 0124 == 14l — r42 ¢ 743 - -+

The algebra KI consists of the lower triangular matrices A € MY (K), and
the matrix C; = [¢pq] € M% (Z) has ones on the main diagonal and below it,
and zeros above the diagonal.

Following [12], we introduce the following definition (see also [18] and
[28]).

DEFINITION 2.2. Let I be an intervally finite poset. The incidence K-
coalgebra of I is the triple
(23) KDI:(KIaAIagl)a

where K is the incidence K-algebra of I, and the counit 7 : KI — K and
comultiplication Ay : KI — KI ® KI are defined by the formulae

0 forp#gq,
Aq(epq) = Z ept ®eg,  €1(epg) = {

i 1 forp=gq.

Since [ is intervally finite, the K-linear map Ay is well-defined. We recall
that dimgx KT < ¥ if the poset I is connected.
We start with the following useful observations.

LEMMA 2.4. Let I be an intervally finite poset. Let I* = (I, =*) be the
poset opposite to I = (I,=), that is, p <* q if and only if ¢ < p.

(a) The K-linear map tr: K91 = KUI* that associates to any matriz
X its transpose AW defines an isomorphism of the K -coalgebra K°I*
with the K -coalgebra (K°T)°P.

(b) The coalgebra isomorphism (KI)°P = K9T* defined in (a) induces
the category isomorphisms

K"I*-Comod = Comod-K"I and K"I*-comod = comod-K"1.

(¢) If U is a convex subposet of I then KU is a subcoalgebra of K°1
and KPU-comod is an extension closed subcategory of K°I-comod.
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Proof. (a) The underlying K-vector spaces of K"T* and (K"I)°P are
subspaces of the K-algebra MY (K) of all matrices A = [\pq] € M(K) such
that Ay, = 0 for all but finitely many p, ¢ € I. Transposition tr: M} (K) —
MY(K) carries the matrix unit e,, € KI with p < ¢ to the matrix unit
eqp € KI™, with ¢ <* p. Moreover, fr induces the coalgebra isomorphism
tr: KOT = (KPI*)°P. Indeed, it is easy to check that €7 (tr(epq)) = £1(epqg)
and (fr ® tr) AP (epy) = Aptr(epy) = Ar(eqp) for any p,q € I such that
pP=q.

(b) Recall that there is an isomorphism (K~1)°P-Comod = Comod-K"T
of categories that restricts to (K"I)°P-comod = comod-K"I. Hence (b)
follows from (a).

(c) The first part follows immediately from the definition, but the second
one is not immediate. However, the proof is left to the reader (consult [14,
Section 2]). m

Now we collect the basic properties of the incidence coalgebra K™1.
PropPoOSITION 2.5. Let I be an intervally finite poset I.

(a) The coalgebra K71 is basic, and it is connected (indecomposable) if
and only if the poset I is connected. Moreover, dimy K°I < Vg if I
s connected.

(b) For C = K"I and each j € I¢,

S](]) =€ (KI) c €5 %Kej

is a one-dimensional simple left coideal (and subcoalgebra) of C, the
left ideal

Ei(j) =KI -¢;
of the K-algebra K1 is a left coideal of the coalgebra C such that
soc Er(j) = S1(j), EndeS1(j) = K, and EndcEr(j) = K. More-
over, there are vector space isomorphisms

v [ Kepg if P24,
(26) Home(Ex(0) Erlp) 2 { ™
~ L0 if p2q
(¢) There are left K= 1-comodule decompositions
(2.7) socKDI:@SI(j) and KDI:@EI(j),
jer jel

(d) The coalgebra C is Hom-computable, the composition length matriz
cF =[] € M?(Z) coincides with the Cartan matriz ¢F = [@,q] €
MZ(Z) with £y, = lpy = dimg Home(Er(p), Ei(q)), and oF™ = C;.
Given p € I, the transpose of the vector lgth Er(p) = ({pq)ger =
(cqp)ger € ZU) of Er(p) is the pth column of the matriz C;.
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Proof. The statement (a) is a consequence of (b).

To prove (b), (c), and (d), we note that the left ideal Ey(j) = KI - e;
of the K-algebra KT is the jth column left ideal of KI consisting of all
matrices A = [\,q] such that A\, = 0 for ¢ # j and all p € I. It follows that
K" = ,cr E1(j)- By the definition of the comultiplication Ay, Er(j) is a
left coideal of C' = K"I. Further, it is easy to see that there are K-vector
space isomorphisms

Homc(Er(q), Er(p)) = Home (K1 - eq, KI-e,) ey, (KI)-eq
o [ Kepg ifp=gq,
N {0 ifpAgq
Moreover, one easily shows that if p < ¢ < s and &, : Homc/(Er(q), Er(p))

= Kepg and & : Home (Ef(s), E1(q)) — Keys are the composite isomor-
phisms then, for any f € Hom¢(E(q), Er(p)) and g € Home(E1(s), Er(q)),

(2.8) Esp(fog) = Ep(f) - Esql9)-

It follows that £,, = lp, = dimg Home(E;(p), Er(q)) = ¢ < 1 for all
p,q € I, that is, C' is Hom-computable and ¢F*" = €; [30, Proposition 2.9].
Moreover, there is an algebra isomorphism EndcE;(j) = K. Hence each
E;(7) is an indecomposable injective left C-comodule containing the simple
comodule St(j), that is, S;(j) = soc Ef(j), and Er(j) is the injective enve-
lope of S7(j) in K7I-Comod. =

Throughout, we make the identifications ¢F = ¢F = CY.

Following [16], [23], and [31] we define a K-coalgebra C' to be left cl-
hereditary if every colocal epimorphic image of an injective left C-comodule
is injective. Here, a comodule M is called colocal if M contains a unique
simple subcomodule, or equivalently, M is isomorphic to a subcomodule of
an indecomposable injective comodule (see also [31] and [32]). It is easy to
check that C' is left cf-hereditary if and only if every non-zero homomorphism
f : E — E’ between indecomposable injective left C-comodules F and E’
is surjective. It is clear that hereditary coalgebras are left and right c/-
hereditary.

COROLLARY 2.9. Let I be an intervally finite poset, and C = K"I.

(a) The coalgebra C' is left and right cl-hereditary.

(b) The incidence matriz C; and the Cartan matriz oF = [£,y] € M7 (Z)
with £y, = dimg Home (Er(p), Er(q)) are two-sided invertible in the
ring M? (Z), and ¢F'*™ = C;. More precisely, the matriz

(2.10) €/ = [Cplpaer € M7 (2),
defined by the formula (2.11) below, is a unique right and unique left
inverse of Cr and cF~1 = (€71
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(¢) Given a < b in I, the restriction C;1|[a7b} is the inverse of the re-
striction Cpqy of € to [a,b].

Proof. (a) Given p < ¢, let kgp : E7(q) — Er(p) be the C-comodule ho-
momorphism such that &,,(kgp) = €pq, Where &, : Home(Er(q), Er(p)) —
Keyp, is the isomorphism (2.6).

We prove that C is left cf-hereditary by showing that, given s,q € I,
any non-zero homomorphism g : Er(s) — Er(q) is surjective. Since f # 0,
the preceding proof yields ¢ < s. In view of Proposition 2.5(b), we may
assume that ¢ < s. If, to the contrary, g is not surjective then Ej(q)/Im g is
non-zero and there exist p € I and a non-zero h € Home(FE7(q)/Im g, Er(p)).
It follows that fg = 0, where f is the composite homomorphism Ej(q) —

Er(q)/Img LA Er(p). Note that p < ¢ < s and f = ' - kgp, g = p - Ksq for
some non-zero scalars u, ;' € K. By applying (2.8), we get

0= E&p(0) = Esp(f 0 9) = Egp(f) - Esq(9) = 1t epg - €qs = i eqs # 0.
This contradiction finishes the proof of (a).

(b) Since, according to Proposition 2.5(d), ¢F'" = €y, it is sufficient
to prove that C; has a left inverse that is also a right inverse. We define
¢! = [Cpylp.ger as follows. Given a,b € I such that a =< b, we view the
interval [a, b] as a subposet of I, and let Cp, 4 = [cpglpgefap) € M[ap(Z) be
the restriction of the matrix €; to [a,b]. Since I is intervally finite, [a, b]
is finite, say [a,b] = {a1 = a,a2,...,ap, = b} with a; < a; for i < j. It
follows that by a simultaneous permutation of rows and columns of C[a,b}
we can reduce it to an upper triangular matrix in M,,(Z) with ones on the
diagonal. It follows that det €, = 1, and the matrix €[, has an inverse
C[ab [0, qela] € Mg (Z) such that €20 = 1 for any p € [a,b]. It is easy

to see that if @ < ¢ < d < b, then the restrlctlon of C[a p) to [c,d] C [a,b] is

“~ab _ ~cd
C[C d’ and in particular ¢%) = ¢%9.

