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X
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X
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ϕ : X → R
¯�¨5§�¸�¬K´�®y£Z´P·e¬K·¶¤�³G·e´¶¸�®y£Z¬K´AºW½�¹
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Tϕ(x, r) = (Tx, ϕ(x) + r).
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¨}± ÛPº&%PÓ7§-´¶ª6¬r«­¨}©
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(X,T )
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©
¨}³G¨}© ®y¬
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X
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(X,T )
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A ⊂ X  KÍU¨uÍ�©
£Ò®y¨
Orb(A) = {T kx : x ∈ A, k ∈ Z} ®y¬¼ª,¨}´e¬V®y¨8®y¢e¨ÔË-ÅGF
ÁæÆH �§-´¶ª Orb(A) = Orb(A)®y¬ ª,¨}´e¬V®y¨µ®y¢e¨âË-ÅGF�ÁæÆ�¾}ÀZË-É�I,ÅyÄµ¬K³#®y¢e¨*¤
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M ⊂ X
£¥¤
T ÐÌ?ÁGÂ¶ÁGÌ7ÈVÀ:£Z³

M
£¥¤=¸�°Z¬­¤
¨NªJ �´e¬K´ Ð ¨}±7¦,®�¹µ§-´¶ª7£Z´�«K§-©
£i§-´�® Ï £^ºõ¨Kº T−1(M) = M
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£¥¤

±7£Z´e£Z±Ô§-°�£Zî
Orb(x) = X

³G¬K©�¨r§V¸�¢
x ∈ X º�K<±7£Z´e£Z±Ô§-°:¤
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³G¨N¸�®7¬K©®y¢e¨?¬K©
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T Ð ±7£Z´e£Z±Ô§-°�®y¢e¨}´ (X,T )
£¥¤$¸N§-°Z°Z¨Nª

Ì?ÁGÂ¶ÁGÌ7ÈVÀ�º�K ¦�¬K£Z´�®
x ∈ X £¥¤U¤�§-£¥ª¼®y¬?¯�¨¡ÈKÀlÌ7ËVÉ
ÆJ@,Ä�Å�Á^ËrÃ-Á^¾.£Z³

Orb(x)
£¥¤#§×¸�¬K±7¦W§V¸�®

±7£Z´e£Z±Ô§-°�¤
¨�®NºJL=§V¸�¢g¸�¬K±7¦W§V¸�®�íe¬rÍ §Vª,±7£Ò®�¤$§¡±7£Z´e£Z±µ§-°�¤�·e¯¶¤
¨�®EM�³G¬K©.ÑK¨}´e¨}©�§-°�íe¬rÍ.¤
®y¢e£¥¤$£¥¤�´e¬V®$®y©
·e¨Kº%Ø�³ ®y¢e¨}©
¨�¨�ðR£¥¤�®�¤8§¼¦�¬K£Z´�®

x ∈ X ¤
·¶¸�¢ ®y¢W§�®
Orb(x) = X

 �®y¢e¨}´
(X,T )

£¥¤�¸N§-°Z°Z¨NªâÆ�Ë�@eËVÀZË�NVÁ^¾
ÈVÀGÀl¿µÆÇÅyÈVÂeÉ
ÁæÆÇÁ>O-Ä�º
 #¢e¨7¤�£Z±7¦e°Z¨N¤�®�¨�ðe§-±¼¦e°Z¨N¤$¬K³=±7£Z´e£Z±µ§-°�íe¬rÍ.¤8§-©
¨�±7£Z´e£Z±Ô§-°�©
¬V®
§�®y£Z¬K´¶¤8¬K´Ú¸�¬K± Ð¦W§V¸�®5±¼¨�®y©
£Zàr§-¯e°Z¨7±7¬K´e¬V®y¢e¨�®y£¥¸¡ÑK©
¬K·e¦¶¤}º�Ø�³

X
£¥¤8¤
·¶¸�¢Þ§ÔÑK©
¬K·e¦4§-´¶ª {xn0 : n ∈ Z}

= X
³G¬K©�¤
¬K±7¨

x0 ∈ X
 �®y¢e¨}´ ®y¢e¨�±µ§-¦

T (x) = x0x
£¥¤8§¼±7£Z´e£Z±µ§-°�¢e¬K±7¨}¬K±7¬K© Ð¦e¢e£¥¤
±�º

2e¬K°Z°Z¬rÍ�£Z´eÑÚÙ %VÜ�Í#¨×¤�§}¹3®y¢W§�®8§¡íe¬rÍ
(X,T )

£¥¤�IRÂ¶Á Ê�Ë-Å�Ì�À�¿ÔÅ�Á-NVÁ^Ã3£Z³�®y¢e¨}©
¨�¨�ðR£¥¤p®�¤
§-´ ·e´P¯�¬K·e´¶ª,¨Nªg¤
¨Nï�·e¨}´¶¸�¨

(nt)t≥1
¬K³(£Z´�®y¨}ÑK¨}©y¤�¤�·¶¸�¢Ý®y¢W§�®

Tnt → IdX
·e´e£Z³G¬K©
±7°Ò¹

§V¤
t → ∞ º�Ø�´Î®y¢W§�®�¸N§V¤�¨?®y¢e¨?¤
¨Nï�·e¨}´¶¸�¨ (nt)t≥1

£¥¤�¸N§-°Z°Z¨Nªg§�Å�Á-N-Á^ÃVÁæÆÇ¿*ÆÇÁGÌ¼Ä?³G¬K©
T
º

ßU°Z¨r§-©
°Ò¹3§-°Z°%±7£Z´e£Z±µ§-°A©
¬V®
§�®y£Z¬K´¶¤�¬K´Î¸�¬K±7¦W§V¸�®�±7¨�®y©
£Zàr§-¯e°Z¨8±¼¬K´e¬V®y¢e¨�®y£¥¸$ÑK©
¬K·e¦¶¤�§-©
¨
·e´e£Z³G¬K©
±7°Ò¹3©
£ZÑK£¥ª:º

!P·e¦e¦�¬­¤�¨u®y¢W§�®
(X,T )

£¥¤ §�íe¬rÍ� ­§-´¶ª
G
§.°Z¬R¸N§-°Z°Ò¹�¸�¬K±7¦W§V¸�® ±7¨�®y©
£¥¸UÑK©
¬K·e¦�Í�£Ò®y¢

·e´e£Ò®#¨}°Z¨}±¼¨}´�®
e
º�2¶¬K©u§5¸�¬K´�®y£Z´P·e¬K·¶¤u±µ§-¦

ϕ : X → G
¬K´e¨�¸N§-´Ôª,¨}ãe´e¨8§

Z Ð ¸�¬R¸�¹,¸�°Z¨
ϕ(·) ¯�¹
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ϕ(n)(x) =





ϕ(Tn−1x)ϕ(Tn−2x) · · ·ϕ(Tx)ϕ(x), n ≥ 1,

e, n = 0,

ϕ(Tnx)−1ϕ(Tn+1x)−1 · · ·ϕ(T−1x)−1, n ≤ −1.
 u¢e¨}´Î®y¢e¨?¸�¬R¸�¹,¸�°Z¨¡¸�¬K´¶ª,£Ò®y£Z¬K´

ϕ(n+k)(x) = ϕ(n)(T kx)ϕ(k)(x)
£¥¤.¤�§�®y£¥¤�ãe¨Nª:ºA u¢P·¶¤

§×¸�¬K´�®y£Z´P·e¬K·¶¤u±µ§-¦
ϕ
ª,¨}ãe´e¨N¤�§

Z Ð ¸�¬R¸�¹,¸�°Z¨ ϕ(n) º¶ßU¬K´�«­¨}©y¤�¨}°Ò¹  e¨r§V¸�¢ Z Ð ¸�¬R¸�¹,¸�°Z¨ Ψ :
Z×X → G

£¥¤�¬K³,®y¢e¨U³G¬K©
±
Ψ(n, x) = ϕ(n)(x)

 NÍ�¢e¨}©
¨
ϕ(x) = Ψ(1, x)

º� u¢e¨}©
¨}³G¬K©
¨
Í#¨�Í�£Z°Z°�¸N§-°Z°$§Ö¸�¬K´�®y£Z´P·e¬K·¶¤Ô³G·e´¶¸�®y£Z¬K´

ϕ : X → G
§
Z Ð ¾�Ër¾�¿�¾}ÀÒÄ M�±7¬K©
¨}¬r«­¨}©* ϕ£¥¤�§4¾
Ë FyËDIRÂ�Ã�È-Å
¿Ú£Z³

ϕ(x) = (f(Tx))−1f(x)
³G¬K©�¤�¬K±7¨Ô¸�¬K´�®y£Z´P·e¬K·¶¤�³G·e´¶¸�®y£Z¬K´

f
º

!P·e¦e¦�¬­¤
¨5´e¬rÍö®y¢W§�®
ϕ : X → G

£¥¤.§�¸�¬R¸�¹,¸�°Z¨Kº���¨}ãe´e¨×§�¢e¬K±7¨}¬K±7¬K©
¦e¢e£¥¤
±
Ï ärÓ

Tϕ : X ×G→ X ×G, Tϕ(x, g) = (Tx, ϕ(x)g).
 u¢e¨$íe¬rÍ

(X ×G,Tϕ)
ª,¨}ãe´e¨Nª*¯�¹ Ï ärÓ�£¥¤�¤y§-£¥ªÔ®y¬¡¯�¨5§�¾�Ër¾�¿­¾}ÀZÄANVÅyËDI8@âÄ��VÆ�Ä�Â¶É�Á^Ë-Â� 

¬K©* ¶£Z´¶ª,£¥¸N§�®y£Z´eÑ7®y¢e¨8ÑK©
¬K·e¦� �§�¾
ËN¾�¿�¾}ÀÒÄ
G �
Ä��KÆ�Ä�ÂeÉ
Á^Ë-ÂÝ¬K³

(X,T )
º

2e¬K©?§�¸�¬K±7¦W§V¸�®?±7£Z´e£Z±µ§-° íe¬rÍ
(X,T )

 �§3°Z¬R¸N§-°Z°Ò¹Ö¸�¬K±7¦W§V¸�®×±7¨�®y©
£¥¸7ÑK©
¬K·e¦
G§-´¶ªÎ§�¸�¬R¸�¹,¸�°Z¨

ϕ
ÍU¨8ª,¨}ãe´e¨�®y¢e¨5´e¬V®y£Z¬K´�¬K³�¨N¤y¤
¨}´�®y£i§-°A«K§-°Z·e¨5¬K³

ϕ
£Z´3®y¢e¨8³G¬K°Z°Z¬rÍ�£Z´eÑ

Í�§}¹­º
��¨}´e¬V®y¨�¯�¹
G∞

®y¢e¨AK�°Z¨*,R¤�§-´¶ª,©
¬r«¼¸�¬K±7¦W§V¸�®y£Zã¶¸N§�®y£Z¬K´µ¬K³
G
�
G∞ = G∪{∞} ºÕÖ¨¡¤y§}¹Ý®y¢W§�®

g ∈ G∞
£¥¤8§-´6Ä�É
É�Ä�Â¶ÆÇÁ^ÈKÀ OVÈVÀ I¶Ä¡¬K³

ϕ
£Z³=³G¬K©$¨r§V¸�¢Ú´e¬K´ Ð ¨}±¼¦,®�¹Ý¬K¦�¨}´¤
¨�®

U ⊂ X §-´¶ª3¨r§V¸�¢�´e¨}£ZÑK¢P¯�¬K·e©
¢e¬P¬Rª
V
¬K³
g
®y¢e¨}©
¨5¨�ðR£¥¤p®�¤

N ∈ Z ¤
·¶¸�¢3®y¢W§�®
Ï ÛKÓ

U ∩ T−NU ∩ {x ∈ X : ϕ(N)(x) ∈ V } 6= ∅.
 u¢e¨�¤
¨�®=¬K³A§-°Z°¶¨N¤y¤�¨}´�®y£i§-°W«K§-°Z·e¨N¤(¬K³

ϕ
Í�£Z°Z°¶¯�¨�ª,¨}´e¬V®y¨Nª7¯�¹

E∞(ϕ)
º­Øn®=£¥¤ ´e¬V®=¨}±7¦,®�¹

§V¤#£Ò®�§-°ÒÍ�§}¹,¤u¸�¬K´�®
§-£Z´¶¤#®y¢e¨$´e¨}·,®y©�§-°A¨}°Z¨}±7¨}´�®u¬K³%®y¢e¨$ÑK©
¬K·e¦
G
Ï ®
§0,K¨

N = 0
£Z´Ô®y¢e¨

ª,¨}ãe´e£Ò®y£Z¬K´Ô¬K³
E∞(ϕ)

Ó
ºPë ·,®#§-°¥¤
¬
E(ϕ) = E∞(ϕ)∩G ºP u¢e¨�¤�¨�® E(ϕ)

£¥¤U§-°ÒÍ�§}¹,¤U§
¸�°Z¬­¤
¨NªÎ¤
·e¯eÑK©
¬K·e¦Ý¬K³

G
Ï ÙÒäKä	 Wë ©
¬K¦�¬­¤�£Ò®y£Z¬K´ #Rº¥ä�ÜæÓ
º�½=¹ÖÙÒäKäD Wë ©
¬K¦�¬­¤
£Ò®y£Z¬K´ #Rº�ÛrÜ  

Tϕ
£¥¤

®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹¡®y©�§-´¶¤
£Ò®y£Ò«­¨�£Zî
E(ϕ) = G

º��.´�®y¢e¨�¬V®y¢e¨}© ¢W§-´¶ªJ ­®y¢e¨
Z Ð ¸�¬R¸�¹,¸�°Z¨ ϕ(·) :

