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Abstract. Let A be an artin algebra. We prove that for each sequence (h;)icz of non-
negative integers there are only a finite number of isomorphism classes of indecomposables
X € DP(A), the bounded derived category of A, with length g x) H (X)=h;forallicZ
and E(X) the endomorphism ring of X in D"(A) if and only if D®(Mod A), the bounded
derived category of the category Mod A of all left A-modules, has no generic objects in
the sense of [4].

1. Introduction. Let A be an artin algebra over a commutative artinian
ring k and DP(A) be its bounded derived category. We consider the cate-
gory Mod A of left A-modules. We denote by mod A, Proj A and proj A the
full subcategories of Mod A consisting of the finitely generated, projective
and finitely generated projective A-modules, respectively. By DP(Mod A)
we denote the bounded derived category of Mod A; we recall that DP(A) is
the bounded derived category of mod A. If X = (X', dY );cz is an object in
DP(A), an invariant of it is given by its homology dimension hdim = (h;);cz
with h; = length, H*(X).

A sequence h = (h;);ez of non-negative integers is called a homology
dimension if h; = 0 for all but finitely many ¢ € Z. We recall that accord-
ing to [5], DP(A) is called discrete and A derived discrete if there are only
finitely many isoclasses of indecomposables X € DP(A) with fixed homology
dimension.

We recall that X € DP(Mod A) is called endofinite if for all i € Z,
H'(X) has finite length as left F(X) = Endpb (vod 4) (X )-module. In case X
is endofinite its homology endolength is defined as

hendol(X) = (lengthE(X) Hi(X))z’eZ-

Observe that all objects in DP(A) are endofinite. The category DP(A) is
called endofinite discrete and A derived endo-discrete if for each homology

dimension h there are only a finite number of isomorphism classes of inde-
composable objects X in DP(A) with hendol(X) = h.
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We recall from [4] that G € D*(Mod A) is called generic if G is not in
DP(A), G is endofinite and indecomposable. If k is an algebraically closed
field, then the generic objects in DP(Mod A) play an important role in the
derived representation type of A (see Theorem 3.2 of [3]).

In this paper we prove the following.

THEOREM 1.1. Let A be an artin algebra over k. Then:

(i) A is not derived endo-discrete if and only if D (Mod A) has a generic
object.

(ii) If k has infinite cardinality, then A is not derived discrete if and
only if the category D®(Mod A) has a generic object.

In [5] it has been proved that if k is an algebraically closed field, then
A is derived discrete if and only if DP(A),¢, the full subcategory of DP(A)
whose objects are the perfect complexes, is discrete. In this paper we prove
that the same result holds for artin algebras (see Proposition 2.5(i)).

For the proof of Theorem 1.1, in Section 2 we consider the category
A = projA or A = Proj A and C,,(A), which is the category of complexes
X = (X% d%) over A with X? =0 for i € {1,...,m} = [1,m]. We denote
by CL,(A) the full subcategory of C,,(.A) whose objects are the complexes
X = (X%, d}) such that Imdy ' C rad X for all i € Z.

In general if C is a k-category, a morphism f : M — N in C is called
radical if for any split monomorphism o : X — M and any split epimorphism
m:M—Y,nfo: X — Y is not an isomorphism. If P and @ are projective
A-modules, f: P — @ is a radical morphism if and only if Im f C rad Q.

2. Complexes of fixed size. We denote by CP(proj A) the category of
bounded complexes over proj A. We recall that there is an exact structure

on this category given by the exact sequences of complexes 0 — X TN N
Y — 0. Note that for all such sequences with Y a complex of projective

A-modules, the exact sequences 0 — X° LN B Ly 0, i € Z, split.
Here the corresponding projective and injective objects coincide, moreover
a morphism of complexes u : Z — W is homotopic to zero if and only if u
factorizes through an injective object. The injective objects are direct sums
of complexes of the form - - - L 0=PMp 0 ... Thusif X and Y
are non-injective indecomposable objects in CP(proj A), they are homotopic
if and only if they are isomorphic as complexes.