For any a,b € I, we define
_ 0 ifa?#b,
(2.11) = {Egg .
Obviously, €;! = [cplaper € M?(Z). To see that €;'- €, = () 18 the
identity matrix £ € M?(Z), fix a,b € I. Since ¢ = ¢,y
p 2 q, we get

r_ - _ - _ ~as
Cab_E CasCsb = E CasCsb = E CasCsb

sel a=<s=<b s€la,b]

_ ZEZI;csbz 1 for a =0,
0 for a # b,

= 0 whenever
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because C[;lb} -Clq,p) is the identity matrix in M, 4 (Z). Similarly we show that
Cr- C;l = E. The equality (cF'™)~! = C;l follows easily from oF" = C;.
Since (c) follows from the construction of C;l, the proof is complete. m

Now we give an explicit formula for the entries Cij of CI_I in terms of I,
and hence we get an explicit formula for the Euler Z-bilinear form b¢.

For simplicity of notation, we denote by £(a, b) the length of the maximal
path in the Hasse quiver Q4 of the poset [a,b], and we call it the length
of the interval [a,b].

PROPOSITION 2.12. Let I be an intervally finite connected poset and let
;' = [cijlijer € Mlj(Z) be the (left and right) inverse of Cr = [c;;]. Then

£(a,b)
(2.13) oy = Z (—1)551? if a b,
s=1
0 ifaAb,
where
Ez(;;) = Z CajoCjoj1Cirjz - -+ Cjs—1b-

a=jo=j1=<-=js=b
In particular,
1 if a=0,
Cop = —1 if there is an arrow a — b in the Hasse quiver Qr,
0 if@[a,b]:{aﬂjlﬂ"-ﬂjsqﬂjs:b}andszz

Proof. Tt follows from (2.11) that ¢, = 0 if a Z bin I, and c,, = &% if
a < b, where ¢ is the (a,b)-entry of

Coly = [0 gcion € Mu(2),  J = [a,b].

Thus, we may assume that [ = [a, b] is a finite poset, where a < b. Moreover,
we may assume that [ = {a =1,2,...,m — 1,m = b} with p < ¢ implying
p < q in the natural order of Z. This means that the matrices Cp, 5 = €; =
Ecij] € M,,(Z) and C[;lb} =C' = [c;;] € M (Z) have the upper triangular
orms

1 co ... cim 1 ¢y oo
¢, - 0 1 c%m | C;lz 0 1 ... ¢,
0O o ... 1 0 0o ... 1
with 11 = -~ =cpm =1, ¢ = - = ¢y = 1, ¢j = 0 and ci_j =0if

i 2.
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It follows that the group homomorphism o : Z™ — Z™ defined by the

formula o7(z) = = - €; for x = (zy,...

67" is defined by ;' (') = 2/ - €' for 2’ = (2}, ..
It is easy to see that if (z,...,2},) = or(x)

>izjxi forall j € {1,...,m}. It follows that

X

, Tyy) € Z™ is an isomorphism, and
) € L™,

/ — .. . —
then z§ = Zijj CijT; =

$1 = .',U]_,
/
Ty = C12%1 + X2,
/
T3 = C13%1 + C23T2 + T3,
/
Ty = Clm@1 + ComT2 + ++* + C— 1 mTm—1 + T,

and, since x = & '(2'), we have

— !
L1 = €171,
— ! /
Ty = C19%] + Ty,
— ! — ! /
T3 = Ci3T1 + Co3To + T3,
= ! - ! - / /
Tm = CpT + ComT2 +ot Cm—mem—l + Ty

On the other hand, the elimination procedure applied to the first system of

equations yields

/

T = T, hence c;
/ / —
To = —C12%] + Ty, hence ¢}, =

/ / / _
xg = [—c13 + c1ac23] 1] — Ca3xy + X3, hence ¢
Co3

/

Ty = [—c14 + C12C24 + C13C34 — C12C23C34] 7]
/ / / —
+ [—coq + coscsa]wy — c345 + Xy, hence ¢,
Coq
C34

We can show by induction that
Tm = Cfmxll + Cgmzl"/Q +oee
where c_,,,, = 1 and

>

P=Jjo=j1=-=js=m

CpjoCjoji Cirj2

=1;

_0127 62_2 = 17

= —c12 + C12C23,

—C23, ng = ]-7

—C14 + C12€24

+ C13€34 — C12C23C34,

= —C24 + C23C34,

—C34, 624 =1.

— / /
+ Cm—l,m$m—1 + Lo

]
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for p = 1,...,m — 1. Since we assume a = 1 and b = m, the coefficient
C,, = C1py, has the desired form. m

3. Integral bilinear forms associated to intervally finite posets.
Assume that I is a connected intervally finite poset and let C = K1, with
decompositions (2.7). Let C; = [ci;]ijer € My(Z) be the incidence matrix of
I and let C;* = [cijlijer € M7 (Z) be the right (and left) inverse of C;.

Following [8] and [26], we associate to I five Z-bilinear forms
(3.1) by, b, bbby 20D x Zz0) S 7

defined by the formulae

/b\l(xvy)zzxiyi‘i‘ Z TiYj — Z (Zl‘z‘)y;n

iel j=icl— pEmax [ i<p
br(z,y) =Y i+ Y wiy; =z Cr-y”,
i€l i<j
by (z,y) = Zl'z'yz‘ + Zl"z’yj =z Cf g™,
i€l j=i
br(z,y) =Y myi+ > cpry; =2 €y,
el i<
=t _ _
i€l j=i
where max I is the set of all maximal elements of I and I~ = I \ max[ is

viewed as a subposet of I. We call b; the Tits (geometric) bilinear form of I,

br and b¥ the ordinary Z-bilinear forms of I, and by, B;r the Fuler Z-bilinear
forms of I. The corresponding integral quadratic forms

(3.2) anq,q;: 2V — 7,

defined by §(z) = bi(z,2), ¢i(z) = by(z,2) = b (z,x), and g;(z) =
br(z,x) = B}r(l‘,l'), are called the Tits (geometric) integral quadratic form,
the ordinary integral quadratic form, and the Fuler integral quadratic form
of I, respectively.

We note that if I is infinite and has no maximal elements, then max I =),
I~ =1 and we get b = by and q; = g7, that is, the ordinary and the Tits
quadratic forms of I coincide.

We recall from [8], [25], and [26] that the Tits form of a finite poset
plays a crucial role in the study of matrix representations of posets and in
describing the finite posets that are of finite or of tame prinjective type.
Similarly, the Euler quadratic form of a coalgebra or a finite-dimensional
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algebra is one of the basic tools in determining the representation type (see
(1], [4], [15], [21], [25]-[30], [32], [33], [34]).
We recall from [30, (4.6)] that the Euler Z-bilinear form

(3.3) be : 20 x 72 — 7
of C = KPI is defined by the formula bo(z,y) = x - (cF~1)" - y* for
z,y € ZU, where oF = [fp,] € M}j (Z) is the Cartan matrix of C, with

lp, = dimg Home (Er(p), Er(q)). The Euler quadratic form ¢o : ZU) — Z
is defined by

qo(z) =bo(z,z) =2 (cF )" 2" forze zd.
To get a matrix description of the Tits form BI and relate it to the Euler
forms by, F}r, bc, we introduce some concepts.
DEFINITION 3.4. Let I be a connected intervally finite poset.

(a) The reduced incidence matriz of I is the bipartite matrix

(3.5) ) = [%

where E' € Myax7(Z) is the identity matrix and C;- € M7, (Z)

€ M7 (),

is the incidence matrix of I~ = I \ max /.
(b) The Tits matriz of I is the bipartite matrix
c tIr— -U <
(3.6) Cr=Ci+(CH"—Cr = € M7 (Z),
0 E
where U = [cjplier- pemax1 € M?_XmaXI(Z) has ¢j, =1if j € I,

p € max /] and j < p, whereas cj, = 0 otherwise.

The following proposition shows that the forms 31, be and bY, bo are
|

Z-congruent if, for each a € I, the right cone aZ and the left cone Ja are
finite.

PROPOSITION 3.7. Let I be a connected intervally finite poset, and C' =
K"I.

(a) For each j € I, the jth column of Cr is the length vector

e(j) = lgth By(j) € 2
of the indecomposable injective comodule Er(j), that is,
Cr=1[..,e()",.. Jjer € M7 (2).
(b) be = by, that is, for all z,y € Z1),
bo(z,y) =br(z,y) =2 €71y =D zyi+ D ¢ iy

el i=<p
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(¢) For all z,y € 2,

Bj(x,y) =qx- EI Yy and b (z,y) =2 - C‘}r Syt

(d) The bilinear forms /b\[, be, and bY, b are Z-congruent and the fol-
lowing diagrams are commutative:

T tr

20 sz sz gz sy
<3.8) G;XU.l’N bror U}YXU“\LN brog
7d)  7.d) 71 x 7.1)

if , for each a € I, the right cone aZ and the left cone Ja are finite,

where the group homomorphisms o¥,0 : Zz0) — 70 defined by
o%(x) = x- €7 and ot (2) = = - €Y, for x € ZU), are isomorphisms
(see [26, (2.2), (3.3)]).

Proof. (a) By Proposition 2.5(d), ¢F" = €; and (a) follows.