Z×X → G
£¥¤=§$¯�¬K·e´¶ª,¨Nª7³G·e´¶¸�®y£Z¬K´¼£Zî

ϕ
£¥¤=§�¸�¬K¯�¬K·e´¶ª¶§-©�¹7£Zî

E∞(ϕ) = {0} Ï ¤
¨}¨¨KºõÑeº�ÙÒäKäD eë ©
¬K¦�¬­¤�£Ò®y£Z¬K´ #Rº&%VÜæÓ
ºeØ�´Ô®y¢W§�®�¸N§V¤�¨$®y¢e¨�¸�¬R¸�¹,¸�°Z¨
G Ð ¨�ðP®y¨}´¶¤
£Z¬K´ (X ×G,Tϕ)£¥¤7§Î·e´e£Z¬K´ ¬K³.¸�¬K±7¦W§V¸�®¡±7£Z´e£Z±µ§-°#¤�·e¯¶¤
¨�®�¤�¬K³�®y¢e¨*³G¬K©
± {(x, f(x)g) : x ∈ X}  Í�¢e¨}©
¨

ϕ(x) = (f(Tx))−1f(x)
§-´¶ª

g ∈ G ºØ�³
G
£¥¤ K.¯�¨}°Z£i§-´� :®y¢e¨}´Ö§Ô¸�¬R¸�¹,¸�°Z¨

ϕ
£¥¤�¸N§-°Z°Z¨NªhÅ�Ä NDI,ÀZÈ-Å¼£Z³=®y¢e¨}©
¨¡¨�ðR£¥¤�®�¤8§*¸�¬K´ Ð®y£Z´P·e¬K·¶¤�³G·e´¶¸�®y£Z¬K´

ψ : X → E(ϕ)
¤
·¶¸�¢Î®y¢W§�®

ϕ
§-´¶ª

ψ
ª,£Zî�¨}©.¯�¹Ý§¼¸�¬K¯�¬K·e´¶ª¶§-©�¹��

ϕ = ψ + f ◦ T − f ³G¬K©¡¤
¬K±7¨3¸�¬K´�®y£Z´P·e¬K·¶¤
f : X → G

Ï ³G¬K©1K.¯�¨}°Z£i§-´hÑK©
¬K·e¦¶¤
Í#¨ÖÍ�£Z°Z°?¬K³i®y¨}´ ·¶¤
¨Þ®y¢e¨ §Vªeª,£Ò®y£Ò«­¨ ´e¬V®
§�®y£Z¬K´�Ó
º! �¬V®y¨Þ®y¢W§�®Ú³G¬K© K.¯�¨}°Z£i§-´ ÑK©
¬K·e¦¶¤
 
E∞(ϕ) = E∞(ψ)

Í�¢e¨}´e¨�«­¨}©7®y¢e¨Î¸�¬R¸�¹,¸�°Z¨N¤
ϕ
§-´¶ª

ψ
ª,£Zî�¨}©¡¯�¹6§Ú¸�¬K¯�¬K·e´¶ª¶§-©�¹

Ï ÙÒäKä	 ¶ë ©
¬K¦�¬­¤
£Ò®y£Z¬K´ #Rº�ÛrÜæÓ
º
Ø�´â®y¢e£¥¤×¦W§-¦�¨}©5ÍU¨7Í�£Z°Z°=¸�¬K´¶¸�¨}´�®y©�§�®y¨*¬K´Ö®y¢e¨¼³G¬K°Z°Z¬rÍ�£Z´eÑ ¤
£Ò®y·W§�®y£Z¬K´Aº� u¢e¨¼íe¬rÍ.¤

(X,T )
Í�£Z°Z°¶¯�¨u±7£Z´e£Z±µ§-°e©
¬V®
§�®y£Z¬K´¶¤ ¬K´¼¸�¬K±7¦W§V¸�®=±7¨�®y©
£¥¸#±7¬K´e¬V®y¢e¨�®y£¥¸uÑK©
¬K·e¦¶¤
 

G =
R
¬K©
G = Rm

³G¬K©�¤�¬K±7¨5¦�¬­¤
£Ò®y£Ò«­¨×£Z´�®y¨}ÑK¨}©
m
ºWØ�´ ¤�·¶¸�¢g¸N§V¤
¨N¤�®y¢e¨×ÑK©
¬K·e¦

E(ϕ)
¬K³

¨N¤y¤�¨}´�®y£i§-°u«K§-°Z·e¨N¤¡¬K³
ϕ
£¥¤7§Ý°Z£Z´e¨r§-©¡¤
·e¯¶¤�¦W§V¸�¨�¬K³

Rm
Ï ÙÒäE#� ( u¢e¨}¬K©
¨}± #Rº�ñrÜæÓ�  §-´¶ªJ 

Í�¢e¨}´e¨�«­¨}©
ϕ
¢W§V¤$à}¨}©
¬3±7¨r§-´� 

ϕ
£¥¤$©
¨}ÑK·e°i§-© Ï ÙÒäE#� A u¢e¨}¬K©
¨}± %eº#"�ÜæÓ
º%Ø�´Ú¦W§-©�®y£¥¸�·e°i§-©* 

³G¬K©
ϕ : X → R

®y¢e¨}©
¨8£¥¤�§?®y©
£¥¸�¢e¬V®y¬K±×¹��
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���
Ï §­Ó�¨}£Ò®y¢e¨}©��

X ϕdµ 6= 0
Ï ®y¢e¨}´

Tϕ
£¥¤#®y©�§-´¶¤
£Z¨}´�®E��§-°Z°%¬K©
¯e£Ò®�¤.§-©
¨8ª,£¥¤y¸�©
¨�®y¨�Ó�MW¬K©

Ï ¯�Ó
Tϕ

£¥¤u®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹3®y©�§-´¶¤�£Ò®y£Ò«­¨	M�¬K©
Ï ¸rÓ

ϕ
£¥¤�§�¸�¬K¯�¬K·e´¶ª¶§-©�¹­º

»A¨�®¡·¶¤�´e¬rÍ ©
¨N¸N§-°Z°U®y¢e¨ ��¨}´D4p¬r¹��Pò�¬	,R¤
±µ§Ý£Z´e¨Nï�·W§-°Z£Ò®�¹­º�2e¬K©?®y¢e¨3ª,¨}ãe´e£Ò®y£Z¬K´6¬K³
ª,£¥¤y¸�©
¨}¦W§-´¶¸�¹Î§-´¶ª*®y¢e¨8¦e©
¬P¬K³�¬K³� #¢e¨}¬K©
¨}± äVº¥ä�¯�¨}°Z¬rÍöÍ#¨�©
¨}³G¨}©u®y¬ÎÙ��-Ü Ï ¬K©×Ù "�ÜæÓ
º

���
	���
�	�� äVº¥ä Ï Ù "� �ßU¢W§-¦,®y¨}©µÛ    u¢e¨}¬K©
¨}± ñPº¥ä�Ü   ¤
¨}¨Î§-°¥¤
¬ Ù���ÜæÓ�� � Ä}Æ
ϕ

FyÄÝÈ
Ê�IRÂ�¾}ÆÇÁ^Ë-ÂâË�Ê F�Ë0IRÂ�Ã­Ä�Ã O-ÈVÅ
Á^ÈVÆÇÁ^ËVÂâË-Â

[0, 1]
È-Â�Ã

x1, . . . , xN ∈ [0, 1) � )�� Ä�Â
∣∣∣∣

1

N

N∑

n=1

ϕ(xn)−
1�

0

ϕ(t) dt

∣∣∣∣ ≤ Var(ϕ)D∗N ,

C � Ä�ÅyÄ
D∗N

Ã­Ä�Â�ËVÆ�Ä�É8Æ � Ä�Ã-ÁGÉ�¾�ÅyÄ @eÈ-Â�¾�¿*Ë�Ê�Æ � Ä8É�Ä���IWÄ�Â�¾�Ä {x1, . . . , xN} �
Õâ¨3·¶¤�¨*®y¢e£¥¤?®y¢e¨}¬K©
¨}± £Z´h®y¢e¨*¦W§-©�®y£¥¸�·e°i§-©µ¸N§V¤
¨*Í�¢e¨}´ � 1

0 ϕ(t) dt = 0
 
xn =

x+nα mod 1
Ï
α
£¥¤U£Z©
©�§�®y£Z¬K´W§-°GÓ� 

N = qk
 PÍ�¢e¨}©
¨

(qk)k≥1
£¥¤�®y¢e¨�¤
¨Nï�·e¨}´¶¸�¨$¬K³%®y¢e¨

ª,¨}´e¬K±7£Z´W§�®y¬K©y¤$¬K³ ®y¢e¨�¸�¬K´�®y£Z´P·e¨Nª ³G©�§V¸�®y£Z¬K´Ú¨�ðR¦W§-´¶¤�£Z¬K´Ú¬K³
α
º !P£Z´¶¸�¨	 :£Z´Ý®y¢W§�®�¸N§V¤
¨	 

D∗qk ≤ 1/qk +1/qk+1

Ï ¤
¨}¨�¨KºõÑeº�Ù "� ,ß�¢W§-¦,®y¨}©uÛ  Ï #Rº¥är÷KÓ�ÜæÓ� �ÍU¨�¬K¯,®
§-£Z´7®y¢e¨�³G¬K°Z°Z¬rÍ�£Z´eÑ
¨N¤�®y£Z±µ§�®y¨	�
Ï #­Ó ‖ϕ(qk)‖ ≤ 2 Var(ϕ)
Ï ¢e¨}©
¨?§-´¶ª3£Z´3Í�¢W§�®.³G¬K°Z°Z¬rÍ�¤* ‖ · ‖ ª,¨}´e¬V®y¨N¤u®y¢e¨5¤
·e¦e©
¨}±?·e±T´e¬K©
±!£Z´3®y¢e¨5¤
¦W§V¸�¨8¬K³
¸�¬K´�®y£Z´P·e¬K·¶¤�³G·e´¶¸�®y£Z¬K´¶¤
Ó�M¶Í#¨$Í�£Z°Z°%·¶¤
¨�£Ò®�£Z´*®y¢e¨8¦e©
¬P¬K³�¬K³� #¢e¨}¬K©
¨}± ÛPº&%eº

� �����=7���������9>7�: �! :Ö�æ���H: <�9æ�i��"# n�W���$"=9æ�æ���=7P� 7�%A�E7R� ?r�G��� ?��! :Ö�æ���;: <�9
���W�E<e�r�æ��� ?���� </�­�æ�-� 9>7W�7Ø�´Ú®y¢e£¥¤5¤
¨N¸�®y£Z¬K´ÚÍ#¨¡Í�£Z°Z° ·¶¤�¨7®y¢e¨7³G¬K°Z°Z¬rÍ�£Z´eÑÝ¤p®
§-´¶ª¶§-©yª
´e¬V®
§�®y£Z¬K´¶¤}º-»%¨�®

T
¯�¨ ®y¢e¨=·e´e£Ò®�¸�£Z©y¸�°Z¨=¬K´�®y¢e¨�¸�¬K±7¦e°Z¨�ð�¦e°i§-´e¨ Í�£Ò®y¢5£Ò®�¤�´W§�®y·e©�§-°­®y¬K¦�¬ Ð°Z¬KÑK£¥¸N§-°RÑK©
¬K·e¦?¤p®y©
·¶¸�®y·e©
¨	M-ÍU¨=Í�£Z°Z°�¬K³i®y¨}´?£¥ª,¨}´�®y£Z³i¹

T
Í�£Ò®y¢5®y¢e¨�£Z´�®y¨}©�«K§-°

[0, 1) mod 1
º

 u¢e¨}´¼ª,¨}´e¬V®y¨�¯�¹
CBV(T)

®y¢e¨�½u§-´W§V¸�¢µ¤�¦W§V¸�¨�¬K³:¸�¬K´�®y£Z´P·e¬K·¶¤=©
¨r§-°W³G·e´¶¸�®y£Z¬K´¶¤=¬K´
TÍ�£Ò®y¢Ý¯�¬K·e´¶ª,¨NªÝ«K§-©
£i§�®y£Z¬K´��

ψ ∈ CBV(T)
£Zî
ψ
£¥¤�¸�¬K´�®y£Z´P·e¬K·¶¤8§-´¶ª

Var(ψ) < ∞ º»%¨�®
CBV0(T)

¯�¨$®y¢e¨5¤
·e¯¶¤
¦W§V¸�¨8¬K³
CBV(T)

¸�¬K´¶¤�£¥¤�®y£Z´eÑ¼¬K³(§-°Z°%³G·e´¶¸�®y£Z¬K´¶¤�¬K³�à}¨}©
¬
±7¨r§-´*Í�£Ò®y¢3©
¨N¤
¦�¨N¸�®�®y¬�®y¢e¨5»%¨}¯�¨N¤�ÑK·e¨5±7¨r§V¤
·e©
¨8¬K´

T
º� �¬V®y¨$®y¢W§�®.£Z³ ‖ · ‖ ª,¨}´e¬V®y¨N¤®y¢e¨�¤�·e¦e©
¨}±�·e±é´e¬K©
± ¬K´�®y¢e¨�¤
¦W§V¸�¨

C(T)
 V®y¢e¨}´�®y¢e¨u´e¬K©
±

Var
¬K´

CBV0(T)
¤�§�® Ð£¥¤
ãe¨N¤ ‖ψ‖ ≤ Var(ψ)

 �£Z´7¦W§-©�®y£¥¸�·e°i§-©�®y¢e¨�·¶¤
·W§-°W´e¬K©
± ‖ · ‖+Var(·) ¬K´ CBV(T)
£¥¤

¨Nï�·e£Ò«K§-°Z¨}´�®�¬K´
CBV0(T)

®y¬
Var(·) º¶»%¨�® AC0(T)

¯�¨�®y¢e¨5¤
·e¯¶¤�¦W§V¸�¨×¬K³
CBV0(T)¬K³(§-°Z°�§-¯¶¤
¬K°Z·,®y¨}°Ò¹�¸�¬K´�®y£Z´P·e¬K·¶¤�³G·e´¶¸�®y£Z¬K´¶¤�¬K³�à}¨}©
¬¼±7¨r§-´Aº

 #¢e¨7³G¬K°Z°Z¬rÍ�£Z´eÑ�®y¢e¨}¬K©
¨}± Í�§V¤�¨N¤
¤
¨}´�®y£i§-°Z°Ò¹Ú¦e©
¬r«­¨Nªâ¯�¹Ú½�¨N¤
£¥¸�¬r«R£Ò®�¸�¢Ö£Z´/Ù�Û�Ünº=K�° Ð®y¢e¬K·eÑK¢µ£Z´ÝÙ�Û�Ü¶®y¢e¨.¸N§V¤
¨�¬K³
X = T