Let Y be a complex in C,,(Proj A). We denote by Ec(Y) the endomor-
phism ring of Y in the category of complexes and by Fx(Y) the endomor-
phism ring in the homotopy category. The ring Ex(Y) is a quotient ring
of Ec(Y).
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An object Y € C,,(ProjA) is called endofinite if for all i € Z, Y has
finite length as Ec(Y)-module; in this case we put

m
endol(Y) = Z lengthp,, (v Y
i=1
In case Y € C,,(projA) we say that Y is finite. Now an object X €
C,.(Proj A) is called generic if it is endofinite, indecomposable and not
finite. For X € C,,,(proj A), we put

m
length(X) = Z length,, X"
i=1
We need the following two results.

LEMMA 2.1. Suppose Y € CL (ProjA) is such that for some u € [2,m]
we have

lengthg, vy H* ' (Y) < ¢ and lengthp,y) V" < dy.

Then
lengthp,(y) YU ! <(dy+c)L with L = length, A.

Proof. We have
lengthg, (v Y t/Kerdd !t = lengthp,, vy Im it < d,,
and moreover lengthg, - Ker dg‘/_l /Im dg‘/_Q < c. Therefore
lengthy, vy Y /Imdy > < ¢+ d,.
Here Im dgLfQ CradY*~ !, thus
lengthp,yy Y /rad Y~ ! < lengthp,y) Y™/ Imdy >,
Consequently, lengthp, vy Y¢ 1l < (c+dy)L. u

LEMMA 2.2. LetY € CL (ProjA) be such that Kerd}. C radY! and for
some fired ¢ and all j € [2,m], we have lengthg, (v HI(Y) <c. ThenY is
an endofinite object and

endol(Y) < ¢(mL + (m — 1)L? + (m — 2)L3 + --- + 20" 4 L™).

Proof. Here Y™*! = 0, so by the previous lemma, length c(v) Y™ < cL.
Then again by Lemma 2.1 we have

lengthp, vy Y™ ! < (L + L?),
lengthp, vy Y™ > <c¢(L+ L*+ L%, ...,
lengthp, vy Y? < (L +L*+---+ L"),
Thus
lengthp,,(y) Y!/Kerdi = lengthp,,(y) Im dy <c(L+---+ L™,
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By our assumptions, Kerd}, C rad Y'!, therefore
lengthp,(y)Y' <lengthg, (Y?)L < ¢(L +---+ L™).
From this we obtain our result. =

One can see, using similar arguments, that the statements in Lemmas
2.1 and 2.2 are true for Y € Cl (projA) if we take length, Y instead of
lengthp,, (v Y, length, H'(Y) instead of lengthp, (v H(Y) and length(Y)
instead of endol(Y").

DEFINITION 2.3. The category C,,(projA) is called endo-discrete (re-
spectively discrete) if for all natural numbers d there are only a finite num-
ber of isomorphism classes of indecomposable objects X with endol(X) < d
(respectively length(X) < d).

For a projective A-module P we consider the objects J,(P) for u €
[1,m —1], T(P) and S(P) in Cy,(Proj A), defined as follows: J,(P)* = 0 for
i #u,u+1, and J,(P)* = J,(P)"tt = P, d4 Ju(py = 1dp; S(P)t =0fori#1
andS(P)1:P;T(P)i:Oforz';émandT( " =P.Ifh: P —Qisa
morphism between projective A-modules, then S(h) : S(P) — S(Q) is the
morphism with S(h)! = h.

Consider in C,,(Proj A) the class £ of composable morphisms x Ly

2, Z such that for all i € [1,m] the sequences 0 — X° Lyifd zi 0 are

exact. Then the pair (C,,(ProjA4),€) is an exact category.

The indecomposable E-projectives (respectively E-injectives) are the
complexes T'(P) and J,(P),u € [1,m — 1], (respectively J,,(P),S(P)) with
P an indecomposable projective A-module (see Corolary 3.3 of [1]).

Observe that a complex X in C,,(ProjA) is in C. (Proj A) if and only
if X has no direct summands of the form J,,(P) for v € [I,m — 1] and P a
projective A-module.

Throughout this paper we denote by K<™ (Proj A) the homotopy cat-
egory of those complexes X over Proj A such that H*(X) = 0 for almost all
i and X7 =0 for j > m.