(b) By Corollary 2.9, (cF*")~' = €;'. Then bc(z,y) = br(z,y) = z -
C; 'yt The equality z- €, ' -yt = > ip CipTiyp for all z,y € 71 is verified
by a direct calculation.

(c) The equalities are easily verified by a direct calculation.

(d) By Corollary 2.9, €; € M7(Z) and €;- € M7 (Z) are invertible. It
follows that €} and €} are invertible in M7 (Z).

Assume that Ja is finite for each a € I. Hence, in view of (a), each row of
C}r has a finite number of non-zero entries and therefore, for every x € 7,
the vector ot (z) = z- €Y' € Z! lies in Z). Thus, ot : ZU) — Z() is a group
isomorphism, the products €% - €;* and (C¥ - €;1) - €; are defined, and

Cy = (C7 - €71)-Cr=CF- (€7 Cp).
Hence, for any z,y € ZU), we get
be(of (2), 07 (y) = (- €F) - [€ " - (y - €F)"]
= (2 C) - [€7" - €1 -y
=~ Ct}r : ytI‘ = bt}r(way)a
that is, the right hand diagram in (3.8) is commutative.

Assume that a2 is finite for each a € I. It follows that each row of C;
has a finite number of non-zero entries, and therefore, for every z € Z(),
the vector o$(z) = x- €} € Z! lies in ZU). Hence, o3 : ZU) — ZU) is a group

isomorphism. Moreover, the products (€3 - €;1) - (€)%, €3 - [C;1- (€)™
are defined and the commutativity of the left hand diagram in (3.8) is a
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consequence of the equalities
(3.9) Cr=(C7-Ch)-(CH" =c€3-[C; - (CH"].
To prove the first equality of (3.9), we note that

(e ¢ o R R e
! o |e|” 7 0| E ’
ol -u
C-C =
e [o 0
Then we get
(€7- ¢ - (en™
(-0 ¢l —¢ U\ [er]o
B 0 |E 0| E 0 |E

C
\E

v | v

o] E

The equality C; = €S- [C; - (€] follows in a similar way. =

I
)
N

0 |E

COROLLARY 3.10. Let I be an intervally finite connected poset and let
C = KPI. Then the quadmtic forms qc, qcor, qr - 710 — 7 coincide, and

qc(z) = qoor (z) = G;(x Zx + Z CpgTpTLqs
jel p=<qel
for any x € ZU) | where Cpq 18 given by the formulae (2.11) and (2.13).

Proof. Since, accordlng to Lemma 2.4, there is a coalgebra isomorphism
C°P = KU T*, the corollary follows from Propositions 2.12 and 3.7(a). =

ExaMpPLE 3.11. Let I = Z be the poset with Hasse quiver ; of the
form

- 6 — -3 — 0 — 3 — 6 — 9 —
X X %
-5 -2 1 4 7 10
X X X
— 4 — -1 — 2 — 5 — 8 — 11 —

The matrices €y € M% (Z) and €;" have the forms
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10

-4 -3 -2 -1 0

——4

—-3

——2

—-1

«—0

—1

—2

—3

1
1
1
1
1
1
1
1

1
1
1
1
1
1
1
1
1
1

1
1
1
1
1
1
1
1
1
1

1
1
1
1
1
1
1
1
1

1
0 011

11111111111
01001111111
00101111111
00011111111
00001 O0O0OT1T1T1T1

0000O0O101111

0000O0OO0O1TT1TT1T171

0000O0OO0OO0O1O0O0T1
0000O0O0OO0OO0OT1O0T1
00 00O0OO0OO0OO0OO0OT1T1
000 O0O0O0OO0OO0OOO0T1
000 O0O0OO0OOOOTO OO

1

0

1

——d

—-3

—-2

—1

<0

—1

—2

—3

8 —16 —16

8

1-1-1-1 2 2 2-4-4-4 8

8
8
8

2 -4 4
2 4

010 0-1-1-1 2 2 2—-4-4-4 8
001 0-1-1-1 2 2 2—-4-4-4 8
000 1-1-1-1 2 2 2—-4-4-4 8

2
2
2

00 0O0O0OO0OO0ODT1TO0O0-1-1-1

000010 0-1-1-1 2
00 0 0 O0O0O0 O

—4

0 00O0O0O1TO0-1-1-1 2
00 0O0O0OO0OT1-1-1-1 2

2 -4 4

2
2
2
-1
-1

2
2
2

0 -1

0-1 -1 -1

1

00 0O0O0OO0OTO0ODO0OTO0T1-1-1-1

000 0O0OO0OO0OO0OO0OTO0O1

0
1

0 -1

000 0O0O0OO0OO0OTO0OO0OTU O
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Now we illustrate the use of Proposition 3.7 in computing the entry
Cog = —4 of C;l. By (2.13) applied to a = 0 and b = 9, we get £(0,9) = 3
and cyg = —/c(og) + /cf)%) — /cf]?é) =—-14+6—9= —4, because

5(%) =co9 = 1,

~(2)
Cog = C03C39 + CoacCag + Co5C59 + CosCeo + Co7CT9 + CogCgy = 6,

~(3)
Cog = €03C36C69 + C03C37C79 1+ CO3C38C89 + C04C46C69 + C04C47CT9 + Cp4C48C8Y
+ €05C56C69 1 Co5C57CT9 + Co5C58C89 = 9.

It follows that the Euler Z-bilinear form beo : 7D x 7% — 7 and the
ordinary Z-bilinear form b} = by : 72 x 7\%) — 7, are given by the formulae

be(w,y) = pryp + Z Z (_1)q—p—22q—p—3

PEZ pEZ q=p+3
(xp 4+ Tpy1 + Tpr2) - (Yg + Ygr1 T Ygr2),

o0
br(z,y) = Z TpYp + Z Z (Tp + Tp+1 + Tp+2) - (Yg + Ygt+1 + Yg+2),
pEZ pEZ q=p+3

for all x = (z;)jez and y = (y;)jez in the free abelian group Z() = Z(%).

We give in [32] a characterisation of the incidence coalgebras K"I of
intervally finite posets I such that the Euler form bgo; = by : 230 x z(0) —
Z is weakly positive, i.e. bgor(v) > 0 for every non-zero vector v € ZU)
with non-negative coordinates. They are just the representation-directed
coalgebras in the sense of [30, Section 6]. We also show in [32] that every such
coalgebra K" is tame of discrete comodule type [27] and gl.dim K”T < 2.
Moreover, we present there a complete list of all connected and intervally
finite posets I such that bxoy is weakly positive.

4. Comodule categories over incidence coalgebras of intervally
finite posets. For any poset I, we denote by )7 its Hasse quiver. The
K-algebra homomorphism K@Q; — K1 associating to any arrow p — ¢q of
Q1 the matrix unit ey, € K1 induces a K-algebra isomorphism

(4.1) KQ/9 = KI,

where (27 is the two-sided ideal of K(Q); generated by all commutativity
relations, that is, by all differences w’ —w” € KQy of paths w’, w” of length
m > 2 with a common source and common target (see [1, Chapter II] and
[25, Chapter 14]).

We denote by K”Q; the path K-coalgebra of the quiver @y, and by

(4.2) K2 (Qr, 21) = 2F = { € K°Qr; (¥, 2;) =0}
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the path K-coalgebra of the bound quiver (Q7, £27), viewed as a subcoalgebra
of K”Qr (see [27], [28], and [31]).

One of the main aims of this section is to study the comodule category
K"I-Comod by means of K-linear representations of I. We recall that a
K -linear representation of a poset I is a system X = (X, 49p)p<q, Where
X, is a K-vector space for each p € I, 4, : X, — X, is a K-linear map for
all p < ¢, and 54 0 g0p = spp for all p < ¢ < s. A morphism f: X — X'
of representations is a system f = (f,)pes of K-linear maps f, : X;, — X
such that 4@ o f, = fq 0 qp for p < ¢ [23].

We denote by Repg (1) the Grothendieck K-category of K-linear repre-
sentations of I, and by rep (1) 2 rep%([ ) the abelian full subcategories of
Repg (I) formed by the finitely generated objects and by the finitely gen-
erated representations of finite length, respectively. Finally, we denote by
Repg(l ) the full Grothendieck subcategory of Repg (I) formed by the lo-

cally finite representations, that is, directed unions of objects from rep%([ ).