£¥¤=¸�¬K´¶¤
£¥ª,¨}©
¨NªJ R£Ò®=£¥¤�§-´7£Z±¼±7¨Nª,£i§�®y¨�¬K¯¶¤
¨}©�«K§�®y£Z¬K´
®y¢W§�®5½�¨N¤
£¥¸�¬r«R£Ò®�¸�¢â·¶¤�¨Nªg¬K´e°Ò¹ ¸�¬K±7¦W§V¸�®y´e¨N¤y¤$¬K³

T
º�ÕÖ¨?©
¨}¦�¨r§�®�®y¢e¨�¦e©
¬P¬K³�¬K³�½�¨N¤
£ Ð¸�¬r«R£Ò®�¸�¢Î£Z´�¬K·e©uÑK¨}´e¨}©�§-°�¤
£Ò®y·W§�®y£Z¬K´�³G¬K©�®y¢e¨�¦W§-¦�¨}©u®y¬7¯�¨8±7¬K©
¨8¤�¨}°Z³ Ð ¸�¬K´�®
§-£Z´e¨Nª:º

���
	���
�	�� ÛPº¥ä Ï Ù�ÛrÜæÓ�� � Ä}Æ
(X,T )

F�ÄuÈ$¾
Ë-ÌA@eÈ­¾}Æ�Ì7Ä}ÆÇÅ
Á^¾�BuË0C  ¶È-Â�Ã
ϕ : X → RÈÔ¾
Ë-ÂWÆÇÁGÂ�I¶ËDIRÉ$Ì7È�@ � )�� Ä�Â Tϕ : X × R→ X × R ÁGÉ�Â�ËVÆ=Ì�ÁGÂeÁGÌ7ÈKÀ �
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@ ÅyËrË�Ê � ÕÖ¨µ±µ§}¹Ö§V¤y¤�·e±¼¨¼®y¢W§�® (X,T )
£¥¤×±7£Z´e£Z±µ§-°U§-´¶ª

Tϕ
£¥¤8®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹

®y©�§-´¶¤
£Ò®y£Ò«­¨Kº »%¨�®
(x0, 0) ∈ X × R ¯�¨�§�®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹Þ®y©�§-´¶¤
£Ò®y£Ò«­¨3¦�¬K£Z´�®¡³G¬K©

Tϕ
 

£^ºõ¨Kº
Orb(x0, 0) = X × R ºA½�¹4Ù�ñ� : #¢e¨}¬K©
¨}± "Rº�ÛD#�Ü�ÍU¨?±Ô§}¹Ý§V¤y¤�·e±¼¨×®y¢W§�®

(x0, 0)£¥¤*¨�ðP®y¨}´¶¤
£Ò«­¨}°Ò¹ ®y©�§-´¶¤�£Ò®y£Ò«­¨	 �£^ºõ¨Kº�¯�¬V®y¢ó¦�¬­¤
£Ò®y£Ò«­¨ Ï ®y¢e£¥¤�¸N§V¤
¨gÍ�£Z°Z°$¯�¨Ú·¶¤
¨Nª £Z´ó¬K·e©
©
¨r§V¤
¬K´e£Z´eÑPÓ�§-´¶ª3´e¨}Ñ�§�®y£Ò«­¨×¤
¨}±7£ Ð ¬K©
¯e£Ò®�¤�¬K³ (x0, 0)

§-©
¨8ª,¨}´¶¤
¨8£Z´
X × R �

{Tnϕ (x0, 0) : n ≥ 0} = X × R, {T nϕ (x0, 0) : n ≤ 0} = X × R.
 u¢e¨}©
¨}³G¬K©
¨5Í#¨×¸N§-´Ýãe´¶ª�®y¢e©
¨}¨?¤
¨Nï�·e¨}´¶¸�¨N¤�¬K³(£Z´�®y¨}ÑK¨}©y¤

(mj)j≥1
 
(nj)n≥1

 
(sj)j≥1¤
·¶¸�¢3®y¢W§�®

mj < sj < nj
 
j ≥ 1

 W§-´¶ª

ϕ(mj)(x0) < −j, ϕ(nj)(x0) < −j, ϕ(sj)(x0) > j, j ≥ 1.
K�¤

ϕ
£¥¤�¸�¬K´�®y£Z´P·e¬K·¶¤�§-´¶ª

X
£¥¤�¸�¬K±7¦W§V¸�®E 

Ï %PÓ
mj − sj → −∞, nj − sj →∞.ÕÖ¨�±µ§}¹3§V¤y¤�·e±7¨�®y¢W§�®

Ï ñKÓ
ϕ(sj)(x0) = max{ϕ(n)(x0) : mj ≤ n ≤ nj}, j ≥ 1.

ßU¬K´¶¤�£¥ª,¨}©�®y¢e¨8¦�¬K£Z´�®�¤

(xnj , r
n
j ) = T

sj+n
ϕ (x0,−ϕ(sj)(x0)) = (T sj+nx0, ϕ

(sj+n)(x0)− ϕ(sj)(x0))

= (T sj+nx0, ϕ
(n)(T sjx0)), n ∈ Z, j ≥ 1.

 u¢e¨}´� e³G¬K©
mj − sj ≤ n ≤ nj − sj

 
j ≥ 1

 ,ÍU¨�¢W§}«­¨
Ï ô­Ó

r0
j = 0, Tϕ(xnj , r

n
j ) = (xn+1

j , rn+1
j ).

 �§0,K¨¼§Ô¸�¬K´�«­¨}©
ÑK¨}´�®×¤
·e¯¶¤
¨Nï�·e¨}´¶¸�¨
x0
jk
→ x̃

º% u¢e¨}´� :¯�¹ Ï ô­Ó� A³G¬K©�¨r§V¸�¢
n ∈ Z ®y¢e¨

¤
·e¯¶¤�¨Nï�·e¨}´¶¸�¨

(xnjk , r
n
jk

) = (xnjk , ϕ
(n)(T sjkx0)) = Tnϕ (x0

jk
, 0), k ≥ 1,

£¥¤#§-°¥¤�¬�¸�¬K´�«­¨}©
ÑK¨}´�®E 
(xnjk , r

n
jk

)→ (Tnx̃, ϕ(n)(x̃))
ºP½�¹ Ï %PÓ� P³G¬K©U¨r§V¸�¢ÔÑK£Ò«­¨}´µ£Z´�®y¨}ÑK¨}©

n
®y¢e¨�£Z´e¨Nï�·W§-°Z£Ò®y£Z¨N¤

mjk − sjk < n < njk − sjk
¢e¬K°¥ª3³G¬K©

k
°i§-©
ÑK¨�¨}´e¬K·eÑK¢� W¢e¨}´¶¸�¨	 

¯�¹ Ï ô­Ó.§-´¶ªÝ¯�¹ Ï ñKÓ� 
ϕ(n)(x̃) ≤ 0

º�Ø�´g¦W§-©�®y£¥¸�·e°i§-©$³G¬K©�¨r§V¸�¢
(x, r) ∈ Orb(x̃, 0)

ÍU¨
¢W§}«­¨

r ≤ 0
 e®y¢e¨}©
¨}³G¬K©
¨

Orb(x̃, 0)
£¥¤u´e¬V®.ª,¨}´¶¤�¨5£Z´

X × R º
� ��
!��������
�� ÛPº�Û � � Ä}Æ

(X,T )
F�Ä�È¡¾�Ë-Ì @,È�¾�Æ�Ì7Ä}ÆÇÅ�Á^¾�BuË0C  %ÈVÂ�Ã

ϕ : X → RmÈÔ¾
Ë-ÂWÆÇÁGÂ�I¶ËDIRÉ$Ì7È�@ � )�� Ä�Â Tϕ : X × Rm → X × Rm ÁGÉ$Â�ËVÆ=Ì�ÁGÂeÁGÌ7ÈKÀ �
@ ÅyËrË�Ê � »%¨�® ϕ = (ϕ1, . . . , ϕm) : X → Rm

¯�¨*§�¸�¬K´�®y£Z´P·e¬K·¶¤?±µ§-¦Aº�½�¹Ú®y¢e¨
§-¯�¬r«­¨8®y¢e¨}©
¨5¨�ðR£¥¤p®�¤.§�¦�¬K£Z´�®

x̃ ∈ X ¤�·¶¸�¢�®y¢W§�®�®y¢e¨5¬K©
¯e£Ò®�¬K³
(x̃, 0)

«R£i§
Tϕ1

£¥¤�´e¬V®
ª,¨}´¶¤
¨u£Z´

X×R  V¢e¨}´¶¸�¨#®y¢e¨u¬K©
¯e£Ò® ¬K³ (x̃, 0, . . . , 0)
«R£i§

Tϕ
£¥¤�´e¬V® ª,¨}´¶¤
¨u£Z´

X×Rm ºØ�´�¦W§-©�®y£¥¸�·e°i§-©
Tϕ

£¥¤u´e¬V®�±7£Z´e£Z±Ô§-°^º
�.·e©�´e¨�ðP®?§-£Z±è£¥¤$®y¬Î¤�¢e¬rÍ²®y¢W§�®8´e¬Î¸�¬K´�®y£Z´P·e¬K·¶¤5¯�¬K·e´¶ª,¨NªÚ«K§-©
£i§�®y£Z¬K´Ö¸�¬R¸�¹,¸�°Z¨

¬K´
T
§Vª,±7£Ò®�¤�±¼£Z´e£Z±µ§-°e¤�·e¯¶¤
¨�®�¤ Ï  u¢e¨}¬K©
¨}± ÛPº&%PÓ
º� #¢e¨u±7¨�®y¢e¬Rª�¬K³¶®y¢e¨u¦e©
¬P¬K³�¬K³¶®y¢e£¥¤

®y¢e¨}¬K©
¨}± £¥¤�¤
£Z±7£Z°i§-©=®y¬5®y¢e¨.¦e©
¬P¬K³A¬K³=Ù�÷  Rë(©
¬K¦�¬­¤
£Ò®y£Z¬K´ÎÛrÜ�¬K³Aò�©�¹RÑK£Z´Aç�¤�¦W§-¦�¨}©U¬K´¼®y¢e¨
ë�¬K£Z´¶¸N§-©
ì*¤�¨�®�¤5³G¬K©?¤�±7¬P¬V®y¢Þ¸�¬R¸�¹,¸�°Z¨N¤* �£^ºõ¨Kº%®y¢e¨¼«­¨}©�®y£¥¸N§-°U¤
¨N¸�®y£Z¬K´¶¤×¬K³#°Z£Z±7£Ò®?¤
¨�®�¤5£Z´
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T × R º� �¬KÑK¨�®y¢e¨}©.Í�£Ò®y¢ »%¨}±7±Ô§¼ÛPº #7¯�¨}°Z¬rÍé¤
¬K±7¨5£¥ª,¨r§V¤.¬K³ ò�©�¹RÑK£Z´Aç�¤.¦e©
¬P¬K³ ¬K³�Ù�÷  
ë ©
¬K¦�¬­¤
£Ò®y£Z¬K´gÛrÜ  �§-³i®y¨}©�±7¬Rª,£Zã¶¸N§�®y£Z¬K´¶¤* eÍ�£Z°Z°%ÑK£Ò«­¨$®y¢e¨8¦e©
¬P¬K³�¬K³�¬K·e©�©
¨N¤�·e°Ò®Nº

� 	�� � � ÛPº # � � Ä}Æ
(X,T )

F�Ä?È7Ì?ÁGÂeÁGÌ¼ÈVÀAÅyËVÆ�ÈKÆÇÁ^Ë-ÂÚËVÂÚÈÔ¾�Ë-Ì @,È�¾�Æ=Ì7Ë-Â�ËVÆ � Ä}ÆÇÁ^¾
NVÅyË0I0@= 

ϕ : X → Rm
ÈÞ¾
Ë-ÂWÆÇÁGÂ�I¶ËDIRÉÔÌ7È�@ � + I8@ @eË-É�Ä M ⊂ X × Rm ÁGÉÎÈ

Tϕ �Ì?ÁGÂ¶ÁGÌ7ÈVÀ=É}Ä}Æ � � Ä��(Â�Ä Mx = ({x} × Rm) ∩M � )�� Ä�Â cardMx ≤ 1
Ê�Ë-Å*Ä
OVÄ�Å
¿

x ∈ X �
@ ÅyËrË�Ê � 2�£Z©y¤p®=¸�¬K´¶¤�£¥ª,¨}©�®y¢e¨u¸N§V¤
¨ m = 1

ºVØ�³
Tϕ

£¥¤�´e¬V®�®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹?®y©�§-´¶¤
£Ò®y£Ò«­¨	 
®y¢e¨}´ ¨}£Ò®y¢e¨}©$£Ò®$£¥¤$§µ¸�¬K¯�¬K·e´¶ª¶§-©�¹ ¬K©

Tϕ
£¥¤�®y©�§-´¶¤
£Z¨}´�®NºAØ�´Ý®y¢e¨?ãe©y¤�®�¸N§V¤�¨

M
£¥¤.®y¢e¨

ÑK©�§-¦e¢�¬K³�¤
¬K±7¨8¸�¬K´�®y£Z´P·e¬K·¶¤�³G·e´¶¸�®y£Z¬K´
f : X → R

Ï ¤�¨}¨µÙÒäKä	 ¶ë ©
¬K¦�¬­¤�£Ò®y£Z¬K´gñPº¥ä�ÜæÓ� ¶£Z´
®y¢e¨�¤
¨N¸�¬K´¶ª

M
£¥¤ ¨Nï�·W§-°e®y¬�®y¢e¨�¬K©
¯e£Ò® «R£i§

Tϕ
¬K³�¤
¬K±7¨�¦�¬K£Z´�® Ï ¤
¨}¨×ÙÒäKäD ���¨}±µ§-© , %VÜæÓ
º

Ø�´Þ¯�¬V®y¢4¸N§V¤
¨N¤
cardMx ≤ 1

º� u¢P·¶¤5ÍU¨¼±µ§}¹Þ§V¤
¤
·e±7¨7®y¢W§�®
Tϕ

£¥¤8®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹
®y©�§-´¶¤
£Ò®y£Ò«­¨Kº