Let F : KS™P(ProjA) — C,,(ProjA) be the functor given on objects
by F(X)! =0fori <land F(X)) = X/ forj>1.Iff: X - Yisa
morphism in K<™ (Proj A), F(f) : F(X) — F(Y) is defined by F(f)* = f*
for s € [1,m].

We know from Corollary 5.7 of [1] that F' induces an equivalence

F: L, — C,,(ProjA)

where L,, is the full subcategory of Kgm’b(froj A) whose objects are those
X with H(X) = 0 for i < 1. The category C,,(Proj A) is the category with
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the same objects as C,,(ProjA) and morphisms being the morphisms in
C,»(Proj A) modulo those which factorize through E-injectives.

LEMMA 2.4. LetY be an indecomposable object in Ly, and Ex(Y) the
endomorphism ring of Y in the category L,,. Assume that for all i € Z,
HY(Y) has finite length as Ex(Y)-module. Then F(Y) =Y @ W, with Y
an indecomposable complex in CL (Proj A) and W an &-injective complex in

C,.(Proj A). Moreover:

(1) lengthEK(V) H'(Y) = lengthp, vy H'(Y) for all i € [2,m];
(2) endol(Y) < e(mL + (m — 1)L+ -+ L™) with
¢ = max{lengthp, ) H'(Y) | i € [2,m]}.

Proof. By (i) and (iii) of Proposition 6.6 of [1], we have F(Y) =
Y @ W where Y € Cl,(ProjA) has no E-injective direct summands and
W is an E-injective complex. We know that F is an equivalence and Y is an
indecomposable object in £,,, thus Y is an indecomposable complex. By the
definition of the functor F, for i > 1 we have H(Y) = H(F(Y)). Denote
by 0 : Y — F(Y) the canonical inclusion and by 7 : F(Y) — Y the canon-
ical projection. We have W = W7 & W, with W7 a direct sum of objects
of the form S(P) and Wy a direct sum of objects of the form J,(P) with
u € [1,m — 1]. Then for i > 1, H(W;) = 0 and H*(Ws) = 0. Therefore for
i>1,H (o) : H(Y) — H'(F(Y)) is an isomorphism with inverse H’(7). On
the other hand, F induces an isomorphism p : Ex(Y) — E_ndcm(proj A Y).
For the homotopy class f of a morphism f :Y — Y of complexes we have
w(f) = mF(f)o, the image of 7F(f)o in E_ndcm(proj A)(V). Observe that
if w:Y — Y is a morphism of complexes which factorizes through some
E-injective, then H'(u) = 0 for i > 1, thus H (Y) is an E—ndcm(Proj A)(V)—
module.

Through the isomorphism x : Ex(Y) — Endg,, (proja)(Y), H'(Y) be-
comes an Eg(Y)-module and H(c) : H{(Y) — H'(F(Y)) is an isomor-
phism of Ex(Y')-modules for i > 1, thus

length: H'(Y) = lengthy, (y) H'(Y).

Endg,,, (Proj 4)(Y)

Now we recall that a morphism f : Y — Y is homotopic to zero if and
only if f is a sum of morphisms which factorize through objects of the form
J.(P). But there are no non-zero morphisms from .J,(P) to Y if u < 1 and
there are no non-zero morphisms from Y to J,(P) if u > m. Thus f is
homotopic to zero if and only if f is a sum of morphisms which factorize
through objects J,(P) with 1 < u < m — 1; these objects are E-injective
objects in C,,(Proj A). Therefore we have an epimorphism

EK(?) - mcm(l:’roj A) (?)
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The above morphism induces a structure of Ex (Y )-module on H*(Y) for

i > 1 which coincides with its natural structure of Ex (Y')-module. Therefore
lengthy, ) H'(Y) = lengthy, ) H'(Y) = lengthp, () H'(Y)

Endc,, (Proj 4)
for all i > 1, so we obtain (1).
Finally, if Ker d17 is not contained in radY!, then Y has a direct sum-

mand of the form S(P), which is not the case because Y is indecomposable.
Thus Ker dl7 C rad ?1, and from Lemma 2.2 we obtain (2). =

PROPOSITION 2.5. If A is an artin algebra, then:

(i) DP(A) is endo-discrete (resp. discrete) if and only if Cp,(proj A) is
endo-discrete (resp. discrete) for all m.