We say that X = (X, qp)p=q is locally nilpotent if for any p € I and
xp € X, there exists an integer m > 1 such that ;,¢;, , 0 04,0 ©
ipio(xp) = 0 for all paths ig — 41 — -+ — 4y, of length m in the Hasse
quiver Qr (see [15], [27], [9, Section 7.4]). The representation X is said to be
nilpotent if there exists an m > 1 such that ;,,¢;,, , 0 - 0ipi 04,0 =0

for all paths {9 — i3 — --- — i, in Q7. We denote by nilrep%([) the
tfor

full subcategory of rep; (I) formed by all nilpotent representations of finite
length, and by Repenéf (I) the full subcategory of Rep%( I) formed by all

locally nilpotent representatlons Any representation of I of finite len%th is
fy Inlf
nilpotent, that is, nilrep K( =repy (1), and hence Rep,’ (I) = Rep

ProroSITION 4.3. Let I be a connected intervally finite poset, and C =
KFI.
(a) There exists a K-coalgebra isomorphism K1 = K9(Qy, ;) (see

(4.5)).
(b) The pseudocompact K -algebra C* = (K"I)* dual to K"1I is isomor-

phic to the completion KI= M?(K) of KI in the cofinite topology.
In particular, there is a K-algebra isomorphism (K" 1)* =2 KI =
M?(K) if I is finite.
(c¢) The functor (4.8) constructed below defines K -linear category equiv-
alences
K"I-comod =2 nilrepzf (1) = rep%([)
K"I-Comod = Repznzf( I = RepK( ).

(d) Under the identification K= I-Comod 2 Rep%([), foreachp € I, the
simple comodule St(p) is identified with the representation St(p) =

(4.4)
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(F(qp),sO,(]p)), where F(qp) =K if g = p, Fép) =01ifq # p, and
SO[(IP) =0 forall s < q.
e) Under the identification K°I-Comod = Repgf 1), for each p € 1,
K

the injective comodule Er(p) is identified with the representation
Ei(p) = (K", "), where K" = K if g <p, K’ =0 if g £ p,
s ((Ip) : chp) — ép) is the identity map if s < ¢ < p, and (gp) =0
otherwise.

Proof. (a) For each p,q € I, set
0f (p,q) = {¢ € KQ(p, q); (¥, 921) = 0}.

It is easy to check that 27 (p, q) = K€,,, where €, is the sum of all oriented
paths w in Q1 starting in p and ending with ¢ (see [28, 3.12]). It follows that
the K-linear map

(4.5) 0: KT — K°(Qy, 2)), dpq — €pgs

is a K-coalgebra isomorphism.

(b) Because of the isomorphism (4.5) of coalgebras, (b) reduces to the
corresponding statement for K=(Qy, £21), where the arguments in the proof
of Theorem 3.14 in [28] apply. The details are left to the reader.

(c) It is shown in [20], [27], [28], and [30, Proposition 3.3] that the K-
linear category equivalences

K"Q;-Comod = Rep%(QI) and K"Qj-comod = rep%(@l)
established in [27] restrict to the category equivalences

K™(Qr, 21)-Comod = Repy (Q1, 2r) = Repi (Qr, 21) = Repj (1),
KD(QI, £2r)-comod = nilrep%(@b 02r) = repg(QI, Q) = repgf(l).

Hence, in view of (4.5), we get (4.4).

For the convenience of the reader, we give a direct construction of an
equivalence

(4.6) & : K°I-Comod = Rep ().

Recall that the Yoneda map ) : Home(M, C) — Homg (M, K) = M*
[27, 4.9] is an isomorphism for any left C-comodule M. Moreover, there is
a natural isomorphism M = homg(M™*, K) = (M*)° of left C-comodules,
where (M*)° = homg (M*, K) is the set of all continuous K-linear maps
from the pseudocompact K-vector space M* to K (see [27, Sections 2-4]).
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It follows that there are natural isomorphisms of K-vector spaces

M = (M*)° = [Home(M, O)]° = [Homc (M7 @Ez(p))r
pel

= [T some(a, By ()] = PlHome (M, Br(p)]* = D My,

pel pel pel

where
M, = [Home (M, Er(p)))

is viewed as a K-vector space, Homc (M, Er(p)) is viewed as a pseudocom-
pact K-vector space in a natural way (see [27, Sections 2—4]), and the vector
subspace

HHomC(M, E;(p)) = {(wp) € l_IHomC(M7 E;(p)); for each m € M,
pel pel

p(m) = 0 for almost all p}

of Hpel Homg (M, Er(p)) is viewed as the product in the category of pseudo-
compact K-vector spaces. One can show (see [5, p. 870] and [31, Section 3])
that

(4.7) M, = [Homc(M, Er(p))]° ={m € M; o);(m) =e, @m} = M - e,

where o), is the composite map M MLU(KPH @ M ™ (KP1)g ® M and
mo : KT — (K"I)g = soc K"I is the canonical K-linear projection (see
also [31, (3.2) and (4.6)] and [5, p. 870]).

We define the functor @ of (4.6) by setting

(4.8) D(M) = (Mp, ¢p)p=<q>

where 4, : M, — My, for p < ¢, is the K-linear map defined as follows.
Let pkq : Er(q) — Er(p) be the C-comodule homomorphism such that
Eap(phq) = €pg, Where &, : Home(Er(q), Er(p)) — Kep, is the isomor-
phism (2.6). We take for 4, the induced K-linear map [Homg (M, pkq)]° :
[Home (M, E; (p))° — [Home(M, Er(q)))°

Given f € Home (M, M'), we set &(f) = (fp)per, where the map f, =
[Home (f, Er(p))]° : My — M, is induced by f. It is clear that we have thus
defined an exact faithful K-linear functor @ : K”I-Comod — Repy (I).

Now we show that, for any M in C-Comod, the representation ¢(M) =
(Mp, ¢p)p<q is locally nilpotent and locally finite. First we assume that
dimg M is finite. In view of the isomorphism M = EBpe 1 M, each vector
space M, is of finite K-dimension, and M,, = 0 for all but a finite number of
p € I. It follows that the representation @(M) = (Mp, q¢p)p<q is nilpotent
of finite length.
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Next we assume that M is arbitrary. Note that if M’ is a C-subcomodule
of M then the inclusion M’ C M induces an embedding &(M') — &(M) of
representations of 1. Moreover, if Mg is a directed family of finite-dimension-
al C-subcomodules of M such that M = (J; Mg, then the embeddings
&(Mp) — ®(M) induce the equality (M) = Uz P(Mp) (see [27, Sections
3-4]). Since each representation @(Mpg) is nilpotent of finite length, it follows
that @(M) is locally nilpotent and locally finite. Consequently, &(M) lies in
the category Repg (I)= Repﬁ?ef (I).

It is clear that the functor @ is fully faithful and exact. To show that it is
dense, we note that if (M, 4p)p<4 is a nilpotent representation of I of finite
length then each M, is of finite K-dimension, and M, = 0 for all but finitely
many p € I. Then M = ®p€ 1 M, is of finite K-dimension and one easily
shows that the linear maps 4, induce a left C-comultiplication oy : M —
C® M on M such that M is a comodule and (M) = (M,, q¢p)p<q- Hence,
by simple limit arguments, @ is dense, and consequently it is an equivalence
of categories (see also [30, Proposition 3.3]).

(d) By applying (4.8) to the simple comodule M = S;(p), we get M, =
[Home (M, Er(p))]° = [Home(S1(q), Er(p)]° = K if p = ¢, and My = 0
if p # ¢, because S7(q) is the unique simple subcomodule of the injective
comodule E;(q) and Sy(p) # Si(q) for p # q.

(e) Applying (4.8) to the injective comodule M = FEj(p), the isomor-
phism (2.6) yields M, = Hom¢ (M, Er(p))° = Homc(Er(q), Er(p))* = Kepg
= K if p < ¢, and M, =0 if p A q. Hence (e) follows.

5. Minimal injective resolutions of simple comodules. We recall
that a coalgebra C' is said to be right semiperfect if every indecomposable
injective left C'-comodule is finite-dimensional. The semiperfect incidence
coalgebras are characterised as follows.

LEMMA 5.1. Let I be an intervally finite poset, and C = K°1I.

(a) The coalgebra C is right semiperfect if and only if , for each b € I,
the left cone 9b is finite.

(b) The coalgebra C is left semiperfect if and only if, for each a € I, the
right cone a2 is finite.

Proof. (a) We recall from Proposition 3.7(a) that ¢F'" = €; and the
bth column of C; is the vector lgth E;(b). Hence, Er(b) is finite-dimensional
if and only if 1gth F7(b) has a finite number of non-zero coordinates, or
equivalently, <b is finite (apply Proposition 4.3(e)).

(b) Since C is left semiperfect if and only if C°P is right semiperfect, and
since by Lemma 2.4, there is a coalgebra isomorphism C°P = KYT* where
I* is the poset opposite to I, it follows that (b) is a consequence of (a). =
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PROPOSITION 5.2. Let I be an intervally finite poset, and C = K"1I.

(a) If b € I is such that the left cone Ib is of finite width then the left
C-comodule Er(b) is artinian.

(b) If I is left locally bounded then the coalgebra C is locally left artinian
and left cocoherent.

Proof. (a) Assume that b € I and <b is of finite width w(b), that is,

b contains w(b) pairwise incomparable elements, and w(Jb) is maximal
with this property. We visualise the cone 9b and the interval [a, b] = aZN b,
with a < b, as follows:

ce. T 0——~———0
% . ZS‘ob [a,b] : ao/ ?Sob
> e e

By Proposition 4.3(e), the left C-comodule E;(b) is identified with the
representation Er(b) = (chb), swéb)) of I that is constant over <b, that is,
KP =Kifqge %, K =0if g B, P kP - kP
map if s < ¢ < b, and Swéb) = 0 otherwise.