�.¯¶¤
¨}©�«­¨?®y¢W§�®×§V¤
T
£¥¤�±¼£Z´e£Z±µ§-°  �®y¢e¨¡¤
¨�®

D = {x ∈ X : Mx 6= ∅}
£¥¤$ª,¨}´¶¤
¨

£Z´
X
º-ë ·,®

H = {r ∈ R : M+r = M} Ï ¢e¨}©
¨ M+r = {(x, s+r) : (x, s) ∈M} Ó
ºØn®�£¥¤#¨r§V¤�¹µ®y¬¡¤
¨}¨$®y¢W§�®
H
£¥¤�§?¸�°Z¬­¤
¨Nª3¤
·e¯eÑK©
¬K·e¦Aº�!P£Z±7£Z°i§-©
°Ò¹µ®y¬ÎÙ&#� e»%¨}±7±µ§.#Rº¥ä�Ü%¬K©

ÙÒäNô� �»%¨}±7±µ§µÛPºlôRº¥ä�Ü�ÍU¨?¤�¨}¨5®y¢W§�®�£Z³
Mx 6= ∅

®y¢e¨}´
Mx = r + H

³G¬K©�¨�«­¨}©�¹
r ∈ R¤
·¶¸�¢3®y¢W§�®

(x, r) ∈M º
2�£Z©y¤�®Ô§V¤y¤�·e±¼¨*®y¢W§�®

H = R
º= #¢e¨}´6³G¬K©

x ∈ D
Í#¨3¢W§}«­¨

Mx = R
 (Í�¢e£¥¸�¢

£Z±7¦e°Z£Z¨N¤
M = X × R  W§�¸�¬K´�®y©�§Vª,£¥¸�®y£Z¬K´ÎÍ�£Ò®y¢� u¢e¨}¬K©
¨}± ÛPº¥äVº

 �¬rÍ!°Z¨�®
H = aZ

º= �§0,K¨Ý§
Tϕ Ð

®y©�§-´¶¤
£Ò®y£Ò«­¨ ¦�¬K£Z´�®
(x, 0) ∈ X × R º�2�£Z´¶ª §

¤
¨Nï�·e¨}´¶¸�¨
xi ∈ D

 
i ≥ 1

  ®y¢W§�®Ô¸�¬K´�«­¨}©
ÑK¨N¤¼®y¬
x
 �§-´¶ª/´P·e±?¯�¨}©y¤

ri ∈ R
¤
·¶¸�¢

®y¢W§�®
(xi, ri) ∈ M

ºA!P£Z´¶¸�¨
H = aZ

 #®y¢e¨â´P·e±?¯�¨}©y¤
ri
±Ô§}¹&¯�¨â¸�¢e¬­¤
¨}´ö³G©
¬K±

[0, a)
 %®y¢P·¶¤?¯�¹Ö¦W§V¤
¤
£Z´eÑ ®y¬g§Î¤
·e¯¶¤
¨Nï�·e¨}´¶¸�¨*£Z³�´e¨N¸�¨N¤
¤�§-©�¹  �ÍU¨µ±µ§}¹Þ§V¤y¤
·e±7¨¼®y¢W§�®

®y¢e¨×¦�¬K£Z´�®�¤
(xi, ri)

¸�¬K´�«­¨}©
ÑK¨5®y¬
(x, r) ∈ M º�½U·,®

(x, r)
£¥¤�§�®y©�§-´¶¤
£Ò®y£Ò«­¨?¦�¬K£Z´�®E :§

¸�¬K´�®y©�§Vª,£¥¸�®y£Z¬K´Aº
Øn®�³G¬K°Z°Z¬rÍ.¤u®y¢W§�®

H = {0}  ,Í�¢e£¥¸�¢3ÑK£Ò«­¨N¤u®y¢e¨8©
¨N¤
·e°Ò®Nº!P·e¦e¦�¬­¤�¨.´e¬rÍ
m
£¥¤�§-©
¯e£Ò®y©�§-©�¹­º�2¶¬K©�§-´�¹¡°Z£Z´e¨r§-© ³G·e´¶¸�®y£Z¬K´W§-°

L : Rm → R
ª,¨}ãe´e¨

§�³Ç§V¸�®y¬K©?±Ô§-¦
L̃ : X × Rm → X × R ¯�¹Ö¤�¨�®
®y£Z´eÑ

L̃(x, r) = (x,L(r))
º� #¢e¨}´

®y¢e¨¡¤
¨�®
NL = L̃(M)

£¥¤�±¼£Z´e£Z±µ§-°�§-´¶ª
cardNL

x ≤ 1
³G¬K©$¨r§V¸�¢

x ∈ X º=!P·e¦e¦�¬­¤�¨
r, s ∈ Mx

 
r = (r1, . . . , rm)

 
s = (s1, . . . , sm)

º 2�£Òð
i
 

1 ≤ i ≤ m
 �§-´¶ªâ®
§0,K¨

L = pi
 �®y¢e¨�¦e©
¬D4p¨N¸�®y£Z¬K´3¬K´�®y¬×®y¢e¨

i
®y¢*¸�¬P¬K©yª,£Z´W§�®y¨Kº¶ #¢e¨}´

p̃i(x, r) = (x, ri) ∈ Npi
x§-´¶ª

p̃i(x, s) = (x, si) ∈ Npi
x
 A¢e¨}´¶¸�¨

ri = si
º:ÕÖ¨¡¢W§}«­¨µ¤�¢e¬rÍ�´

r = s
§-´¶ªg®y¢e¨

©
¨N¤
·e°Ò®�³G¬K°Z°Z¬rÍ.¤�º
���
	���
�	�� ÛPº&%�� � Ä}Æ

T
FyÄ�È¼Ì?ÁGÂeÁGÌ¼ÈVÀ%ÅyËKÆ�ÈVÆÇÁ^Ë-ÂÖË-Â

T � � Ê ϕ ∈ CBV0(T)
ÈVÂ�Ã

ϕ
ÁGÉ�Â�ËVÆ#ÈÔ¾
Ë FyËDIRÂ�Ã�È-Å
¿µÆ � Ä�Â

Tϕ
� È-É$Â�Ë7Ì?ÁGÂ¶ÁGÌ7ÈVÀ%É�I F
É}Ä}ÆÇÉ �

@ ÅyËrË�Ê � Ø�ª,¨}´�®y£Z³i¹ T Í�£Ò®y¢ [0, 1) mod 1
§-´¶ªÔ°Z¨�®

Tx = x+ α mod 1
 PÍ�¢e¨}©
¨

α£¥¤�§-´Ô£Z©
©�§�®y£Z¬K´W§-°A´P·e±?¯�¨}©}ºe»%¨�®
(qn)n≥1

¯�¨.®y¢e¨�¤
¨Nï�·e¨}´¶¸�¨�¬K³�ª,¨}´e¬K±7£Z´W§�®y¬K©y¤u£Z´Ô®y¢e¨
¸�¬K´�®y£Z´P·e¨NªÎ³G©�§V¸�®y£Z¬K´�¨�ðR¦W§-´¶¤
£Z¬K´Î¬K³

α
º

K.¤y¤�·e±¼¨¡®y¢W§�®
M ⊂ T × R £¥¤?§

Tϕ Ð
±7£Z´e£Z±µ§-°=¤
¨�®�§-´¶ª

(x, 0) ∈ M º�ß�¢e¬P¬­¤
¨
ε > 0

º�½=¹ó»%¨}±7±µ§ ÛPº #4Í#¨Úãe´¶ª
δ > 0

¤
·¶¸�¢ó®y¢W§�®�®y¢e¨â¦�¬­¤
£Ò®y£Ò«­¨Þ¤�¨}±¼£ Ð ¬K©
¯e£Ò®
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{(Tϕ)n(x, 0) : n > 0} ¬K³ (x, 0)
£Z´�®y¨}©y¤
¨N¸�®�¤Ô´e¨}£Ò®y¢e¨}©

B− = (x − δ, x + δ) ×
(−ε− 2 Var(ϕ),−ε) ´e¬K© B+ = (x− δ, x+ δ)× (ε, ε+ 2 Var(ϕ))

º
ß�¢e¬P¬­¤
¨#§u¦�¬­¤�£Ò®y£Ò«­¨U¬Rªeª8£Z´�®y¨}ÑK¨}©

n
¤
¬�°i§-©
ÑK¨ ®y¢W§�® ‖qnα‖ < δ

Ï ¢e¨}©
¨ ‖β‖ ª,¨}´e¬V®y¨N¤®y¢e¨âª,£¥¤p®
§-´¶¸�¨â¬K³8®y¢e¨Ú´P·e±?¯�¨}©
β
³G©
¬K± ®y¢e¨â¤�¨�®�¬K³5£Z´�®y¨}ÑK¨}©y¤
Ó
º� u¢e¨}´

I = [x −
‖qn+1α‖, x + ‖qnα‖) ⊂ (x − δ, x + δ)

º�Ø�³
t ∈ I §-´¶ª mI(t)

ª,¨}´e¬V®y¨N¤8®y¢e¨¼ãe©y¤�®
©
¨�®y·e©
´�®y£Z±7¨�¬K³

t
®y¬
I
 ,®y¢e¨}´

mI(t) =

{
qn+1, t ∈ [x, x+ ‖qnα‖),
qn, t ∈ [x− ‖qnα‖, x).

Øn®¼³G¬K°Z°Z¬rÍ�¤¡®y¢W§�®µ¨�«­¨}©�¹h¦�¬K£Z´�®µ¬K³.®y¢e¨�¬K©
¯e£Ò®µ¬K³
x
·e´¶ª,¨}©

T
¢W§V¤�®y¢e¨Îãe©y¤p®µ©
¨�®y·e©
´

®y£Z±7¨?®y¬
I
¨Nï�·W§-°(¨}£Ò®y¢e¨}©�®y¬

qn
¬K©�®y¬

qn+1
º  �¬rÍ� :¯�¹ Ï #­Ó� �Í#¨?¢W§}«­¨ |ϕ(l)(x)| ≤ εÍ�¢e¨}´e¨�«­¨}©

T lx ∈ I
 
l > 0

  ¤�£Z´¶¸�¨3®y¢e¨�¦�¬­¤
£Ò®y£Ò«­¨Î¤
¨}±7£ Ð ¬K©
¯e£Ò®¼¬K³ (x, 0)
ª,¬P¨N¤7´e¬V®

£Z´�®y¨}©y¤
¨N¸�®
B−∪B+ º�(Î¬K©
¨}¬r«­¨}©* ­®y¢e¨.¤�¨�® {l > 0 : T lϕ(x, 0) ∈ I× [−ε, ε]} ⊂ N ¢W§V¤¯�¬K·e´¶ª,¨NªÚÑ�§-¦¶¤
 :®y¢P·¶¤�®y¢e¨�¦�¬­¤
£Ò®y£Ò«­¨7¤�¨}±¼£ Ð ¬K©
¯e£Ò®�¬K³ (x, 0)

£¥¤�¯�¬K·e´¶ª,¨Nª:º� #¢e¨}©
¨}³G¬K©
¨	 
¯�¹ Ù�ñ  � u¢e¨}¬K©
¨}± ä
%eº¥äKä�Ü  

ϕ
£¥¤Ô§â¸�¬K¯�¬K·e´¶ª¶§-©�¹­ºUÕÖ¨�¢W§}«­¨Ý©
¨r§V¸�¢e¨Nª §â¸�¬K´�®y©�§Vª,£¥¸ Ð®y£Z¬K´Aº

� 	�� ��
�� ÛPº�ñ �×Ø�´ÎÙÒär÷rÜ�!P£¥ª,¬K©
¬r«¡¸�¬K´¶¤�®y©
·¶¸�®�¤ ³G¬K©(¨r§V¸�¢7£Z©
©�§�®y£Z¬K´W§-°¶©
¬V®
§�®y£Z¬K´¼¬K´
T§Ô®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹g®y©�§-´¶¤
£Ò®y£Ò«­¨µ¸�¬R¸�¹,¸�°Z¨7Í�£Ò®y¢e¬K·,®×ª,£¥¤
¸�©
¨�®y¨¼¬K©
¯e£Ò®�¤ Ï ©
¨N¸N§-°Z°(®y¢W§�®?§*ª,£¥¤ Ð¸�©
¨�®y¨8¬K©
¯e£Ò®�£¥¤�§-°ÒÍu§}¹,¤�§?±¼£Z´e£Z±µ§-°A¤�¨�®�Ó
ºW½U¨}°Z¬rÍ  e·¶¤
£Z´eÑ¡©�§�®y¢e¨}©�¤�®
§-´¶ª¶§-©yª�±7¨�®y¢e¬Rªe¤* 

Í#¨�ÑK¨}´e¨}©�§-°Z£Zà}¨�®y¢e£¥¤�¯�¹¼¤
¢e¬rÍ�£Z´eÑ×®y¢W§�®U¬r«­¨}©U¨�«­¨}©�¹7£Z©
©�§�®y£Z¬K´W§-°:©
¬V®
§�®y£Z¬K´µ®y¢e¨}©
¨�¨�ðR£¥¤p®�¤
§¡¸�¬R¸�¹,¸�°Z¨8Í�£Ò®y¢e¬K·,®�±7£Z´e£Z±µ§-°%¤
¨�®�¤�º

�.´ ®y¢e¨�¬V®y¢e¨}©¼¢W§-´¶ªJ �½�¨N¤
£¥¸�¬r«R£Ò®�¸�¢ Ï Ù�Û�ÜæÓ�¸�¬K´¶¤p®y©
·¶¸�®�¤*§ ¦W§-©�®y£¥¸�·e°i§-©µ£Z©
©�§�®y£Z¬K´W§-°
©
¬V®
§�®y£Z¬K´¼§-´¶ª¡§�®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹×®y©�§-´¶¤
£Ò®y£Ò«­¨�¸�¬R¸�¹,¸�°Z¨U®y¢W§�®=§Vª,±¼£Ò®�¤�§�ª,£¥¤
¸�©
¨�®y¨u¬K©
¯e£Ò®Nº­Øn®
©
¨}±µ§-£Z´¶¤�§-´8¬K¦�¨}´8¦e©
¬K¯e°Z¨}±öÍ�¢e¨�®y¢e¨}©%®y¢e¨}©
¨ ¨�ðR£¥¤�®%®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹�®y©�§-´¶¤
£Ò®y£Ò«­¨�¸�¹R°Z£Z´¶ª,¨}©
¸�¬R¸�¹,¸�°Z¨N¤�Í�£Ò®y¢�±7£Z´e£Z±µ§-°%¤�¨�®�¤�¬V®y¢e¨}©u®y¢W§-´Îª,£¥¤y¸�©
¨�®y¨5¬K©
¯e£Ò®�¤�º