(ii) D*(Mod A) has a generic complex if and only if Cp,(ProjA) has a
generic object for some m.

Proof. Assume DP(A) is endo-discrete. Take a family {Y}scs of pairwise
non-isomorphic indecomposable objects in some C,,,(proj A) with endol(Ys)
< d for a fixed d and all s € I. We are going to prove that [ is a finite set.
Since there are only finitely many isomorphism classes of indecomposable
E-injective complexes in C,,(proj A), we may assume that the complex Y
is not E-injective for all s € I. Here endol(Yy) = > ", lengthEC(Ys)(YZ)
<d. As Ker d%,s and Im d’gl are Ec(Y)-submodules of Y/, this implies that
lengthp,,(y,) Ker d%,s < d and

lengthp,, (y,)(Ker dé/s/lm dé/:l) = lengthp, (v, HY(Y;) <d.

The objects Y; are pairwise non-isomorphic in CP(proj A), thus they are
pairwise non-homotopic. Now the Y; are complexes of projective A-modules,
so they are pairwise non-isomorphic in DP(A). Since DP(A) is endo-discrete,
the set I is finite; this proves that C,,(proj A) is endo-discrete for all m.

Conversely, suppose that for all m, C,,(projA) is endo-discrete. Take
a family {Z;}ser of pairwise non-isomorphic indecomposable complexes in
DP(A) with fixed homology endolength h = (h;)icz. Set ¢ = max{h;}icz.
After a shift we may assume that for some m, h; = 0 for i ¢ [2, m]. For each
s € I take a quasi-isomorphism P; — Z; with P; an indecomposable ob-
ject in K=™P(projA). Now F : L,, — C,,(Proj A) is an equivalence, which
implies that the objects Y; = F(Z,) are pairwise non-isomorphic indecom-
posables in C,,(proj A). We have an isomorphism Ex (P;) & Endpy(4)(Zs),
thus H*(Z,) becomes an Ex (P;)-module and H*(Zs) = H'(P,) as Ex (Ps)-
modules, so

lengthy, (p,) H{(P,) = lengthp, (p,) HY(Z,)
— lengthEndDb(A) (Zs) HZ(ZS) = hl
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We have P; € L,,, so by Lemma 2.4, Y, = Y,0 ® Y,; with Y,; an
E-injective complex and Yo an indecomposable complex which is not &-
injective with endol(Yso) < ¢(mL + (m — 1)L? + -+ + L™). Here F is an
equivalence, so the complexes Y, o with s € I are pairwise non-isomorphic
indecomposable complexes in C,,(proj A) which is endo-discrete, hence I is
finite. This proves (i); the corresponding statement for discrete categories is
proved in a similar way.

Let Y be a generic complex in D”(Mod A). As before we may assume that
if hendol(Y') = h = (h;);ez, then there is an m such that h; = 0 for i & [2,m)].
Consider a quasi-isomorphism Py — Y with Py an indecomposable object
in K<™ (Proj A). As in the proof of (i) we have

lengthp, (p,) H'(Py) = lengthg,g,, H(Y)=nh; forallicZ,

thus Py € L,,. Take F(Py) € C,,(Proj A). By Lemma 2.4 we have F'(Py) =
Py @ W with Py an indecomposable complex in CL (Proj A) which is not
E-injective, and W an &-injective complex. Moreover by Lemma 2.4(2), Py
is an endofinite complex, therefore it is generic in C,,(Proj A).