Let X = (Xq,SJéb)) be a subrepresentation of Ej(b). Then X| is either
K or zero, and s@b((]b) : X4 — X is the identity map on K or the zero map.
The assumption that X is a subrepresentation of E(b) implies that:

o if X, = K, then X, = K for all p € [a, ],

o if X, =0, then X,, =0 for all p < a.

@)

is the identity

Consider the support
S(X) =supp(X) = {a € I; X, # 0}
of X as a suposet of <b C I; and set
S (X) = {pe ; X, =0}.
Obviously, ¥b = S(X) U S~ (X). The previous observations yield:

e if a € S(X), then [a,b] C S(X),
e if a € S7(X), then Ja C S~ (X).

Since I is assumed to be intervally finite, the set max S~ (X) of all maximal
elements of S7(X) is finite and the subposet

ST(X) = {b} U{p € Tb; ¢ < p for some ¢ € maxS~(X)}

of b is also finite. It is easy to see that, given a subrepresentation ¥ C X
of X C Er(b), we have S(Y) C S(X), S (Y) 2 S (X), and S(Y) = S(X)
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if and only if X =Y. It follows that if S(X) is finite then the representation
X is artinian.

Suppose that X C E(b) with S(X) infinite. Then S(X) has a cofinite
poset disjoint union presentation

(*) S(X) =S8x Uly,

where Sy is a finite poset containing b and there is no relation p < ¢ with
p € Sx and q € Ix. If, in addition, Ix is infinite with no minimal elements,
then we call (%) a fin-infinite presentation of S(X). One such presentation
is given by setting Sx = ST (X) and Ix = S(X) \ ST(X).

Now we prove that, given a subrepresentation X C FEj(b), every proper
subrepresentation Y C X of X is artinian. We proceed by induction on the
width w(Ix) of the poset [x in a fin-infinite presentation () of S(X).

Assume that w(Ix) = 1, that is, Ix is of the foom -+ — ¢ - ¢ — ... —
e — o. Assume that Y C X is a proper subrepresentation of X. Then Y, =0
for some p € S(X). If p € Ix, then Y, = 0 for all ¢ < p, and S(Y') is finite. It
follows that Y is artinian, and we are done. Assume that p € Sx. It follows
that S(Y) = Sy U Iy with Sy = Sx \ S7(Y) is a fin-infinite presentation
such that w(Iy) = 1. Note also that |Sy| < |Sx]|-

If Sy = {b} then, by the preceding arguments, every proper subrepresen-
tation Y’ of YV is artinian. If Sy # {b} and Y’ is a proper subrepresentation
of Y, then S(Y’) is finite (and Y’ is artinian) or S(Y”’) has a fin-infinite
presentation S(Y’) = Sy+ U Iy, where |Sy/| < |Sy| and w(Iy/) = 1. Hence,
Y’ is artinian, by an obvious induction on |Sy/|. It follows that Y is also
artinian, and this finishes the proof in case w(lx) = 1.

Assume that w(Ix) = r > 2 and the claim is proved for all Z C E;(b)
such that w(Iz) < r—1 for some fin-infinite presentation of S(Z). Fix a fin-
infinite presentation (x) for X and take a proper subrepresentation ¥ C X.
Then Y, = 0 for some p € S(X), that is, p€ S™(Y) and Ip C S~ (V).

Assume that p € Ix, and let p1,...,ps € Ix be all maximal elements
in S7(Y) N Ix. It follows that 1 < s < r, the set S’ = [p1,b]U--- U [ps, D]
is finite, and the poset Iy = Ix \ &’ has no minimal elements, because Ix
has none. Now we show that Iy = Ix \ & has width smaller than r. To
prove this, we note that every p’ € Iy C Ix is incomparable with each pj,
because obviously the relations p; =< p/,...,ps < p’ do not hold, and the
relation p’ < p; € S~(Y) for some j would yield p' € S=(Y)NIy =0, a
contradiction. Since s > 1, we have w(ly) <r —s <r — 1, as claimed.

Consequently, we get a cofinite presentation S(Y) = Sy U Iy, where
Sy = 8. If Iy is empty, then S(Y) is finite and Y is artinian. If Iy is not
empty, it is infinite of width smaller than r and the presentation S(Y) =
Sy U Iy is fin-infinite. Then, by induction, every proper subrepresentation
Y’ C Y of Y is artinian. It follows that Y is artinian, and we are done. In
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particular, this shows that any proper subrepresentation ¥ C X such that
S(Y) has a cofinite presentation S(Y) = Sy U Iy with Sy = {b} is artinian.

Assume that p ¢ Ix, that is, p € Sx. It follows that S(Y) = Sy U Iy
with Sy = Sx \ S~ (Y) is a fin-infinite presentation such that w(Iy) < r.
Note that |Sy| < [Sx]|. If Sy = {b}, then Y is artinian. If Sy # {b} and Y is
a proper subrepresentation of Y, then S(Y”) is finite (and Y’ is artinian) or
S(Y’) has a fin-infinite presentation S(Y') = Sys U Iy, where [Sy/| < [Sy|
and w(Iy+) < r. Hence, Y’ is artinian, by an obvious induction on |Sy|. It
follows that Y is also artinian. This finishes the proof of our claim in case
w(lx)=r.

To finish the proof of (a), assume that

Er(b) 2 X0 o x@ 5. ..

is a chain of subrepresentations of Fy(b). It terminates, because otherwise
some of the inclusions is proper; then some X (™) is a proper subrepresenta-
tion of E7(b), and since by our claim, X (m) is artinian, we get a contradiction.

(b) First we consider the special case when each cone ¥b has finite width.
It follows from (a) that the C-comodule E(b) is artinian, that is, C' is left
locally artinian. Hence it follows easily that C' is left cocoherent (see [13,
Proposition 1.3]). The proof in the general case when I is left locally bounded
(that is, no ¥b contains infinitely many pairwise incomparable elements) is
analogous. It depends on (a) extended to the case of ¥b without infinitely
many pairwise incomparable elements. The argument given above adapts to
this situation. =

To formulate the main result of this section, we need some notation.
Given two finite subsets I1, Is of a poset I, we write

I, <L or L1>1
if I; NmaxI, # () and for any is € I there is an iy € max[; such that
19 < 11. We write
I, < I
if NIy =0, Aiy for all iy € I and iy € I, and for any iy € I5 there is
an i1 € I; such that iy < i1.
Given M in C-Comod, the subposet
supp(M) = supp(lgth M) = {p € I; (Igth M), = £,(M) # 0}
of I is called the support of M, where ¢,(M) = dimg Homc (M, Er(p)) (see
[30, Proposition 2.6(b)]).

We recall from [30, Definition 4.15] that a basic coalgebra C' with in-
decomposable left C-comodule decompositions socC' = B¢, S(j) and
C=@jcs. E()), is aleft Buler coalgebra if dimgx Home (E(i), E(j)) is finite
for all 4,5 € Ic, Extgi(S(7), S(j)) = 0 for m sufficiently large, and every S(j)
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admits an injective resolution 0 — S(j) — E(()j) — Eij) — -+ such that
E,(,g) is socle—ﬁnite for m > 0, and for each i € Io there exists m; > 0 such
that Homc(Eﬁj),E(z‘)) =0 for all r > m;.

It is shown in [30] that for any finite-dimensional comodules M and N
over a left Euler coalgebra C,

bo(lgth M, Igth N) = xc (M, N) + 9c(M, N),

where be is the Euler form and dc(M, N) € Z is the defect in the sense of
[30, Definition 4.12].

Now we show that C = K"I is a left Euler coalgebra, by describing

the structure of the mininimal injective resolution of any artinian left C-
comodule.

THEOREM 5.3. Let I be a left locally bounded and intervally finite poset,
and let C = K" with the decompositions (2.7).

(a) C is a locally left artinian and left Euler coalgebra, the left Cartan
matriz ¢cF = CF € MIj (Z) has a right and a left inverse, the Euler
defect dc - ZU) x Z) — 7 (30, (4.23)] is zero, for any M and N in
C-comod the Euler characteristic xo(M, N) is an integer, and

bo(lgth M, 1gth N) = xo(M, N).

(b) Assume that N is an artinian left C-comodule and

N N N
(5.4) 0 NI, gy ML N e

is a minimal injective resolution of N. Given m > 0, we set Q2N =
ImhYY C EN and I = supp(soc 2X). Then
(b1) 1Y = supp(soc N) and, for any m > 0, I is a finite subset
of supp(EY) C I, the injective comodule EY is socle-finite
artinian, and EYN has the decomposition
(5.5) EY = @ Bila),
acllN

where dﬁp? with p € IN, is a non-zero integer if IN # 0,
(b2) the following relations hold:

supp(E) 2 supp(E)Y) 2 supp(E)) 2
| J J
Iév = supp(socN) > I{V > Iév >

(b3) for each a € I such that a < b for some b € I}, there exists
mg > 0 such that

eaZqforallqgcIl andm>m,,
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e Homg(EY, Er(a)) = 0 for all m > my,
o Ext(Sr(a), N) =0 for all m > m,.