 �¬rÍöÍU¨$Í�£Z°Z°%¤
¢e¬rÍö®y¢e¨8³G¬K°Z°Z¬rÍ�£Z´eÑ��
0 Ë-ÅÖÄ
OVÄ�Å�¿hÌ�ÁGÂeÁGÌ7ÈKÀ$ÅyËVÆ�ÈVÆÇÁ^Ë-Â

T
Ë-Â
T
Æ � Ä�Å�ÄÖÄ��VÁGÉ
ÆÇÉ

ϕ ∈ AC0(T)
Æ � ÈVÆ7ÁGÉ

Æ�Ë�@eËVÀZË�NVÁ^¾�ÈVÀGÀ�¿µÆÇÅyÈ-Â¶É�ÁæÆÇÁ>OVÄ�º
@ ÅyËrË�Ê � K�¤
¤
·e±7¨Ô®y¢W§�® T £¥¤¼§ ±7£Z´e£Z±µ§-°#©
¬V®
§�®y£Z¬K´6¬K´

T
 
Tx = x + α

 (¤
·¶¸�¢
®y¢W§�®u§-°Z°

ϕ ∈ AC0(T)
§-©
¨�¸�¬K¯�¬K·e´¶ª¶§-©
£Z¨N¤
 ,£^ºõ¨Kº�³G¬K©�¨�«­¨}©�¹

ϕ ∈ AC0(T)
®y¢e¨}©
¨.¨�ðR£¥¤p®�¤

gϕ ∈ C(T)
¤
·¶¸�¢Ý®y¢W§�®

ϕ = gϕ − gϕ ◦ T
º:½=¹Î±7£Z´e£Z±µ§-°Z£Ò®�¹Î¬K³

T
ÍU¨?±µ§}¹Ý§V¤y¤�·e±¼¨

®y¢W§�®
gϕ

£¥¤#§8à}¨}©
¬×±7¨r§-´µ³G·e´¶¸�®y£Z¬K´AºRÕâ¨.¢W§}«­¨�¬K¯,®
§-£Z´e¨Nª3§�ÍU¨}°Z°�ª,¨}ãe´e¨Nªµ°Z£Z´e¨r§-©U±µ§-¦
CBV0(T) ⊃ AC0(T) 3 ϕ 7→ gϕ ∈ C0(T)

º=2¶¬K©�®y¢e¨7¦e·e©
¦�¬­¤
¨¼¬K³�®y¢e£¥¤8¦e©
¬P¬K³�Í#¨
¸�¬K´¶¤
£¥ª,¨}©=®y¢e¨�¤
¦W§V¸�¨

AC0(T)
Í�£Ò®y¢7®y¢e¨�«K§-©
£i§�®y£Z¬K´*´e¬K©
±

Var
º�Õ&£Ò®y¢¼®y¢e£¥¤=´e¬K©
±²®y¢e¨

±µ§-¦
ϕ 7→ gϕ

£¥¤�¸�¬K´�®y£Z´P·e¬K·¶¤�¯�¹Î®y¢e¨µß�°Z¬­¤
¨Nª��$©�§-¦e¢Ú u¢e¨}¬K©
¨}±�ºA u¢P·¶¤.®y¢e¨}©
¨¡£¥¤8§
¸�¬K´¶¤�®
§-´�®

M ≥ 0
¤
·¶¸�¢3®y¢W§�®

Ï ÷KÓ ‖gϕ‖ ≤M ·Var(ϕ)
³G¬K©7¨�«­¨}©�¹

ϕ ∈ AC0(T)
º ê.¬rÍU¨�«­¨}©*  ÍU¨*Í�£Z°Z°�¤
¨}¨3®y¢W§�®7®y¢e¨}©
¨�¨�ðR£¥¤�®�¤µ§Ú¤�¨Nï�·e¨}´¶¸�¨

(PN )N≥0
¬K³�©
¨r§-°A¦�¬K°Ò¹R´e¬K±7£i§-°¥¤�¬K´

T
¤
·¶¸�¢3®y¢W§�®
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Ï �­Ó
lim

‖PN‖
��§-©

(PN − PN ◦ T )
=∞

Ï Í�¢e£¥¸�¢3Í�£Z°Z°AÑK£Ò«­¨×§�¸�¬K´�®y©�§Vª,£¥¸�®y£Z¬K´Î®y¬ Ï ÷KÓyÓ
º
 �¬�¤�¨}¨�®y¢e£¥¤u¸�¬K´¶¤�£¥ª,¨}©

PN (x) =
∑N
−N ane

2πinx  N ≥ 0
 ,¤
·¶¸�¢µ®y¢W§�®

an = a−n³G¬K©
n ≥ 0

 
an = 0

³G¬K©
n 6= qk

 
aqk > 0

Ï ¢e¨}©
¨
(qk)k≥1

£¥¤¡®y¢e¨Ý¤
¨Nï�·e¨}´¶¸�¨Ý¬K³
ª,¨}´e¬K±7£Z´W§�®y¬K©y¤�¬K³�®y¢e¨5¸�¬K´�®y£Z´P·e¨Nª�³G©�§V¸�®y£Z¬K´Î¨�ðR¦W§-´¶¤
£Z¬K´Î¬K³

α
Ó� W§-´¶ª

Ï "­Ó
lim

∑
aqk

(
∑
a2
qk

)1/2
=∞.

ÕÖ¨�¢W§}«­¨
P ′N − P ′N ◦ T = 2πi

∑
qkaqk(1− e2πiqkα)e2πiqkx.

!P£Z´¶¸�¨ |1 − e2πiqkα| ≤ ‖qkα‖
§-´¶ª

qk‖qkα‖ ≤ 1
Ï ©
¨N¸N§-°Z°�®y¢W§�® ‖β‖ ª,¨}´e¬V®y¨N¤5®y¢e¨ª,£¥¤�®
§-´¶¸�¨5¬K³

β
³G©
¬K± ®y¢e¨5¤�¨�®�¬K³�£Z´�®y¨}ÑK¨}©y¤�Ó� WÍU¨�¢W§}«­¨

Var(PN − PN ◦ T ) = ‖P ′N − P ′N ◦ T‖L1

Ï äNå­Ó

≤ ‖P ′N − P ′N ◦ T‖L2 ≤ const ·
(∑

a2
qk

)1/2
.

 .¬rÍ  W®y¢e¨�¨Nï�·W§-°Z£Ò®�¹ ‖PN‖ = 2
∑
aqk

Ï ©
¨N¸N§-°Z°�®y¢W§�® ‖ · ‖ ª,¨}´e¬V®y¨N¤�®y¢e¨�¤
·e¦e©
¨}±?·e±´e¬K©
±ÔÓ� Ï äNå­Ó� W§-´¶ª*®y¢e¨?§V¤
¤
·e±7¦,®y£Z¬K´ Ï "­ÓU£Z±¼¦e°Ò¹ Ï �­Ó�ºeÕâ¨�¢W§}«­¨5¬K¯,®
§-£Z´e¨NªÝ§�¸�¬K´�®y©�§ Ðª,£¥¸�®y£Z¬K´�Í�£Ò®y¢ Ï ÷KÓu§-´¶ªÔÍ#¨×§-©
¨8ª,¬K´e¨Kº
2e¬K©�±7¬K©
¨�ÑK¨}´e¨}©�§-° ©
¨N¤
·e°Ò®�¤�¬K´ ®y¢e¨¡¨�ðR£¥¤�®y¨}´¶¸�¨7¬K³ ®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹Ú®y©�§-´¶¤�£Ò®y£Ò«­¨µ¸�¬ Ð¸�¹,¸�°Z¨N¤�¬r«­¨}©�£Z©
©�§�®y£Z¬K´W§-°�©
¬V®
§�®y£Z¬K´¶¤�¤
¨}¨¼ÙÒärÛ� ¶ u¢e¨}¬K©
¨}±¼¤ #¡§-´¶ªÝô�Ünº
� 	�� ��
�� ÛPºlô ��ßU¬K´¶¤
£¥ª,¨}©�§�°Z£Z´e¨r§-© ±µ§-¦

Φ : C0(T) 3 f 7→ f−f ◦T ∈ C0(T)
º

K�¤
¤
·e±7¨g³G¬K©�§4±7¬K±7¨}´�®Ô®y¢W§�®
Φ(C0(T)) ⊂ CBV0(T)

ºu u¢e¨}´� u¯�¹/®y¢e¨Þß�°Z¬­¤
¨Nª
��©�§-¦e¢  u¢e¨}¬K©
¨}±  W®y¢e¨×±µ§-¦

Φ : C0(T) → CBV0(T)
£¥¤.¸�¬K´�®y£Z´P·e¬K·¶¤}ºA #¢P·¶¤�®y¢e¨}©
¨

£¥¤8§*¸�¬K´¶¤p®
§-´�®
M > 0

¤�·¶¸�¢g®y¢W§�®
Var(f − f ◦ T ) ≤ M‖f‖ ³G¬K©5§-°Z° f ∈ C0(T)

º
��´g®y¢e¨7¬V®y¢e¨}©5¢W§-´¶ªJ %£Ò®5£¥¤�´e¬V®×ª,£��¼¸�·e°Ò®8®y¬�ãe´¶ª

f ∈ C0(T)
Í�£Ò®y¢ ‖f‖ = 1

§-´¶ª
§-©
¯e£Ò®y©�§-©
£Z°Ò¹*°i§-©
ÑK¨�«K§-©
£i§�®y£Z¬K´3¬K³

f − f ◦ T  RÍ�¢e£¥¸�¢Ô£¥¤�§?¸�¬K´�®y©�§Vª,£¥¸�®y£Z¬K´AºW #¢e£¥¤#©�§�®y¢e¨}©¤�®
§-´¶ª¶§-©yªÎ¸�¬K´¶¤�£¥ª,¨}©�§�®y£Z¬K´ ¤
¢e¬rÍ�¤u®y¢e¨8³G¬K°Z°Z¬rÍ�£Z´eÑ��
0 Ë-ÅgÄ
OVÄ�Å�¿ÖÌ�ÁGÂeÁGÌ7ÈKÀ�ÅyËVÆ�ÈVÆÇÁ^Ë-Â

T
Ë-Â
T
Æ � Ä�Å�ÄgÄ��VÁGÉ
ÆÇÉ

f ∈ C0(T)
É�I¶¾ � Æ � ÈVÆ

f − f ◦ T ÁGÉ�Â�ËVÆ#Ë
Ê FyË0IRÂ�Ã­Ä
Ã OVÈ-Å
Á^ÈKÆÇÁ^Ë-Âeº
 #¢e¨}¬K©
¨}± ÛPº&%$®y¬KÑK¨�®y¢e¨}©�Í�£Ò®y¢ ��¨}±µ§-© ,R¤=ÛPº�ñ�§-´¶ª¼ÛPºlô�¤
¢e¬rÍ.¤�®y¢W§�®�®y¢e¨}©
¨�§-©
¨�§-°¥¤
¬

·e´P¯�¬K·e´¶ª,¨Nª�«K§-©
£i§�®y£Z¬K´Î¸�¬R¸�¹,¸�°Z¨N¤�Í�£Ò®y¢e¬K·,®�±7£Z´e£Z±Ô§-°A¤
¨�®�¤�º

� ��� �=7 ��������9;7�: �� ):Ö�Ç���;: <�9æ�i��"  n���7�$"=9Ç�æ���=7P� 7�%A�G7R� ?N�G��� ??�� <¶�����Ç���
: <¶� ���æ�=7�?V�¡»%¨�®

r = (rn)n≥1
¯�¨Î§g¤�¨Nï�·e¨}´¶¸�¨Î¬K³.£Z´�®y¨}ÑK¨}©y¤¼¤
·¶¸�¢h®y¢W§�®

rn ≥ 2
 

n ≥ 1
º !P¨�®

λ0 = 1
 
λn = r1 · · · rn

 
n ≥ 1

º¶»%¨�®

Ï äKärÓ
Z(r) =

{ ∞∑

n=0

anλn : an ∈ {0, 1, . . . , rn+1 − 1}
}
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¯�¨.®y¢e¨�¸�¬K±7¦W§V¸�®uÑK©
¬K·e¦Ô¬K³
r Ð §Vª,£¥¸�´P·e±?¯�¨}©y¤�Í�£Ò®y¢µ®y¢e¨$¦e©
¬Rª,·¶¸�®#®y¬K¦�¬K°Z¬KÑV¹µ£Z´¶ª,·¶¸�¨Nª³G©
¬K± ∏∞

n=0{0, 1, . . . , rn − 1} º� u¢e£¥¤5®y¬K¦�¬K°Z¬KÑV¹4±Ô§}¹â¯�¨*ª,¨}ãe´e¨Nªh¯�¹â®y¢e¨Ô±7¨�®y©
£¥¸
d(
∑
anλn,

∑
bnλn) = 1/λm

 ,Í�¢e¨}©
¨
m = min{n : an 6= bn}

º
2e¬K©

m ≥ 1
§-´¶ª

0 ≤ k < λm
ª,¨}ãe´e¨8®y¢e¨8¤
¨�®�¤

Wm
k = [a0 a1 . . . am−1]