Conversely, assume Y is a generic object in some C,,(Proj A). We may
assume H7(Y) = 0 for all j < 1. If for some j, the image of d{,ﬁl is not
contained in rad Y7/, then Y has a direct summand of the form J;_;(P) for
some indecomposable projective A-module P. But Y is indecomposable, so
Y =2 J;_1(P), which is not the case because Y is not a finite object. Therefore
Y € Cl (ProjA), and consequently Y is a non-zero object in the category
K="b(Proj A). We know that Y has finite length over Ec(Y) for all i € Z,
and so lengthp,, (y) H'(Y) =lengthp, H*(Y) is finite for all i € Z. Consider
Y as an object of DP(Mod A); here Y is a finite complex of projective A-
modules. Then Ex (Y) = Endps(neq 4)(Y). Therefore Y is indecomposable
in DP(Mod A) and H*(Y) has finite length as Endpn vod 4)(Y)-module for
all ¢ € Z. Suppose that Y is isomorphic to some object X € Db(/l). Here
HY(Y) = HY(X) for all i € Z. Thus H?(X) = 0 for all j > m, therefore there
is a complex Py quasi-isomorphic to X with Px € K<"P(Proj A) and such
that P)i( is a finitely generated projective A-module for all ¢ € Z. Then Y and
Px are quasi-isomorphic complexes both in K<™ (Proj A), therefore they
are isomorphic objects in the category L,,; thus we have Y = F(Y') = F(Px)
in the category C,,(Proj A). By Lemma 2.4, F(Px) = Px ® W, with W an
E-injective object and Py € CL (Proj A). Here Y is not a finite object and it
is indecomposable, therefore Y is not £-injective. On the other hand, Py is a
finite object which is not E-injective. Thus Px = P1®W,; with P; without &-
injective direct summands and W; an E-injective object. Therefore Y = Py
as complexes, which is a contradiction because Y is not a finite object, and
hence Y is a generic complex in D”(Mod A). =
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3. A category of morphisms. For m > 1, we consider the following
category M, of morphisms in C! (Proj A). The objects of M, are radical
morphisms f : S(P) — X in Cl (ProjA) with P a projective A-module
and X an object in CL (ProjA). The morphisms from f : S(P) — X to
f':S(P") — X’ are given by pairs of morphisms u = (u1,u2), u1 : P — P,
ug : X — X', such that uaf = f'S(u1). If w = (ug,uz) is a morphism from
f:S(P)— X tof':S(P)— X" and v = (v1,v2) is a morphism from
f:S(P) — X' to f": S(P") — X", then vu = (viu1, vausz). The identity
morphism of the object f: S(P) — X is given by the pair (idp,idx).

An object f : S(P) — X is called endofinite if P and all X* have finite
length as E(f) = End,, (f)-modules. In this case endol(f) = lengthp ) P
+>°; lengthy sy X*. The object f : S(P) — X is called finite if P is a finitely
generated A-module and X is an object in CL (proj A). We put

length(f) = length, P + Z length, X°.
i
PROPOSITION 3.1. There is a functor © : My, — C}, . ,(ProjA) with
the following properties:

(i) © is an equivalence of categories.
(ii) f € M., is endofinite (respectively finite) if and only if O(f) is
endofinite (respectively finite) and

endol(f) = endol(O(f)) (respectively length(f) = lengthO(f)).

Proof. Take an object f : S(P) — X in M,,. We have the morphism
fl: P — X' fis aradical morphism, thus Im f! C rad X', moreover f is
a morphism of complexes, so that dﬁ( fl= deE( p) = 0. Therefore we have
the complex O(f) in C},,;(ProjA) given by O(f)" = 0 for i ¢ [1,m + 1],
O = P, O()" = X' for i € [Lm], dgpy = [, dg(}) = di for
i €[1,m)].

Now if u = (u1,u2) is a morphism from f : S(P) — X to f': S(P') —
X', we define ©(u) in the following way: O(u)* = 0 for i ¢ [1,m + 1],
Ou) =u : O(f) = P — O(f)! = P, O(u)t! =} : O(f)H = XP —
O(f")+ = (X" for i € [1,m].

We have dé(f,)@(u)1 = (Mlu; = (u)'f = 8(“)2d19(f)' For i € [1,m)]
we have d’&;,)@(u)”l = diub = ubtldl, = @(u)”gd’&;). From this we
conclude that O(u) : O(f) — O(f’) is a morphism of complexes. We have
O(idy) = idg(s). Now if v is a morphism from f’ : S(P') — X' to f" :
S(P") — X", then O(v)O(u) = O(vu). Clearly O is a full, faithful dense
functor and (ii) holds. m