Proof. First we prove (b). Since N is artinian, soc N is finite-dimensional.
Hence, the set I3’ = supp(soc$2)’) = supp(soc N) is finite and dé\zf, =
dim r Home (S;(p),soc N) is finite for all p € I)Y. Tt follows that the injec-
tive envelope EJ’ of N has the form (5.5) with m = 0. Since the coalgebra
C' is locally left artinian (Proposition 5.2(b)), each C-comodule E(p) is ar-
tinian, and hence so is E}'. It follows that the C-comodule £V = Im h{Y
is artinian, and hence the comodule soc Q{V is finite-dimensional, the set
IV = supp(soc 2{¥) is finite and d{\; = dimy Home (S;(p), soc 2fY) is fi-
nite for all p € IY. It follows that the injective envelope EV of 2}V has
the form (5.5) with m = 1, and is an artinian C-comodule. Continuing
this procedure, we show that the resolution (5.4) consists of socle-finite
artinian comodules of the form (5.5), the condition (bl) is satisfied, and
supp(E() 2 supp(E]) 2

To prove (b2), for any m > 0, we consider the set

max I = {b},...,bY }.

According to Proposition 4.3, the C- comodules 2N and EY can be viewed
as K-linear representations 2 = (Qﬁp,qug’m) and EY = (ENp,qu ™)
of I. It follows from the form of the simple representations S;(p) and the
indecomposable injective representations E(p) that N, = Eé\fp for any p €
max I{', supp(N) C supp(Ey’), and supp(E{) = b U--- U b has the
form

LT

\.b{\f
supp(EéV) :
/‘bé\é
/\/\/\
Since 2 = E) /N, we have Q{\fp =0 for all p € maxI) = {b]lv,...,bé\fn},
and hence
supp(£2{") C supp(Ey') C supp(E;') \ max I
G ERVE AR AN sm}

It follows that I{" = supp(soc ) C (TbY U---U=BY )\ {b7,...,bY }, and
so IV < Iév . By applying similar arguments to the artinian C-comodules
QN C BN, Q) C EY,..., we get the relations --- < IV < IV required
n (b2).

78m
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To prove (b3), fix a € I such that a < b for some b € IY. Since, by
our assumption, [a,b] is finite, we can choose b € max I}’ such that [a,b]
is of maximal length; say b = b and ¢ = {[a,b]. Assume, to the contrary,
that for each s > 1 there are m > s and ¢ € I such that a < ¢. By (b2),
for each m > 1+ /, there is a path a — a1 — -+ — a,, — b; for some
b; € max Iév , and we get a contradiction with the maximality of the length
of [a,b]. Hence, the first statement of (b3) follows. To prove the second,
assume to the contrary that Homg(EY, E(a)) # 0 for some m > my,. It
follows that there is a direct summand E(q) of EX, with ¢ € I, such that
Hom¢(E(p), E(a)) # 0. Thus, the formula (2.6) yields a < ¢, contrary to
the first statement of (b3). To prove the third statement in (b3), we note
that, by the minimality of the injective resolution (5.4) of N, the following
four conditions are equivalent:

o Extt(Sr(a), N) =0,

e E;(a) is a direct summand of EY,

e there is a monomorphism Sy(a) — 25
e a € supp(soc 2N) = IN.

It follows that, for m > m,, we have Ext?(Sr(a), N) = 0, because a & IY,
by the first statement in (b3).

To prove (a), we recall from Propositions 2.5, 5.2, and Corollary 2.9, that
the coalgebra C' is Hom-computable, locally left artinian, left cocoherent, the
left Cartan matrix oF = € € M? (Z) has a right and a left inverse, and the
Euler form be : ZU) x ZU) — 7Z is defined. By (b) applied to N = S;(b), the
minimal injective resolution of each S7(b) is socle-finite, left artinian, has
the form (5.4) and the conditions (b1)—(b3) are satisfied. To prove that C'is
a left Euler coalgebra it is sufficient to show that Homc(Eff (b), Er(a)) =0
and Ext¥(Sr(a), Sr(b)) = 0 for m sufficiently large. This is a consequence of
(b3) if @ < b. Assume now that a A b. It follows from Proposition 4.3 that
supp(E;(b)) = ¥b. Hence, in view of (2.6), we get

Sp(b)
HomC(Eflf(b)jEl(a)) =t @ HomC(EI(Q),E[(G))dmIq 0
Sy (b)
g€yt

for any m > 0, because we assume that a A b. Then (bl) yields

I0) ~ supp(soc 25/) C supp(E ") € supp(E5' ) = b,
and consequently a £ ¢ for all ¢ € Ir%(b).

Moreover, Ext (St(a), Sr(b)) = 0 for m > 0, as Ext*(Sr(a), Sr(b)) # 0
would yield Sy(a) — oy ® ¢ E;?@I(b); hence a € supp(soc Q;?{(b)) — 10 ¢
I[)g 1) _ b, a contradiction. This finishes the proof that C is a left Euler
coalgebra.
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Since C' is a left Euler coalgebra and, by [30, Theorem 4.18],
bo(lgth M, 1gth N) = xo(M, N) + 0c(M, N)

for all M and N in C-comod, it remains to show that dc (M, N) = 0. Since
Oc : C-comod x C-comod — Z is an additive function in each variable, it is
sufficient to show that dc(Sr(a), N) = 0 for any a € I.

We recall that oF = €% e MIj (Z). Hence, in view of [30, Theorem 4.18§]
and its proof, if mg > 0 is the minimal integer such that Ext]C(S[(a), N)=0
and Homc(S[(a),E]N) =0 for all j > mg + 1, then, for s =2,3,...

80(5‘1(@), N) = (_1>m0+s : [lgth S](CL)] : (CI [lgth “Qmo-i-s] )
is a well defined integer. For this purpose, we recall from Proposition 2.5(d)
that, given b € I, the transpose of lgth E;(b) = (cpp)per € ZU) is the bth
column of €;. Then the equality €;'-€; = E implies that C;*-[lgth E(b)]*
is defined. Hence, CI_I - [lgth EJN | is defined for all j € I, and consequently
C; - [lgth 2) | ]* is defined.

We recall from Proposition 2.12 that CI_I = [cj;lijer, with c;; defined
by (2.13). In particular, ¢; =0 if i A 7. Given m > 0, we set lgth N =
[.. ,wé,v, .. .Jper. Since w = 0 for p ¢ supp(2Y), we get

lgth Sy(a)] - (€ - Igth 2)]") = ¢q - (¢; - lgth 2)]") = > ¢y, w)

pel

N
S
pesupp(25)
First we assume that a ¢ supp(E{’) 2 supp(£2). Then a Z p and
Cap =0 for all p € supp(£2), and hence the last sum is zero.

Next we assume that a € supp(EéV) C b, that is, @ < b, for some
b € I}V = supp(soc E}Y) = supp(soc N). By (b3), there exists m, > 0 such
that a £ q for all ¢ € IV and m > m,. It follows from (b1) and (b2) that,
for any m > mg, we have a ¢ supp(EY) D supp(f2), that is, a £ p and
Cap = 0 for all p € supp(£2Y). Hence, the above sum is again zero. This
shows that, for any a € I, there exists n, > mg + 1 such that

dc(Sr(a), N) = (=1)"[lgth S;(a)] - (€7 - [lgth 2;]")
= (=™ Z Cap -wi,v =0
pesupp(L2})
for each m > ng. This finishes the proof of the theorem. u
The following corollary is a consequence of Theorem 5.3 and its proof.

COROLLARY 5.6. Assume that I is a left locally bounded and intervally
finite poset, and C = K°I with the decompositions (2.7). Let N be an
artinian left C-comodule with minimal injective resolution (5.4).
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(a) For any a € I, there exists mq > 0 such that Homg(EY , Ef(a)) =0
for all m > my.

(b) For any left C-comodule M of finite K -dimension there exists myr N
> 0 such that Ext(M,N) = 0 and Homc(M,EN) = 0 for all
m > mpN-

(¢) Oc(M,N) =0 and gc(lgthM lgth V) = XC(M N) for any left C-
comodule M of finite K -dimension, where bc : K{(C)x K+(C’) — 7
is the Z-bilinear form defined in [30, (4.11)]. m

We finish this section by the structure theorem on finitely copresented
left K" I-comodules and the Grothendieck group Ko(K"I-Comody.) of the
category K" I-Comodsg. of finitely copresented left K" I-comodules defined
in the usual way (see [1] and [27]).

THEOREM 5.7. Let I be a left locally bounded and intervally finite poset.

(a) The category K"I-Comody. is abelian and coincides with the cat-
egory of artinian left K®I-comodules. Moreover, K" I-Comods, is
closed under taking extensions, contains K"I-comod and K"I-inj,
has enough injectives, and every comodule N in K" I-Comodg. has
an injective resolution in K5 I-Comodse..