¯�¹

Ï ärÛKÓ
Wm
k =

{
x ∈ Z(r) : x =

∞∑

n=0

xnλn, xi = ai, i = 0, 1, . . . ,m− 1
}
,

Í�¢e¨}©
¨
ai ∈ {0, 1, . . . , ri+1 − 1} §-©
¨Ý¤
·¶¸�¢6®y¢W§�® ∑m

i=1 aiλi = k
º�»A¨�®

Wm =
{Wm

0 ,Wm
1 , . . . ,Wm

λm−1}
ºWßU°Z¨r§-©
°Ò¹¼®y¢e¨8¤�¨�®�¤

Wm
k

§-©
¨�¸�°Z¬­¤�¨Nª Ð ¬K¦�¨}´ §-´¶ª ⋃Wm =
Z(r)

ºu»%¨�®
µ
ª,¨}´e¬V®y¨g®y¢e¨Ú´e¬K©
±Ô§-°Z£Zà}¨Nªóê�§K§-©3±7¨r§V¤�·e©
¨Ú¬K´

Z(r)
º ��¯¶¤
¨}©�«­¨g®y¢W§�®

diam(Wm
k ) = µ(Wm

k ) = 1/λm
º}ÕÖ¨ ª,¨}ãe´e¨�§#¢e¬K±7¨}¬K±7¬K©
¦e¢e£¥¤
±

T : Z(r)→ Z(r)¯�¹
Tx = x + 1

 A®y¢P·¶¤5¬K¯,®
§-£Z´e£Z´eÑÚ§*±7£Z´e£Z±µ§-°=©
¬V®
§�®y£Z¬K´Þ¬K´Ú®y¢e¨µ¸�¬K±7¦W§V¸�®×±7¨�®y©
£¥¸
±7¬K´e¬V®y¢e¨�®y£¥¸âÑK©
¬K·e¦

Z(r)
º� #¢e¨}´ ®y¢e¨â±7¨�®y©
£¥¸

d
ª,¨}ãe´e¨Nª<§-¯�¬r«­¨Þ§V¤3ÍU¨}°Z°5§V¤*®y¢e¨

±7¨r§V¤
·e©
¨
µ
§-©
¨

T Ð £Z´�«K§-©
£i§-´�®Nº�(�¬K©
¨}¬r«­¨}© TWm
k = Wm

k+1

 AÍ�¢e¨}©
¨
k + 1

£¥¤$®
§0,K¨}´
mod λm

ºW #¢e¨�íe¬rÍ
(Z(r), T )

£¥¤�¸N§-°Z°Z¨NªÎ§-´ÞÈ�Ã­Ã-ÁGÂ�N¼Ì7È­¾ � ÁGÂ�Ä�º
�.¨}´e¬V®y¨�¯�¹

C(Z(r))
®y¢e¨�¤
¦W§V¸�¨ Ï §-°ZÑK¨}¯e©�§­Ó�¬K³:§-°Z°¶¸�¬K´�®y£Z´P·e¬K·¶¤ ©
¨r§-°e³G·e´¶¸�®y£Z¬K´¶¤ ¬K´

Z(r)
ºDL ï�·e£Z¦

C(Z(r))
Í�£Ò®y¢×®y¢e¨�®y¬K¦�¬K°Z¬KÑV¹?¬K³¶·e´e£Z³G¬K©
± ¸�¬K´�«­¨}©
ÑK¨}´¶¸�¨Kº��.¯¶¤
¨}©�«­¨U®y¢W§�®

¨r§V¸�¢�©
¨r§-°%³G·e´¶¸�®y£Z¬K´�®y¢W§�®�£¥¤�¸�¬K´¶¤�®
§-´�®.¬K´�¨}°Z¨}±7¨}´�®�¤u¬K³�¤�¬K±¼¨
Wm £¥¤�¸�¬K´�®y£Z´P·e¬K·¶¤�º

� 	��������	�
� ��� #Rº¥ä �8Õâ¨5¤�§}¹µ®y¢W§�®
ϕ ∈ C(Z(r))

¢W§V¤.FyË0I,Â�Ã­Ä
Ã OVÈ-Å�Á^ÈVÆÇÁ^Ë-Â £Z³

Var(ϕ) := sup
m≥0

Vm(ϕ) <∞, Í�¢e¨}©
¨
Vm(ϕ) =

λm−1∑

k=0

(max
Wm
k

ϕ−min
Wm
k

ϕ).

 u¢e¨5³Ç§-±7£Z°Ò¹*¬K³(¤�·¶¸�¢Ý³G·e´¶¸�®y£Z¬K´¶¤�£¥¤.ª,¨}´e¬V®y¨NªÎ¯�¹
CBV(Z(r))

M¶±7¬K©
¨}¬r«­¨}©* :§V¤�·¶¤
·W§-°  
CBV0(Z(r))

¤p®
§-´¶ªe¤5³G¬K©8®y¢e¨µ¤
·e¯e³Ç§-±7£Z°Ò¹Ú¬K³
CBV(Z(r))

¸�¬K´¶¤�£¥¤�®y£Z´eÑÝ¬K³�§-°Z° ³G·e´¶¸ Ð®y£Z¬K´¶¤uÍ�£Ò®y¢3à}¨}©
¬7±¼¨r§-´*Í�£Ò®y¢3©
¨N¤
¦�¨N¸�®�®y¬
µ
º

� 	�� ��
�� #Rº�Û �?»%¨�®
(X, d)

¯�¨?§7¸�¬K±7¦W§V¸�®�±7¨�®y©
£¥¸5¤
¦W§V¸�¨�§-´¶ª
ϕ : X → R

¯�¨
§×¸�¬K´�®y£Z´P·e¬K·¶¤#³G·e´¶¸�®y£Z¬K´Aº �u¨N¸N§-°Z°�®y¢W§�®�§8³G·e´¶¸�®y£Z¬K´

Mϕ = M : R+ → R
ª,¨}ãe´e¨NªÔ¯�¹

M(h) = sup
d(x,y)≤h

|ϕ(x)− ϕ(y)|
£¥¤�¸N§-°Z°Z¨Nª¡§�¾�Ë-ÂWÆÇÁGÂ�IRÁæÆÇ¿�Ì7ËrÃ0I,À IRÉ=¬K³

ϕ
º  �¬rÍ4®
§0,K¨

X = Z(r)
§-´¶ª?¸�¬K´¶¤
£¥ª,¨}© §�³Ç§-±7£Z°Ò¹

¬K³�³G·e´¶¸�®y£Z¬K´¶¤
ϕ ∈ C(Z(r))

¤
·¶¸�¢�®y¢W§�®
Mϕ(1/λk) = O(1/λk)

Ï £^ºõ¨Kº¶®y¢e¨?¤�¨Nï�·e¨}´¶¸�¨
(λkMϕ(1/λk))k≥1

£¥¤u¯�¬K·e´¶ª,¨NªWÓ
º�!P£Z´¶¸�¨8¬K¯�«R£Z¬K·¶¤
°Ò¹

Vm(ϕ) ≤ λmM(1/λm),
®y¢e£¥¤u³Ç§-±7£Z°Ò¹µ£¥¤u¸�¬K´�®
§-£Z´e¨Nª�£Z´

CBV(X)
MW§V¸�®y·W§-°Z°Ò¹µ®y¢e£¥¤u£Z´¶¸�°Z·¶¤
£Z¬K´�±µ§}¹µ¯�¨�¤�®y©
£¥¸�®�£Z´

ÑK¨}´e¨}©�§-°^º
Õâ¨$£Z´�®y¨}´¶ª*®y¬�¦e©
¬r«­¨$®y¢W§�®�§×®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹*®y©�§-´¶¤�£Ò®y£Ò«­¨8¯�¬K·e´¶ª,¨NªÔ«K§-©
£i§�®y£Z¬K´Ý¸�¬ Ð¸�¹,¸�°Z¨U¬r«­¨}©�§-´�§Vªeª,£Z´eÑ.±Ô§V¸�¢e£Z´e¨Uª,¬P¨N¤�´e¬V®(§Vª,±7£Ò®�±7£Z´e£Z±µ§-°P¤
·e¯¶¤�¨�®�¤}º	!P·¶¸�¢¡§�¸�¬R¸�¹,¸�°Z¨

£¥¤.¸�¬K´¶¤p®y©
·¶¸�®y¨NªÝ£Z´ L(ðe§-±7¦e°Z¨�%eº�ÛPº¶Õâ¨5¤�®
§-©�®�Í�£Ò®y¢Ý§�°Z¨}±¼±µ§×®y¢W§�®�¸�¬K´�®
§-£Z´¶¤$§.,P£Z´¶ª
¬K³ ��¨}´D4p¬r¹��Pò�¬	,R¤
±µ§�£Z´e¨Nï�·W§-°Z£Ò®�¹�³G¬K©�¸�¬R¸�¹,¸�°Z¨N¤�¬r«­¨}©.§Vªeª,£Z´eÑ¼±µ§V¸�¢e£Z´e¨N¤�º
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� 	�� � � #Rº # � � Ä}Æ
ϕ ∈ CBV(Z(r)) � ) � Ä�Â∣∣∣∣

1

λm
ϕ(λm)(x)−

�

Z(r)

ϕ(t) dt

∣∣∣∣ ≤
1

λm
Var(ϕ)

Ê�Ë-Å?Ä
OVÄ�Å�¿
x ∈ Z(r) �

@ ÅyËrË�Ê � 2�£ÒðR£Z´eÑ m ≥ 1
§-´¶ª

x ∈ Z(r)
Í#¨�±Ô§}¹*§V¤y¤�·e±7¨�®y¢W§�®

x ∈Wm
0

º¶ u¢e¨}´
∣∣∣ϕ(λm)(x)− λm

�

Z(r)

ϕ(t) dt
∣∣∣ ≤

λm−1∑

k=0

∣∣∣ϕ(T kx)− λm
�

Wm
k

ϕ(t) dt
∣∣∣

≤
λm−1∑

k=0

λm

�

Wm
k

|ϕ(T kx)− ϕ(t)| dt

≤
λm−1∑

k=0

λm

�

Wm
k

(max
Wm
k

ϕ−min
Wm
k

ϕ) dt = Vm(ϕ)

≤ Var(ϕ).Ø�´Ú®y¢e¨¼¸N§V¤
¨7¬K³
ϕ ∈ CBV0(X)

®y¢e¨7£Z´e¨Nï�·W§-°Z£Ò®�¹â³G©
¬K± »A¨}±¼±µ§ #Rº #*®
§0,K¨N¤�®y¢e¨
³G¬K©
±
Ï äE#­Ó ‖ϕ(λm)‖ ≤ Var(ϕ).

���
	���
�	�� #Rº&%�� � Ä}Æ
(X,T )

FyÄ¡ÈVÂÖÈ­Ã­ÃVÁGÂ NÔÌ7È­¾ � ÁGÂ�Ä � � Ê ϕ ∈ CBV0(X)
ÈVÂ�Ã

ϕ
ÁGÉ�Â�ËVÆ#ÈÔ¾
Ë FyËDIRÂ�Ã�È-Å
¿µÆ � Ä�Â

Tϕ
È�Ã-Ì?ÁæÆÇÉ$Â�Ë¼Ì?ÁGÂ¶ÁGÌ7ÈVÀ%É�I�F�É}Ä�ÆÇÉ �

@ ÅyËrË�Ê �  u¢e¨g¦e©
¬P¬K³?£¥¤3¤�£Z±7£Z°i§-©*®y¬4®y¢W§�®Î¬K³× u¢e¨}¬K©
¨}± ÛPº&%eº#ÕÖ¨Ú¸�¬K´¶¤�£¥ª,¨}©�®y¢e¨
©
£ZÑK£¥ª,£Ò®�¹â®y£Z±¼¨

(λm)m≥1
£Z´¶¤p®y¨r§VªÞ¬K³

(qk)k≥1
§-´¶ªÖ·¶¤�¨ Ï äE#­Ó8£Z´¶¤�®y¨r§VªÖ¬K³ Ï #­Ó�º� u¢e¨

£Z´�®y¨}©�«K§-°
I
£¥¤�©
¨}¦e°i§V¸�¨Nª3¯�¹3¬K´e¨�¬K³�®y¢e¨�°Z¨�«­¨}°¥¤�¬K³

Wn ³G¬K©�§-¦e¦e©
¬K¦e©
£i§�®y¨ n º

� ��� %��;?}�E7R���	7 �! ��r��� � 9G� ���æ�	<�9;9 " �r�8<¶� ?N�G�r����7&�K�%�$"�� 9;7�?g��� 7P�4�K� : � <¶�K�
:Ö�����¶� �=7����æ� �W�����
��?V� ��·e©�´e¨�ðP®=§-£Z± £¥¤�®y¬$¤
¢e¬rÍ4®y¢W§�®=§-°Z°R±7£Z´e£Z±µ§-°P©
¬V®
§�®y£Z¬K´¶¤�¬K´
¸�¬K±7¦W§V¸�®�£Z´eãe´e£Ò®y¨U±7¨�®y©
£Zàr§-¯e°Z¨U±7¬K´e¬V®y¢e¨�®y£¥¸�ÑK©
¬K·e¦¶¤(§Vª,±7£Ò®�®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹5®y©�§-´¶¤
£Ò®y£Ò«­¨
©
¨r§-°�¸�¬R¸�¹,¸�°Z¨N¤}º���¬V®
®�¤
¸�¢W§-°-,Î§-´¶ªÎê�¨Nª,°Z·e´¶ª Ï Ù�ñrÜæÓU¢W§}«­¨×ª,¨�«­¨}°Z¬K¦�¨Nª §?®y¢e¨}¬K©�¹�¬K³�©
¨r§-°
¸�¬R¸�¹,¸�°Z¨N¤�¬r«­¨}©�±7£Z´e£Z±µ§-°�©
¬V®
§�®y£Z¬K´¶¤�¬K´Ú¸�¬K´e´e¨N¸�®y¨NªÖ§-´¶ª °Z¬R¸N§-°Z°Ò¹g¸�¬K´e´e¨N¸�®y¨NªÚ±7¬K´e¬ Ð®y¢e¨�®y£¥¸ÎÑK©
¬K·e¦¶¤}ºUê.¬rÍ#¨�«­¨}©Ô§-°¥¤
¬Þ©
¬V®
§�®y£Z¬K´¶¤µ¬K´&ª,£¥¤
¸�¬K´e´e¨N¸�®y¨Nª&±7¬K´e¬V®y¢e¨�®y£¥¸ÎÑK©
¬K·e¦¶¤
±µ§}¹3§Vª,±¼£Ò®u®y©�§-´¶¤�£Ò®y£Ò«­¨?¸�¬R¸�¹,¸�°Z¨N¤�º