Let P be an indecomposable in proj A. We recall (see Proposition 8.7
of [1]) that for w € [1, m—1] there is a left almost split morphism s : J,,(P) —
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Ly, (P) in C,,(proj A) with L, (P) an indecomposable object in C.. (proj A).
Therefore for any complex X in the category CL, (proj A) we have an epimor-
phism Hom(s, 1) : Homg,, (proja)(Lu(P), X) — Homg,, (proj 4)(Ju(P), X).
If X = @,c;Xi is a complex in the category C}, (ProjA), with X; €
Cl (proj A), then any morphism f : J,(P) — X is of the form o fy, where
fo 1 Ju(P) — @Djer, Xis 0 : @yep, Xi — X, Ip is a finite subset of I and o
is the canonical inclusion. Thus fy = gs for some g : Ly (P) — @;c;, Xi,
therefore f = ogs. This implies that if X is a complex in C. (Proj A) which
is an arbitrary sum of objects in C! (proj A) then

Hom(87 1) : HomCm(Proj A)(LU(P)7X) - HomCm(PrOj A)(JU(P)aX)

is an epimorphism.

Suppose now that C,,(proj A) is endo-discrete. Let Z1, ..., Z, be a com-
plete representative set of the isomorphism classes of indecomposables X €
C!l (proj A) with either endol(X) < d, or for some indecomposable projec-
tive A-modules P, X = L, (P) for some u € [1,m — 1], or X = T(P). Take
Z=71® - ®Z, and let Y be the sum of those Z; which are isomorphic
to some S(P).

Consider now R = Endgi (pr054)(Z)° and f the projection of Z on YV
followed by the corresponding inclusion of Y in Z. Then f is an idempotent
and fRf = Ende(proj A) (Y)Op.

Take A = (f é%f }g) and consider the following exact sequence of A-A-
bimodules:

¢ 0_><0 fradR)_)(fRf fradR>L<fRf 0)_}0
' 0 0 0 R 0 R '

In the following we set F' equal to the middle term of the above sequence.
We recall that the lift category £(A) is defined as follows:

1. The objects in £(A) are pairs (P,e) consisting of a projective A-
module P and a morphism e : P — F ®4 P of A-modules such
that (7 ® idp)e =idp for r®idp : F ®4 P — P.

2. The morphisms from (P, e) to (P’, ') are those morphisms 6 : P — P’
of A-modules such that the following diagram commutes:

p 2, p

| I

FopP % ponp

An object X = (P,e) € £(A) is called endofinite if P has finite length as
E(X) = Endga)(X)-module; we then put endol(X) = lengthgx) P. An
object Y = (Q, f) € £(A) is called finite if @ has finite length as k-module,
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in which case we put lengthY = length, Q. An object X € {(A) is called
generic if X is not finite, but indecomposable and endofinite.

DEFINITION 3.2. The category £(A) is called endo-discrete (respectively
discrete) if for all natural numbers d, there are only a finite number of iso-
morphism classes of finite indecomposable objects in £(A) having endolength
(respectively length) less than or equal to d.

From Theorem 9.5 of [2] we obtain the following.

THEOREM 3.3. The category £(A) is not endo-discrete if and only if it
contains a generic object. In case k has infinitely many elements, £(A) is
not discrete if and only if it contains a generic object.

In the proof of the next proposition we need the following lemma.

LEMMA 3.4. Let X be a finitely generated left A-module and Y o A-B-
bimodule with B a k-algebra. Then if Y has finite length as right B-module,
the right B-module Hom(X,Y") has finite length. Moreover

lengthy Hom,(X,Y) < t(X)lengthgp Y,
where t(X) is the minimal number of generators of the A-module X .

Proof. We have an epimorphism A" — X for ¢t = t(X). Hence we obtain
a monomorphism of right B-modules

Hom 4 (X,Y) — Homy (A", Y) = PY
i=1
which yields our result. =

Assume C,,(proj A) is endo-discrete. We denote by M, 4 the full sub-
category of M,,, whose objects are of the form f : S(P) — X with X a direct
sum of direct summands of Z and S(P) a direct sum of direct summands
of Y.

PROPOSITION 3.5. Suppose A is a basic artin algebra. Then there is a
functor U : My, 4 — &§(A) with the following properties:

(i) U is an equivalence.

(ii) For Y € Mpgq, and t(Z) the mazimum of t(ZY), i € [1,m], for
Z = (2" dy) and t(Z") the minimal number of generators of Z* as
A-module we have

endol(Y') < endol(U(Y)) < ¢(Z) endol(Y),
length(Y") <length(U(Y')) < t(Z)length(Y);

(ili) Y € Myq is a generic object if and only if U(Y) is a generic
object in £(A).
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Proof. A projective A-module is given by a pair (P, P») with P; a pro-
jective fRf-module and P, a projective R-module. If (P, e) is an object of
€(A), then e is given by a morphism ¢ : P, — frad P» of fRf-modules.