(b) The Grothendieck group Ko(K"I-Comods.) contains the subgroup
Ko(K"I-comod) + Ko(K"I-inj). The group Ko(K"I-inj) is free
abelian of rank |I|, the classes [Er(a)], with a € I, form its free Z-
basis and the group homomorphism lgth : Ko(K”I-Comody.) — Z!,
[X] + 1gth X, restricts to the group isomorphism

Igth : Ko(K"I-inj) = P Z-e(a) C 77,
acl
where e(a) = lgth E;(a) € Z1.
(c) If I is of width at most two then

Ko (K" I-Comody.) = Ko(K"T-comod) + Ko(K" I-inj),

that is, the group Ko(K"I-Comody.) is generated by the classes
[Sr(a)] of the simple comodules Si(a) and the classes [Er(a)] of
their injective covers Er(a), with a € I. The homomorphism lgth :
Ko(K®I-Comody.) — Z! defines the epimorphism (cf. [30, (4.8)])

(5.8) Igth : Ko(K”I-Comods) — @D Z- e + P Z-e(a) C Z".
acl acl
(d) If I is of width at most two and every simple left K7 I-comodule is
of finite injective dimension then Ko(K"I-comod) C Ko(K"I-inj)
and Ko(KPI-Comodg,) = Ko (K I-inj) = 71,
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Proof. (a) By Theorem 5.3, each K" I-comodule Ej(a) is artinian. Since
every finitely copresented left K" I-comodule M is socle-finite, M embeds
in a direct sum Er(a;) @ --- @ Er(an) and hence is artinian. Conversely,
every artinian left K®I-comodule M is socle-finite and therefore embeds
in £ = Ef(a1) @ --- @ Er(ay,). Since E/M is artinian, it is socle-finite.
This implies that M € K"I-Comod. Consequently, K”I-Comod;. is an
abelian category, coincides with the category of artinian K I-comodules,
and contains K”I-comod and K" I-inj. Hence we also deduce the remaining
statements in (a).

(b) The first statement follows from (a). For the second, we note that,
according to Proposition 2.5(d), K"T is Hom-computable and hence every
artinian K I-comodule N is computable, Igth N € Z!, and we have a group
homomorphism Igth : Ko(K"I-Comody.) — Z! (see [30, Section 2]) that re-
stricts to the group isomorphisms lgth : Ko(K®I-comod) = Z(!) C Z! and
lgth : Ko(K"I-inj) = @,c;Z - e(a) C Z!. In view of Proposition 4.3(e),
the subset {e(a)}qes of Z! is Z-linearly independent.

(c) Assume that M is a finitely copresented K" I-comodule. Then M is
socle-finite and there is an embedding M — FE = Ej(a1) ® --- @ Er(ay,) for
some ai,...,0ny € 1.

We show by induction on m > 1 that

[M] € Ko(K" I-comod) + Ko(K" I-inj).

Assume that m = 1 and let M be a non-zero subcomodule of Ej(a),
where a = a;. Following the notation in Proposition 4.3(e) and in the proof
of Proposition 5.2(c), we note that the support of E(a) is the left cone Ja,
and E7(a) viewed as a representation of I is a constant diagram over “a,
with K over all j € Ja, and zero over all j € I\ Ja. Since M # 0 we have
M, #0, dimg M; <1 forall j eI\ d, and if My = 0 then M; = 0 for all
jel\ .

Consider the subposet Zy; = {j € I; M; = 0} of Sa. If Ty is empty then
M = E(a) and we are done, because [M| € Ko(K"I-inj). Assume that Zy,
is not empty. If there is a unique maximal element b € Zp; C Ja then there
exists an exact sequence 0 — M — FEj(a) — Er(b) — 0 in K”I-Comods,,
and we are done. If there are more than one maximal element in Z; then
there are precisely two, say b and by, because we assume that I has width
at most two. It is easy to check that there exists an exact sequence

0—M — Ef(a) — K(b,b1) — 0
in K®I-Comody., where

K(b,b1) = (K (b,b1)5, j9q) q<;
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viewed as a representation of I is defined as the constant diagram over
b Uﬂbl CIyC S]CL, with K(b, bl)j:K for j € S]builbl, and K(b, bl)j =0
for j € I\ (¥bU Jb;). Since I has width at most two, only the following
three cases can arise.

Case 0: Tbn by = 0. Then K(b,by) is a direct sum of Er(b) and
Er(b1). Hence [M] = [Er(a)] — [K(b,b1)] = [Er(a)] — [Er(b)] — [E1(b1)] €
Ko(K I-inj).

CASE 1: There is a unique maximal element ¢ in ¥b N by. It is easy to
check that there exists an exact sequence

0— K(bb1) — Er(b) ® Er(b1) — Er(c) — 0

in K”I-Comodg.. Then [K(b,b1)] = [E1(b)] 4+ [Er(b1)] — [E1(c)] belongs to
Ko(K"I-inj) and hence so does [M] = [E[(a)] — [K (b, b1)].

CASE 2: There are precisely two maximal elements ¢, ¢; in b0 Jb;. By
assumption, [c,b] U [e1,b] is finite, and hence so is <o\ <oy C [c,b] U [e1, b].
Define the K”I-comodule N = (Nj, jkq)q<; as the constant diagram over
<\ Tby C I, with N; = K for every j € Tb\ ¥by, and N; = 0 for every j €
I\ (2b\ ¥by). Obviously, N is a subcomodule of K (b, b1) lying in K" I-comod
and there exists an exact sequence

0— N — K(bb)) — Er(by) — 0

in K”I-Comody.. Then [K(b,b1)] = [N] — [E(b1)] belongs to the Grothen-
dieck group Ko(K"I-comod) + Ko(K"I-inj), and hence so does [M]| =
[Er(a)] — [K(b,b1)]. This completes the proof of our claim for m = 1.

Assume that m > 2 and the claim is proved for m — 1. Consider the
commutative diagram

u ™

0O - FF - E — E' — 0
T T T

u/

O—>M’—>MW—/>M”—>O

with exact rows, where E' = Ej(a1), E” = Er(a2) @ --- @ Er(am), u is
the canonical injection, 7 is the canonical projection, M’ = M NE', M" =
(M) C E”, and the vertical arrows are the canonical injections. It follows
that [M] = [M'] + [M"] and, by the induction hypothesis, we get [M] €
Ko (K" I-comod) + Ko(K"I-inj). This completes the proof of (b).

(d) By our assumption and (a), every comodule S;(b) has a finite injective
resolution

and the injective comodules E(()b), EYJ), ... ,E,(,i)) are socle-finite and artinian,
that is, they lie in K= I-inj. Hence, [S7(b)] € Ko(K"I-inj) and, in view of (b),
the statement (c) follows. =

0— S;(b) — E
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COROLLARY 5.9. Let I be a poset of width at most two. If M is a subco-
module of Er(a) for some a € I, then one of the following three statements

hold:

(i) inj.dim M < 1, the first syzygy comodule (M) = Er(a)/M is
injective and soc £21(M) is a direct sum of at most two simple co-
modules,

(i) inj.dim M = 2 and there exists an exact sequence

0— Ql(M) — E](bl) D E[(bg) — E[(C) — 0

in K°I-Comodg, with by,by,c € 1,
(iii) there exists a finite-dimensional subcomodule N of £21(M) such that
21(M)/N is an indecomposable injective comodule.

Proof. Apply the proof of Theorem 5.7(b). =

6. Bass numbers for pairs of simple K”I-comodules. Assume that
I is a left locally bounded and intervally finite poset, and C' = K"I. Then
C is basic, locally left artinian, left cocoherent, and, by Theorem 5.3, every
artinian left C-comodule N admits a socle-finite artinian minimal injective
resolution (5.4).

Following [29, Section 4] (see also Bass [3] and [17]), given a simple
KPI-comodule S, an artinian left K”I-comodule NV, and m > 0, we define
the mth Bass number (or Betti number) u! (S, N) of the pair (S, N) to be
the number of indecomposable direct summands isomorphic to E(S) (the
injective envelope of S) in a fixed (finite) indecomposable decomposition
(5.5) of the mth term E.Y of the injective resolution (5.4). It is clear that
ul (S, N) does not depend on the resolution (5.4), nor on the decomposition
(5.5) of EN | by the Krull-Remak-Schmidt-Azumaya theorem. It is easy to
check that
dimp Ext%a; (S, N)

dimK EndKj]S

because EndgorS = K (see [29, (4.24)]). If N is a simple K™ I-comodule then
pl (S, N) does not depend on the choice of the field K, by Proposition 2.5
and the proof of Theorem 5.3.

(6.1)  pp(S,N) =

= dlmK EXt%DI(S, N),

It follows from Corollary 5.6(a) that for each pair (S, N) there exists an
integer mo > 0 such that u! (S, N) = 0 for all m > my.

Now we show that, for any a,b € I, the Bass number p,,(Sr(a), Sr(b))
is non-zero for at most one m > 0, and then (—1)"u! (S7(a), S7(b)) is the
entry c_, in the ath row of the matrix CI_I.