��� ���
	 ��	 %eº¥ä �×»%¨�®
X = Z2 × [0, 1)

§-´¶ª
T (i, x) = (i + 1, x + α)

 �Í�¢e¨}©
¨
®y¢e¨$§Vªeª,£Ò®y£Z¬K´µ¬K´¡®y¢e¨.ãe©y¤p®#¸�¬P¬K©yª,£Z´W§�®y¨.£¥¤ ®
§0,K¨}´¼±7¬Rª

2
Í�¢e£Z°Z¨�®y¢e¨�§Vªeª,£Ò®y£Z¬K´µ¬K´¼®y¢e¨

¤
¨N¸�¬K´¶ªÔ¸�¬P¬K©yª,£Z´W§�®y¨$£¥¤=®
§0,K¨}´Ô±7¬Rª
1
ºR �§0,K¨�§5¸�¬K´�®y£Z´P·e¬K·¶¤#³G·e´¶¸�®y£Z¬K´

ϕ : [0, 1)→ R§-´¶ªÞª,¨}ãe´e¨
ϕ̃ : X → R

¯�¹
ϕ̃(i, x) = ϕ(x)

º=K�¤y¤�·e±7¨
ϕ̃
£¥¤?§Î¸�¬K¯�¬K·e´¶ª¶§-©�¹J �£^ºõ¨Kº

®y¢e¨}©
¨5¨�ðR£¥¤�®�¤.§¡¸�¬K´�®y£Z´P·e¬K·¶¤
g̃ : X → R

Í�£Ò®y¢
ϕ̃(i, x) = g̃(i+ 1, x+ α)− g̃(i, x)

º
ë ·,®
®y£Z´eÑ

g : [0, 1)→ R
 
g(x) = 1

2(g̃(0, x) + g̃(1, x))
Í#¨�¢W§}«­¨

g(x+ α)− g(x) =
1

2
(ϕ̃(1, x) + ϕ̃(0, x)) = ϕ(x).
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 .¬rÍ  ,®
§0,P£Z´eÑµ§?®y©�§-´¶¤
£Ò®y£Ò«­¨5¸�¬R¸�¹,¸�°Z¨
ϕ
¬K´

([0, 1), α)
Í#¨�ÑK¨�®E ¶¯�¹µ®y¢e¨5¸�¬K´¶¤�®y©
·¶¸�®y£Z¬K´

§-¯�¬r«­¨	 �§µ®y©�§-´¶¤�£Ò®y£Ò«­¨µ¸�¬R¸�¹,¸�°Z¨
ϕ̃
¬r«­¨}©5§*ª,£¥¤y¸�¬K´e´e¨N¸�®y¨NªJ �°Z¬R¸N§-°Z°Ò¹Ú¸�¬K´e´e¨N¸�®y¨Nªâ±7¬K´e¬ Ð®y¢e¨�®y£¥¸�ÑK©
¬K·e¦Aº

 �¬V®y£¥¸�¨¡®y¢W§�®×£Z´Ú®y¢e¨7¨�ðe§-±7¦e°Z¨µ§-¯�¬r«­¨	 
g
£¥¤5§-´â£Z´�®y¨}ÑK©�§-°=¬K³

g̃
Í�£Ò®y¢â©
¨N¤
¦�¨N¸�®8®y¬

®y¢e¨�´e¬K©
±µ§-°Z£Zà}¨Nª7ê�§K§-©(±7¨r§V¤
·e©
¨u¬K´¡®y¢e¨),K¨}©
´e¨}°¶¬K³W®y¢e¨u¦e©
¬D4p¨N¸�®y£Z¬K´¼¬K´�®y¬�®y¢e¨�¤�¨N¸�¬K´¶ª
¸�¬P¬K©yª,£Z´W§�®y¨Kº� #¢e£¥¤�¤
£Z±7¦e°Z¨8¬K¯¶¤�¨}©�«K§�®y£Z¬K´ÝÑK£Ò«­¨N¤�©
£¥¤�¨�®y¬7»%¨}±7±Ô§ %eº #Rº

 �¬rÍ Í#¨�¤
¢e¬rÍ ®y¢W§�®5§-°¥¤
¬3§Vªeª,£Z´eÑ3±Ô§V¸�¢e£Z´e¨N¤.®y¢W§�®5§-©
¨�´e¬V®$°Z¬R¸N§-°Z°Ò¹g¸�¬K´e´e¨N¸�®y¨Nª
§Vª,±7£Ò®u®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹3®y©�§-´¶¤
£Ò®y£Ò«­¨×¸�¬R¸�¹,¸�°Z¨N¤}º

��� ���
	 ��	 %eº�Û �?»%¨�®
X = Z(r)

§-´¶ª
T
¯�¨×§�±7£Z´e£Z±µ§-°:©
¬V®
§�®y£Z¬K´Î¬K´

X
º¶ë ·,®

χs

( ∞∑

n=0

anλn

)
= exp

(
2πi

∑s−1
n=0 anλn
λs

)
.

��¯¶¤�¨}©�«­¨�®y¢W§�® Ï ®y¢e¨$¸�¢W§-©�§V¸�®y¨}©#ÑK©
¬K·e¦�Ó
X̂
£¥¤ {χls : s ≥ 1, 0 ≤ l ≤ λs− 1} º���¨}ãe´e¨

ϕ : X → R
¯�¹

ϕ(x) =

∞∑

s=1

ϕs =

∞∑

s=1

χs + χ−1
s

λs
.

ßU°Z¨r§-©
°Ò¹
ϕ ∈ C0(X)

º�K�¤
¤
·e±7¨�®y¢W§�®
ϕ
£¥¤�§?¸�¬K¯�¬K·e´¶ª¶§-©�¹� 

ϕ = g ◦ T − g ³G¬K©�¤�¬K±¼¨
g ∈ C0(X)

º �u¨}¦e©
¨N¤
¨}´�®
g =

∑
s≥1

∑
0<t<λs

as,tχ
t
s

º�2¶¬K©
s ≥ 1

ÍU¨�¢W§}«­¨

as,t =





1

λs(exp(2πi/λs)− 1)

£Z³
t = 1,

0
£Z³

1 < t < λs − 1,
1

λs(exp(−2πi/λs)− 1)

£Z³
t = λs − 1.

!P£Z±7¦e°Z¨5¸N§-°¥¸�·e°i§�®y£Z¬K´¶¤.¤
¢e¬rÍö®y¢W§�®

|as,1| = |as,λs−1| =
1

2λs sin(π/λs)
≥ 1

2π
,

Í�¢e£¥¸�¢¡£¥¤�£Z±¼¦�¬­¤
¤
£Z¯e°Z¨Kº­ u¢e¨}©
¨}³G¬K©
¨
ϕ
£¥¤=§.®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹?®y©�§-´¶¤
£Ò®y£Ò«­¨.¸�¬R¸�¹,¸�°Z¨�¬r«­¨}©(®y¢e¨

§Vªeª,£Z´eÑ�±Ô§V¸�¢e£Z´e¨Kº%Øn®�®y·e©
´¶¤�¬K·,®8®y¢W§�®
ϕ ∈ CBV0(X)

ºA �¬�¤�¨}¨�®y¢e£¥¤�¬K¯¶¤
¨}©�«­¨7ãe©y¤�®
®y¢W§�®

χs
 :¢e¨}´¶¸�¨µ§-°¥¤�¬

ϕs
 �£¥¤�¸�¬K´¶¤�®
§-´�®5¬K´ ®y¢e¨�°Z¨�«­¨}°¥¤�¬K³

Wt ³G¬K© t ≥ s
º (Î¬K©
¨}¬r«­¨}©

ϕs
®
§0,K¨N¤�¬K´Ô°Z¨�«­¨}°¥¤U¬K³

Ws ®y¢e¨�«K§-°Z·e¨N¤ 2 cos(2πl/λs)/λs
 
0 ≤ l < λs

 e§V¤
χs
®
§0,K¨N¤

®y¢e¨�«K§-°Z·e¨N¤
exp(2πil/λs)

 
0 ≤ l < λs

º¶ u¢e¨}©
¨}³G¬K©
¨

max
Wm
k

ϕ−min
Wm
k

ϕ ≤
∑

s>m

(max
Wm
k

ϕs −min
Wm
k

ϕs) ≤
∑

s>m

4

λs
³G¬K©

m ≥ 1
ºW u¢P·¶¤

Vm(ϕ) =
λm−1∑

j=0

(max
Wm
k

ϕ−min
Wm
k

ϕ) ≤ 4
∑

s>m

λm
λs

<
8

rm+1
≤ 4.

ßU¬K´¶¤�¨Nï�·e¨}´�®y°Ò¹� 
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Var(ϕ) = sup
m≥1

Vm(ϕ) ≤ 4

§-´¶ª
ϕ
¢W§V¤u¯�¬K·e´¶ª,¨Nª3«K§-©
£i§�®y£Z¬K´Aº

� 	�� � � %eº # � � Ä�Æ
π : X → Y

FyÄâÈ6¾�Ë-ÂWÆÇÁGÂ�I¶Ë0IRÉ N-Å�Ë0I8@ Ä @�ÁGÌ7Ë-Å @ � ÁGÉ�Ì Ë�Ê
¾
Ë-ÌA@eÈ­¾}Æ�Ì7Ä}ÆÇÅ
Á^¾ÚÌ7Ë-Â�ËVÆ � Ä}ÆÇÁ^¾ NVÅyËDI8@WÉ � � Ä}Æ T : X → X

 
Tx = x + α

 ×ÈVÂ�Ã
S : Y → Y

 
Sy = y + β

 C � Ä�ÅyÄ
β = π(α)

 )FyÄ7Ì?ÁGÂeÁGÌ¼ÈVÀ(ÅyËVÆ�ÈKÆÇÁ^Ë-ÂeÉ � ) � Ä�ÂÔÊ�Ë-ÅÈ-Â¶¿�Æ�Ë�@eËVÀZË�NVÁ^¾�ÈVÀGÀ�¿�ÆÇÅyÈ-Â¶É�ÁæÆÇÁ>OVÄ5¾�Ër¾�¿�¾}ÀÒÄ
ϕ : Y → R

Æ � Ä8¾
Ër¾�¿�¾}ÀZÄ
ϕ̃ : X → R

Ã�Ä �(Â�Ä�Ã
F�¿
ϕ̃(x) = ϕ(π(x))

ÁGÉ5ÈVÀ�É�ËµÆ�Ë�@eËVÀÒË�NVÁ^¾�ÈKÀGÀl¿µÆÇÅyÈ-Â¶É�ÁæÆÇÁ>OVÄ �
@ ÅyËrË�Ê � K�¤
¤
·e±7¨�®y¢W§�® ϕ : Y → R

£¥¤�§�®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹×®y©�§-´¶¤
£Ò®y£Ò«­¨u¸�¬R¸�¹,¸�°Z¨KºK #¢e¨}´
�
ϕdµY = 0

 %¢e¨}´¶¸�¨ �
ϕ̃ dµX = 0

 %Í�¢e¨}©
¨
µX

§-´¶ª
µY

ª,¨}´e¬V®y¨¼®y¢e¨¼´e¬K©
±µ§-°Z£Zà}¨Nª
ê$§K§-©5±7¨r§V¤�·e©
¨N¤5¬K´

X
§-´¶ª

Y
©
¨N¤
¦�¨N¸�®y£Ò«­¨}°Ò¹­º�½=¹/ÙÒäKäD � u¢e¨}¬K©
¨}± ä�Ü  �¨}£Ò®y¢e¨}©

Tϕ̃
£¥¤

®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹¼®y©�§-´¶¤
£Ò®y£Ò«­¨.¬K©
ϕ̃
£¥¤�§8¸�¬K¯�¬K·e´¶ª¶§-©�¹­º�K.¤y¤�·e±¼¨

ϕ̃ : X → R
 
ϕ̃ = ϕ◦π  £¥¤5§*¸�¬K¯�¬K·e´¶ª¶§-©�¹â¬r«­¨}©$®y¢e¨7©
¬V®
§�®y£Z¬K´Ö¯�¹

α ∈ X  A£^ºõ¨Kº:®y¢e¨}©
¨¼¨�ðR£¥¤p®�¤×§*¸�¬K´�®y£Z´P·e¬K·¶¤
g̃ : X → R

Í�£Ò®y¢
ϕ̃(x) = g̃(x + α) − g̃(x)

º !P¨�®
K = kerπ

§-´¶ª4£¥ª,¨}´�®y£Z³i¹
YÍ�£Ò®y¢

X/K
M�®y¢e¨}´

β = α + K
º ��¨}ãe´e¨*§�¸�¬K´�®y£Z´P·e¬K·¶¤�³G·e´¶¸�®y£Z¬K´

g : Y → R
¯�¹

g(x+K) =
�
K g̃(x+ k) dk.