Now if P; and P, are as before we have the following natural isomor-
phisms:

HomfRf(Pl, frad Py) = HomfRf(Pl,HomR(Rf, rad P»))
= Homp(Rf ®@¢rs P1,rad P).

Therefore the category £(A) is equivalent to the category U whose objects
are radical morphisms u : @1 — @2 of R-modules, where @1 is a direct
sum of direct summands of Rf, and ()2 is a projective R-module. Now
Cz, the full subcategory of C,,(ProjA) whose objects are arbitrary sums
of direct summands of Z, is equivalent to the category Proj R. In a sim-
ilar way, Cy, the full subcategory of C; whose objects are arbitrary sums
of direct summands of Y, is equivalent to the full subcategory of Proj R,
whose objects are arbitrary sums of direct summands of Rf. Consequently,
the category U is equivalent to the category M,, 4 whose objects are rad-
ical morphisms h : S(P) — X in C} (ProjA) with S(P) a sum of direct
summands of Y, and X a sum of direct summands of Z. Then we have an
equivalence U : M,,, ¢ — &(A) such that

U(h: S(P) — X) = (Homg,, (proj 1) (Y, S(P)) ® Homg,, (proj 4)(Z, X), ).

Then if the object h : S(P) — X is endofinite and E(h) = Endpg,, ,(h),
both S(P) and X are A-E(h)°P-bimodules. Thus by Lemma 3.4 both
Homg,, (Proj 4)(Y; S(P)) and Homg,, (proja)(Z, X) have finite length as
E(h)-modules, and therefore as FE(U(h))-modules. Consequently, U(h :
S(P) — X) is endofinite, so if h is generic its image under U is also generic.

Moreover using Lemma 3.4 we have endol(U(h)) < t(Z) endol(h) and if
h is a finite object, then length(U(h)) < t(Z) length(h).

Take a decomposition 1 = Zj ej into pairwise orthogonal primitive
idempotents in A. Then for v € [I,m — 1], L,(Ae;) = W for some W €
{Z1,...,Z,}. Denote by fy the projection of Z on W followed by the in-
clusion of W in Z. We have

Jw HomCm(Proj A) (Z7 X) = HomCm(PrOj A) (Lu(Aez)’ X)
On the other hand, we have an epimorphism

HomCm(Proj A) (LU(A€Z)7 X) - HomCm(Proj A)(Ju(Ael)v X)
>~ Homy(Ae;, X*) =2 e; X Y.

Thus lengthp ) e; X" < lengthgq )y fw Home,, (proj 4)(Z, X).
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We recall that Homc,, (proj 4)(T'(Ae;), X) = Homa(Ae;, X™)
Taking now T'(Ae;) instead of L, (Ae;), we obtain

eiXm.

lengthp ) €, X™ = lengthp () fw Home,, (proj 4)(Z, X)

for W € {Z1,...,Z,} isomorphic to T'(Ae;).
Since A is basic we have

m
Z length () X" < lengthp sy Homg,, (Proj 1) (2, X).

u=1

In a similar way we obtain
lengthE(h) S(P) S lengthE( U(h)) HOI’HC (Pro_]A Y S(

))-
Hence endol(h) < endol(U(h)). Similarly, length(h) < length(U(h)). There-
fore if U (h) is endofinite, then so is h, and this implies that if U(h) is generic,
then so is h. =

THEOREM 3.6. Form > 1, the category C,,(proj A) is not endo-discrete
if and only if Cp,(Proj A) has a generic object. In case k has infinitely many
elements, Cy,(proj A) is not discrete if and only if C,,(Proj A) has a generic
object.

Proof. First we assume that A is a basic algebra. For m = 1, C;(proj A)
= proj A, therefore this category is endo-discrete and Cq(ProjA) = Proj A
does not contain indecomposable objects of infinite length over k, so our
result holds in this case.