THEOREM 6.2. Let I be a connected intervally finite poset, let C = K1,
and let a,b € 1.
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(a) If ¢, =0 then pl (Si(a), Si(b)) =0 for every m > 0.
(b) Ifc,, # 0 then a X b and there exists a unique integer mgq, > 0 such
that

03 ehsi@s0) ={

(
and mqp < £(a,b) (see (2.13)).
(c) If a £ b then ul,(Si(a),S;(b)) =0 for every m > 0.
Proof. Fix b € I. By Theorem 5.3 and its proof, the minimal injective
resolution

for m 7 map,

fOT’ m = Mgap,

(b) (b) (b) (b) 1
) M’ hy mL | po(b)
e Em+1 -

(64) 0 S;(b) 2 gO I, g

of S 1(b) is socle finite, artinian, there exist pairwise disjoint finite subsets

E®)

= {b}, I . (b) ... of I and integers d,(”% > 0 such that
E(()) = E1(b), Enl; = @ E[(a)d'ss)"‘ = @E;(a)dm for m > 1,
(IEI',(nl,)> aeI

dl()g) =1, dffiL =0 forael)\ L(f;), and the following four conditions are

satisfied:
(i) dS;;, z lifpe 1Y,

i) -
(iii) - C supp(E( ) C supp(E}”) € <,
(iv) for each a € I with a < b there exists m, > 0 such that a £ ¢ for
all g € Ir(m)1

Note that supp(E(()b)) b, by Proposition 4.3(e).

Since the finite sets I - = {b}, I ,.. . are pairwise disjoint, it fol-
lows that if E7(a), for some a € I, is a dlrect summand of E;,g), then Ef(a)
is not a direct summand of ES’) for any n # m. In other words, if dg;)a > 1,
then dﬁw) =0 for all n # m.

We recall that i (S;(a), S;(b)) = d'%h. By Theorem 5.3, C'is a left Euler
coalgebra, Cr has a unique left inverse €', and €;' = (¢cF~1)". Hence €'

is the transpose of the matrix ¢D = [d((zb)]mbe[ constructed in [30, (4.22)]. It
follows that

(6.5) =3 (=1)md®) = 3" (=1)"ul,(S1(a), (b))
m=0 m=0

(a) Assume that c_, = 0. Hence, dSﬁ’LL = 0 for all m > 0, because otherwise

(b)

dfﬁ% > 1 for some myg, and by the above remarks, dgn = 0 for all n # my.
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But this yields 0 = ¢, = (—1)™° dg,%a # 0, a contradiction. This shows that
ul (Si(a), Sp(b)) = d'b) = 0 for all m > 0.
(b) Assume that c_; # 0. Then d,(f;lba # 0 for a unique integer mgyp > 0,

and d,(ll;z = 0 for all n # mg, by the above observation. Hence, in view of

(6.4), ¢ = (=)™ diniya = (~1)™ul,,, (Sr(a), S1(0)).

It remains to show that mg, < £(a,b). Since dg;?lba # 0, E(a) is a direct
summand of Eﬁglb and therefore a € Iﬁi’ib. Hence, in view of (ii), we have
a € Ir(,ll)()lb < ... < Iz(b) < Ifb) < Iéb) = {b} and so there exists a chain
a=am,—1 =" =<ay<a <bin [a,b] with a; € I](-b) forj=1,...,mep—1.
This shows that mg, < ¢(a,b).

(c) If a A b then c ; = 0, by (2.11); hence (c) is a consequence of (a). =

The preceding theorem suggests the following definition.

DEFINITION 6.6. Let I be a connected intervally finite poset. The re-
duced length of the pair (a,b) of elements of I is the integer r¢;(a,b) > —1
defined by the formula

-1 ifey, =0,

6.7 lr(a,b) =
(6.7) réi(a.b) {mab if a < band c,  #0,
where mg, > 0 is the unique integer such that the equalities (6.3) hold.

By applying the definition, Proposition 4.3 and the proof of Theorem
5.3, we get:

e 7lr(a,b) =0 if and only if a = b,

e r/r(a,b) =1 if and only if there is an arrow a — b in the Hasse poset

of I,
e rlr(a,b) =2if a < b, ¢(a,b) =2 and [a,b] C I is not a chain,
e rlr(a,b) = —1 if either a A b, or a = b and [a,b] C I is a chain of

length at least two,
o if ¥b = <by U [by, b] for some by < b, then r¢7(a,b) = —1 for all a < b;.

The following corollary is an immediate consequence of Theorem 6.2.
COROLLARY 6.8. Let I be a connected intervally finite poset.
(a) For anym >0 and a,b € I,
pm(S1(a), Sr(b)) = dimg Ext¢t (Sr(a), Sr(b))
0 if m #rlr(a,b),
- { (=1)™mcy, if m =rli(a,b),
(b) For any a € I and m > 0, the C-comodule Er(a) is a direct sum-

mand (with multiplicity pm(Sr(a), Sr(b))) of the mth term EY of
the resolution (6.5) if and only if ¢, # 0 and m = r¢;(a,b).
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Proof. Apply Theorem 6.2, the formula (6.4) and the definition of
rlr(a,b). m

EXAMPLE 6.9. Let I be the poset of Example 3.11. Then
T@](O 0) = 0, ’f'f[(o, 1) = Tﬁ[(O,Q) = —1,

r01(0,3) = rlr(0,4) = r¢;(0,5) = 1,

r¢1(0,6) = r€7(0,7) = r4;(0,8) = 2,

r01(0,9) = r€7(0,10) = r£;(0,11) = 3,
)

#1(S1(0), 51(3)) = 1 (S1(0), S1(4)) = p1(Sr(0), S1(5))
= lcgs| = legal = legs| = -1/ =1,
13(51(0), 51(6)) = 13(S1(0), S1(7)) = p5(S1(0), Sr(8))
= Co6 = Cor = Cog = 2
#3(81(0), 51(9)) = p3(S1(0), S1(10)) = p5(S1(0), Sr(11))
= legol = leg 1ol = legua| = [-4] = 4.
More generally, 1if(S7(0), S7(b)) = |cg,| for b=3,4,....

EXAMPLE 6.10. Let I be the infinite poset with Hasse quiver

— —4 — =2 3 —5 =17
Qr: ... % X >< NS <N
— -3 — =1 — 2 —> 4 — 6 — 8 — 9

A direct calculation shows that

07(9,9) = 0,
Tf[('? 9) = Tﬁ[ 8,9
rl1(5,9) = rl7(6,9) =
rl1(3,9) = r€1(4, 9) =
) =

rl1(2,9) =3, 1¢(a, 9) =—-1 foralla<1.

REMARKS 6.11. (a) By applying Theorem 6.2 and Corollary 6.8, one
can describe the minimal injective resolution (6.4) of any simple left K" 1-
comodule S;(b), because we easily compute the matrix Cl_l = [Cz‘_j]i,je 1 by
applying the recursive rules (2.11) and (2.13), and hence we can read off the
Bass numbers ul (S;(a), S;(b)), by applying Corollary 6.8(a). However, to
perform this procedure, we need to find a simple formula for the reduced
length 701 (a, b) of any pair a,b € I such that a < b. We formulate this below
as an open problem.

(b) The computation of r¢;(a, b) in I reduces to a finite subposet J = Jy,
of I as follows. It follows from Theorem 6.2 that r¢;(a,b) < ¢(a,b) for a < b.
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Hence, in view of (ii), a belongs to one of the finite sets of the chain
R a-an)an” a1y’ = )

of subsets of supp(E((]b)) = 9, where m = {(a,b). Since I is intervally

finite, one can find a finite and intervally finite subposet J = Jy, of Jb
containing the finite set Do -UIéb) UIl(b) Uléb) = {b}. Then the restriction
functor resy : K7 I-Comod — K".J-Comod is exact, carries Sy(a), S;(b) to
Sj(a),Ss(b), and the injective resolution of S;(b) to an injective resolution
of S;(b), and Homgo;(Sr(a), E7(j)) = Homyn ;(Ss(a), E;(j)) for j € J, so
resy induces the isomorphisms

Exctlo (S1(a), §1(0)) & Bxtfeo, (res, S a), xes (S1(6))
= EXt?{DJ(SJ(a’)7 SJ(b))

for n < m. Here we follow the localisation technique for coalgebras studied
in [11], [19], [29], [37]. It follows that ul (S;(a), S;(b)) = ul(Ss(a), S (b)) for
1 < n < m, and the computation of 7¢;(a,b) in I reduces to the computation
of 7£;(a,b) in the finite subposet J = Ju of b C I.

OPEN PROBLEMS 6.12. (a) Give a combinatorial description of the re-
duced length r¢;(a,b) of elements a < b of I in terms of the finite inter-
val [a,b] viewed as a subposet of I. Does the length r¢;(a,b) depend only
on [a,b]?

(b) Following Theorem 5.7 and Corollary 5.9, describe the structure of
the Grothendieck group Ko(K"I-Comody. ), where I is a left locally bounded
and intervally finite poset of width > 3. Prove that the homomorphism (5.8)
is an isomorphism.
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