ÕÖ¨�¢W§}«­¨

g(x+ α+K)− g(x+K) =

�

K

(g̃(x+ α+ k)− g̃(x+ k)) dk

=

�

K

ϕ̃(x+ k) dk =

�

K

ϕ(x+K) dk = ϕ(x+K).

 u¢P·¶¤#Í#¨�¢W§}«­¨8¤
¢e¬rÍ�´
ϕ
®y¬7¯�¨5§¡¸�¬K¯�¬K·e´¶ª¶§-©�¹3¬r«­¨}©u®y¢e¨�©
¬V®
§�®y£Z¬K´Î¯�¹

β
 ,Í�¢e£¥¸�¢�£¥¤

§¡¸�¬K´�®y©�§Vª,£¥¸�®y£Z¬K´Aº
Ø�´*®y¢e¨8³G¬K°Z°Z¬rÍ�£Z´eÑ7®y¢e¨}¬K©
¨}±TÍ#¨�ÑK¨}´e¨}©�§-°Z£Zà}¨×»%¨}±7±µ§ %eº #Rº
���
	���
�	�� %eº&%�� � Ä�Æ

π : X → Y
FyÄ*È ¾
Ë-ÂWÆÇÁGÂ�I¶ËDIRÉ NVÅyË0I8@ Ä @WÁGÌ7Ë-Å @ � ÁGÉ
Ì Ë�Ê

¾
Ë-ÌA@eÈ­¾}Æ�Ì7Ä}ÆÇÅ�Á^¾ÔÌ7Ë-Â�ËVÆ � Ä}ÆÇÁ^¾ NVÅyË0I8@�ÉD �È-Â�Ã ÀZÄ}Æ
T : X → X

È-Â�Ã
S : Y → Y

 
C � Ä�ÅyÄ

π ◦ T = S ◦ π  F�Ä×Ì?ÁGÂeÁGÌ¼ÈVÀ�ÅyËVÆ�ÈVÆÇÁ^ËVÂeÉ � )�� Ä�Â E(ϕ) = E(ϕ ◦ π)
Ê�ËVÅ�Ä�È�¾ �

¾
Ë-Â¶ÆÇÁGÂ�I¶Ë0I,É5¾�Ër¾�¿�¾}ÀÒÄ
ϕ : Y → Rm �

@ ÅyËrË�Ê � Ø�³ ϕ £¥¤�®y©�§-´¶¤�£Z¨}´�®E �®y¢e¨}´ ¸�°Z¨r§-©
°Ò¹
ϕ ◦ π £¥¤$§-°¥¤�¬¼®y©�§-´¶¤
£Z¨}´�®Nº !P·e¦e¦�¬­¤
¨ Sϕ£¥¤8¸�¬K´¶¤�¨}©�«K§�®y£Ò«­¨	 �¢e¨}´¶¸�¨7©
¨}ÑK·e°i§-© Ï ¤
¨}¨ÎÙÒäE#� A u¢e¨}¬K©
¨}± %eº#"�ÜæÓ
º�»%¨�®

L : Rm → R
¯�¨

°Z£Z´e¨r§-©}º%½=¹hÙÒäE#� : #¢e¨}¬K©
¨}± #Rº�ñrÜ  :¯�¬V®y¢
E(ϕ)

§-´¶ª
E(ϕ ◦ π)

§-©
¨�°Z£Z´e¨r§-©�¤�·e¯¶¤
¦W§V¸�¨N¤
¬K³
Rm

ºW #¢e¨}´� ¶¯�¹âÙÒä
%� Wë ©
¬K¦�¬­¤�£Ò®y£Z¬K´ #Rº¥ä�Ü  

E(L ◦ ϕ) = L(E(ϕ)), E(L ◦ ϕ ◦ π) = L(E(ϕ ◦ π)).
½�¹Ô»%¨}±7±µ§�%eº #� 

E(L ◦ ϕ) = E(L ◦ϕ ◦ π)
¤
¬
L(E(ϕ)) = L(E(ϕ ◦ π))

º�K�¤
L
£¥¤

§-©
¯e£Ò®y©�§-©�¹  
E(ϕ) = E(ϕ ◦ π)

º
� 	�� ��
�� %eº�ñ � ��¨}ãe´e¨

ϕ : [0, 1)→ R
¯�¹3¤�¨�®
®y£Z´eÑ

ϕ(x) =
∞∑

k=1

1

qk
cos 2πqkx =

1

2

∑

k≥1

1

qk
(e2πiqkx + e−2πiqkx)
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Ï ¯�¹ L ·e°Z¨}©}ç�¤#³G¬K©
±?·e°i§­Ó
º�!P£Z´¶¸�¨ ∑
1/qk

¸�¬K´�«­¨}©
ÑK¨N¤
 
ϕ
£¥¤u§�Í#¨}°Z°�ª,¨}ãe´e¨Nª*¸�¬K´�®y£Z´P·e¬K·¶¤

Ï §-´¶ª¡à}¨}©
¬8±7¨r§-´�Ó�³G·e´¶¸�®y£Z¬K´Aº­ÕÖ¨#Í�£Z°Z°¶¤
¢e¬rÍ6®y¢W§�®
ϕ
£¥¤�®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹¡®y©�§-´¶¤�£Ò®y£Ò«­¨ Ï ¸�³�º

Ù�ñ� ¶ä
%eº¥ä
%VÜæÓ
º�!P·e¦e¦�¬­¤
¨�®y¬$®y¢e¨�¸�¬K´�®y©�§-©�¹¡®y¢W§�®
ϕ
£¥¤�§$¸�¬K¯�¬K·e´¶ª¶§-©�¹� P£^ºõ¨Kº

ϕ = g−g◦T³G¬K©8¤�¬K±7¨¡¸�¬K´�®y£Z´P·e¬K·¶¤�³G·e´¶¸�®y£Z¬K´
g
ºA»%¨�®

an =
�
T g(x)e−2πnix dx

 
n ∈ Z ºA½�¹Î®y¢e¨»%¨}¯�¨N¤
ÑK·e¨ � �u£Z¨}±Ô§-´e´Ý»%¨}±7±µ§� 

lim an = 0
º !P£Z±7¦e°Z¨5¸N§-°¥¸�·e°i§�®y£Z¬K´¶¤.¤�¢e¬rÍ<®y¢W§�®

1

2
· 1

qk
= a±qk(1− e±2πiqkα), k ≥ 1, an = 0, n 6= ±qk, k ≥ 1.

ê.¬rÍU¨�«­¨}© |e2πiqkα − 1| < 8/qk+1
§-´¶ª*£Ò®�³G¬K°Z°Z¬rÍ.¤#®y¢W§�®

16|aqk | =
8

qk
· 1

|e2πiqkα − 1| >
qk+1

qk
≥ 1,

Í�¢e£¥¸�¢�ÑK£Ò«­¨N¤.§�¸�¬K´�®y©�§Vª,£¥¸�®y£Z¬K´Aº: u¢P·¶¤#®y¢e¨5¸�¬R¸�¹,¸�°Z¨
ϕ
£¥¤�´e¬V®�§�¸�¬K¯�¬K·e´¶ª¶§-©�¹� �¢e¨}´¶¸�¨

ϕ
£¥¤#®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹3®y©�§-´¶¤�£Ò®y£Ò«­¨Kº

�.¤
£Z´eÑ�®y¢e¨¡®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹â®y©�§-´¶¤
£Ò®y£Ò«­¨Ô¸�¬R¸�¹,¸�°Z¨
ϕ
ÍU¨7¢W§}«­¨µª,¨}ãe´e¨Nª4§-¯�¬r«­¨µ¬K´e¨

±µ§}¹�¸�¬K´¶¤�®y©
·¶¸�®�³G¬K©$§-´�¹
m
§�®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹Î®y©�§-´¶¤�£Ò®y£Ò«­¨�¸�¬R¸�¹,¸�°Z¨

ϕ̃ : T → Rm
º� �¬

¤
¨}¨�®y¢e£¥¤U¸�¬K´¶¤�£¥ª,¨}©
m
¦W§-£Z©�Í�£¥¤�¨�ª,£¥¤H4p¬K£Z´�®u¤�·e¯¶¤
¨Nï�·e¨}´¶¸�¨N¤

(ck,j)k≥1
 
j = 1, . . . ,m

 �¬K³
®y¢e¨�¤
¨Nï�·e¨}´¶¸�¨

(qk)k≥1
¤
·¶¸�¢8®y¢W§�®�´e¬K´e¨=¬K³P®y¢e¨U¤�¨Nï�·e¨}´¶¸�¨N¤

(1/ck,j |e2πick,jα−1|)k≥1
 

j = 1, . . . ,m
 e£¥¤�¸�¬K´�«­¨}©
ÑK¨}´�®NºJ!P¨�®
®y£Z´eÑ

ϕj(x) =
∑

k≥1

1

ck,j
cos 2πck,jx, j = 1, . . . ,m,

Í#¨Ô¤
¨}¨µ®y¢W§�®�´e¬ ´e¬K´ Ð à}¨}©
¬Ú¸�¬K±?¯e£Z´W§�®y£Z¬K´ b1ϕ1 + . . . + bmϕm
£¥¤¡§Ý¸�¬K¯�¬K·e´¶ª¶§-©�¹­º

½�¹ K#®�,P£Z´¶¤�¬K´Aç�¤�®y¢e¨}¬K©
¨}± Ï ÙÒä	 R #¢e¨}¬K©
¨}± ä�Ü�¬K©$ÙÒäE#� Rë(©
¬K¦�¬­¤
£Ò®y£Z¬K´ %eº ��ÜæÓ� �®y¢e¨�¸�¬R¸�¹,¸�°Z¨
ϕ̃ = (ϕ1, . . . , ϕm)

£¥¤u®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹3®y©�§-´¶¤�£Ò®y£Ò«­¨Kº
�.¤
£Z´eÑ L(ðe§-±7¦e°Z¨�%eº�Û  W»A¨}±¼±µ§ %eº #7§-´¶ª ��¨}±µ§-© , %eº�ñ×ÍU¨�ÑK¨�®�®y¢e¨8³G¬K°Z°Z¬rÍ�£Z´eÑeº
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	���
�	�� %eºlô �¡2$É�É�I,Ì7Ä�Æ � ÈVÆ

X
ÁGÉ$È-Â*ÁGÂ ��Â¶ÁæÆ�Ä5¾�Ë-Ì @,È�¾�Æ�Ì7Ä}ÆÇÅ�Á^¾�Ì7Ë-Â�ËVÆ � Ä}ÆÇÁ^¾

NVÅyË0I0@ � � Ä}Æ T : X → X
F�Ä7È*Ì?ÁGÂeÁGÌ¼ÈVÀ�ÅyËKÆ�ÈVÆÇÁ^Ë-Â4Ë-Â

X � )�� Ä�Â (X,T )
È�Ã-Ì?ÁæÆÇÉ7È

Æ�Ë�@eËVÀZË�NVÁ^¾�ÈVÀGÀ�¿µÆÇÅyÈ-Â¶É�ÁæÆÇÁ>OVÄ5ÅyÄ
ÈVÀ�¾�Ër¾�¿�¾}ÀÒÄ �
�u¨}±Ô§-© , %eº�ñ¡§-°Z°Z¬rÍ�¤�·¶¤#®y¬¡ÑK£Ò«­¨?§�¤
°Z£ZÑK¢�®�ÑK¨}´e¨}©�§-°Z£Zàr§�®y£Z¬K´Ý¬K³� #¢e¨}¬K©
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� ��
!��������
�� %eº�÷ �72�É
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X
ÁGÉÔÈ-Â ÁGÂ �(ÂeÁæÆ�ÄÎ¾
Ë-ÌA@eÈ­¾}Æ�Ì7Ä}ÆÇÅ
Á^¾ÔÌ¼Ë-Â�Ë

�Æ � Ä}ÆÇÁ^¾ N-Å�Ë0I8@ � � Ä}Æ T : X → X
F�Ä¼ÈÔÌ�ÁGÂeÁGÌ7ÈKÀ�ÅyËVÆ�ÈKÆÇÁ^Ë-Â � ) � Ä�Â¼Ê�Ë-Å¼Ä�È­¾ � ÁGÂWÆ�Ä N�Ä�Å

m ≥ 1
È-Â�Ã Ê�ËVÅ.Ä�È­¾ � À�ÁGÂ�Ä�È-ÅuÉ�I�F�É @eÈ­¾�Ä

V ⊂ Rm Æ � Ä�ÅyÄ�Ä��VÁGÉ
ÆÇÉ�È×¾�Ë-ÂWÆÇÁGÂ�IWË0IRÉ�¾
ËN¾�¿�¾}ÀÒÄ
ϕ : X → Rm

É�I¶¾ � Æ � ÈVÆ
E(ϕ) = V �

@ ÅyËrË�Ê � !P·e¦e¦�¬­¤
¨ V ⊂ Rm £¥¤7§Ý°Z£Z´e¨r§-©7¤
·e¯¶¤�¦W§V¸�¨Kº=»%¨�®
ψ = (ϕ1, . . . , ϕm) :

X → Rm
¯�¨Ö§Þ®y¬K¦�¬K°Z¬KÑK£¥¸N§-°Z°Ò¹ó®y©�§-´¶¤
£Ò®y£Ò«­¨Ö¸�¬R¸�¹,¸�°Z¨Kº.Ø�³

dimV = 0
 U®y¢e¨}´ §-´�¹

¸�¬K¯�¬K·e´¶ª¶§-©�¹ö£¥¤�¤�·e£Ò®
§-¯e°Z¨Kº !P·e¦e¦�¬­¤
¨
dimV = k > 0

º�»%¨�®
e1, . . . , em

¯�¨Ú®y¢e¨
¤�®
§-´¶ª¶§-©yª ¯W§V¤
£¥¤�¬K³

Rm
º�Õ £Ò®y¢e¬K·,®$°Z¬­¤y¤�¬K³ ÑK¨}´e¨}©�§-°Z£Ò®�¹ÝÍ#¨×±µ§}¹Ý§V¤y¤
·e±7¨×®y¢W§�®

V
£¥¤

ÑK¨}´e¨}©�§�®y¨Nªµ¯�¹
e1, . . . , ek

ºPØ�´¶ª,¨}¨NªJ P¯�¹�ÙÒäE#� P #¢e¨}¬K©
¨}± %eº#"�Ü  R§-°Z°Wà}¨}©
¬5±¼¨r§-´¼¸�¬R¸�¹,¸�°Z¨N¤
Í�£Ò®y¢8«K§-°Z·e¨N¤�£Z´

Rm
§-©
¨�©
¨}ÑK·e°i§-©* K§-´¶ª?§-¦e¦e°Z£¥¸N§�®y£Z¬K´?¬K³%ÙÒä
%� �ë ©
¬K¦�¬­¤
£Ò®y£Z¬K´.#Rº¥ä�ÜRãe´e£¥¤
¢e¨N¤

®y¢e¨8§-©
ÑK·e±7¨}´�®Nº¶»A¨�®
φ = (ϕ1, . . . , ϕk, 0, . . . , 0)

º�K�Ñ�§-£Z´*¯�¹gÙÒä
%� eë(©
¬K¦�¬­¤
£Ò®y£Z¬K´ #Rº¥ä
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E(ϕ) = V
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