Assume our result is proved for m; we shall prove it for m + 1. Suppose
that the category C,,+1(proj A) is not endo-discrete. Then for some d there
are infinitely many isomorphism classes of indecomposables in CL, +1(proj A)
with endolength d. If C,,(proj A) is not endo-discrete then by the induction
hypothesis there is a generic object in C,,(Proj A), hence there is one in
Cnt1(Proj A). Therefore we may assume C,,(proj A) is endo-discrete. Con-
sider the equivalence © : M,, — C, . ;(ProjA). We have an infinite family
{Ys}ser of pairwise non-isomorphic indecomposable objects in Cl, +1(proj A)
with endol(Ys) < d for all s € I. For each s € I there is an object hs
S(Ps) — X5 in My, with O(hs) = Y,. We have endol(X;) < lengthg, ) X
< d. Thus each X is a finite direct sum of indecomposable finite objects with
endolength < d. Therefore each hy is in M,, 4 and by Proposition 3.5(ii),
endol(U (hs)) < t(Z)d. Consequently, {(A) is not endo-discrete, and by The-
orem 3.3 the category £(A) contains a generic object G. Then G = U(g),
and by Proposition 3.5(iii), ¢ is a generic object in M,, 4. But then ©(g) is
a generic object in C,,41(Proj A).

Conversely, suppose Y is a generic object in C,,,11(Proj A). It has no di-
rect summands of the form J,(P),so Y € C} _(ProjA) with endol(Y) < d.
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Then Y = O(h) with h: S(P) — X in M,,. Here
endol(X) < lengthp ) (X) < d.

Thus X is endofinite and therefore it is a direct sum of indecomposable
objects of endolength < d. By the induction hypothesis C,,(ProjA) does
not contain generic objects, therefore X is a direct sum of direct summands
of Z,so h € M, 4. By Proposition 3.5(iii), U(h) is a generic object in {(A).
Again by Theorem 3.3, {(A) is not endo-discrete. Thus there is an infinite
family {Ys}ses of pairwise non-isomorphic finite indecomposable objects in
£(A) with endol(Ys) < u for all s € I and some u. For each Y; there is
a finite object hy € M, q such that U(hs) = Y. By Proposition 3.5(ii),
endol(hs) < endol(Y;) < u. Now O(hs) is a finite object in C,,41(Proj A)
and endol(hs) = endol(©(hs)). Thus C,,+1(proj A) is not endo-discrete. The
second part of our theorem is proved in a similar way.

To prove our result for a general artin algebra it is enough to show that if
Ay and Ay are Morita-equivalent then C,,,(Proj A1) is endo-discrete (respec-
tively discrete) if and only if C,,(Proj As) is, and the first category contains
a generic object if and only if the second one does. So consider a Morita-
equivalence F' = P ®,, — : Mod 417 — Mod Az with P a As-A;-bimodule,
finitely generated projective on both sides. The functor F' induces an equiv-
alence [ : C,(Proj A1) — C,,(Proj Az) such that for X € C,,(ProjA;),
F(X)' =P®y, Xt and H(F(X)) = P®,, H(X). We find that X' is a A-
Ec(X)°P-bimodule and lengthp,, (x) Xi= lengthp,, (x)or X' foralli € [1,m].
The functor F induces an isomorphism v : Ec(X)® — Ec(ﬁ(X ))°P which
induces a structure of Ay-E¢(X)°P-bimodule on F(X)! = P ©4, X', coin-
ciding with the structure of As-Ec(X)°P-bimodule induced by the structure
of right Ec(X)°P-module of X*. Therefore, since Py, is a direct summand
of some A}, we have

length, & X))(ﬁ(X))i = lengthp,(x) P ® X' < tlengthp,x) X".

Consequently, endol(F(X)) < tendol(X). In a similar way we obtain
lengthy, g xy) H'(F(X)) < tlengthp, (x) H'(X).

The above inequalities imply that if the category C,,(proj As) is endo-
discrete, then so is C,,(projA;), and if X is an endofinite complex in
C,.(Proj A;), then ﬁ(X) is an endofinite complex in C,,(Proj Asz).

Thus if X is generic, then so is F(X). In a similar way one can prove that
if C,,,(proj Az) is discrete, then so is C,,(proj Ay). This proves our result. m

Proof of Theorem 1.1. Follows from Proposition 2.5 and Theorem 3.6.
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