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STRONG MIXING MARKOV SEMIGROUPS ON C1 ARE MEAGERBYWOJCIECH BARTOSZEK and BEATA KUNA (Gda«sk)Abstra
t. We show that the set of those Markov semigroups on the S
hatten 
lass C1su
h that in the strong operator topology limt→∞ T (t) = Q, where Q is a one-dimensionalproje
tion, form a meager subset of all Markov semigroups.An important problem in the theory of dynami
al (open quantum) sys-tems is the des
ription of their asymptoti
 behaviour. Given a 
lass of pos-sible evolutions (s
enario), what is the nature of a generi
 element of the
lass? Of 
ourse, in order to des
ribe generi
ity, �rst we have to de�ne thenotion itself. In our 
ase it is based on the 
ategory theorem of Baire. A setwhi
h is a 
ountable interse
tion of dense and open sets (
alled residual) is
ommonly re
ognized as a large obje
t. Generi
 evolutions are those whi
hbelong to a residual subset. We will use this 
on
ept to des
ribe the sizeof spe
i�
 
lasses of semigroups of positive operators on the S
hatten 
lass1. This spa
e plays a 
entral role in the von Neumann model of quantumme
hani
s. It has re
ently been proved (see [5℄ and [15℄) that for the uni-form norm topology asymptoti
ally stable semigroups are generi
. In thisarti
le we 
onsider related questions from the point of view of the strongoperator topology. It turns out that here the situation is di�erent. Generi
are those semigroups whi
h do not possess an absorbing state (hen
e are notstable).Let (H, 〈·, ·〉) be a separable (in�nite-dimensional) 
omplex Hilbert spa
e.As usual the norm is denoted by ‖ · ‖ and the Bana
h algebra of all boundedlinear operators on (H, ‖ · ‖) is denoted by L(H). Without 
onfusion theoperator norm in L(H) will also be denoted by ‖ · ‖. The paper is devotedto positive 
ontra
tion semigroups of linear operators a
ting on the orderedBana
h spa
e of tra
e-
lass operators on H. For all the basi
 fa
ts the readeris referred to any standard book on operators on Hilbert spa
es (for instan
e2000 Mathemati
s Subje
t Classi�
ation: Primary 46L55, 47A35; Se
ondary 37A30,37A55.Key words and phrases: S
hatten 
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[6℄, [17℄�[19℄ and [23℄). Our notation and de�nitions 
ome from [5℄. For the
onvenien
e of the reader we re
all some of them.The 
ompa
t operators on H are denoted by C0. They form a (
losed)ideal in L(H). A 
ompa
t operator X ∈ L(H) is tra
e-
lass if for ea
h (orsome; see [19℄ for the details) orthonormal basis e1, e2, . . . ∈ H we have∑∞

j=1〈|X|ej, ej〉 < ∞. The tra
e is de�ned as ∑∞
j=1〈Xej, ej〉 and it is de-noted by tr(X). Then the fun
tional

X 7→ tr(|X|) = ‖X‖1de�nes a norm (stronger than the operator norm; see [18℄, [19℄). The tra
e-
lass operators form a two-sided ideal in L(H), 
alled the S
hatten 
lass 1(see [17℄�[19℄ and [23℄) and denoted by C1. The tra
e norm is 
omplete on
C1. It may be easily veri�ed that be
ause H is not �nite-dimensional, C1 isnot 
losed in the operator norm in L(H). It is well known (see [19℄) that bymeans of the dual operation 〈A, X〉 = tr(XA), where A ∈ C0 and X ∈ C1,the adjoint spa
e to (C0, ‖ · ‖) may be identi�ed with (C1, ‖ · ‖1). Further,the dual spa
e to (C1, ‖ · ‖1) is (L(H), ‖ · ‖) (denoted in this 
ontext by C∞)with the dual operation 〈X, B〉 = tr(BX), where B ∈ C∞ and X ∈ C1. Inparti
ular, C1 is not re�exive. The spa
e C1 is 
ommonly re
ognized as thenon
ommutative 
ounterpart of the ℓ1 spa
e (however, it should be pointedout that C1 is neither a Riesz spa
e nor a spa
e with the S
hur property).Sin
e the operators of �nite rank are norm dense in C1 and the Hilbert spa
e
H is separable (by our assumption), C1 is also separable. The norm ‖ · ‖1 hasthe following additivity property (sometimes 
alled (AL) 
ondition when wedeal with Bana
h latti
es):

∀X1,X2∈C1
(X1, X2 ≥ 0 ⇒ ‖X1 + X2‖1 = ‖X1‖1 + ‖X2‖1).A non
ommutative analog of the ℓp spa
e, 
alled the S
hatten 
lass Cp,also exists but it is not used in this paper.Definition 1. A positive operator X from C1 is 
alled a state if tr(X)

= 1. The set of all states is denoted by S.It is easy to verify that S is a 
onvex and 
losed subset of C1 for the weaktopology (hen
e for both operator and tra
e norms). By dire
t inspe
tion it
an be shown that it is not 
losed for the weak∗ topology (dimH = ∞).Definition 2. A bounded linear operator P : C1 → C1 is said to bepositive if P (C1+) ⊆ C1+. A positive operator P is 
alledMarkov (markovian)if for every X ∈ C1+ we have ‖P (X)‖1 = ‖X‖1 (equivalently P (S) ⊆ S).The set of all markovian operators on C1 is denoted by S.It may be 
al
ulated dire
tly from the above de�nition that the hermi-tian part C1,H of C1 is invariant for Markov operators T and that T ↾C1,H
isa 
ontra
tion. The asymptoti
 properties of positive 
ontra
tions (Markov
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operators) and one-parameter semigroups on C∗-algebras or von Neumannalgebras have re
ently been intensively studied (see [2℄, [11℄, [12℄ and [22℄).The present paper is devoted to the Baire properties of one-parameter marko-vian semigroups a
ting on C1. We are motivated by the papers [3℄, [4℄, [7℄,[8℄, [13℄, [14℄ and [16℄, where the authors dis
uss similar questions for marko-vian semigroups a
ting on L1(µ). Let us emphasize that in [20℄ R. Rudni
kishowed more generally that 
onvergen
e of powers an is a generi
 property(for the norm topology) in a wide 
lass of (natural) 
losed and 
onvex sub-sets N of Bana
h algebras. Roughly speaking, the set N0 of those elements
a ∈ N whose iterates an 
onverge in the norm 
ontains a norm dense Gδ. Theresiduality of asymptoti
ally stable multipli
ative fun
tions T : [0,∞) → Nwas obtained in [20℄ as well. Here we study the Baire properties from thepoint of view of the strong operator topology. Let us begin with:Definition 3. We say that a family of Markov operators Tt : C1 → C1,indexed by t ∈ [0,∞), forms a one-parameter 
ontinuous semigroup T if:(1) T0 = Id, the identity operator,(2) for all t, s ≥ 0 we have Tt+s = Tt ◦ Ts (= Ts ◦ Tt),(3) for ea
h X ∈ C1 we have limt→0+ ‖Tt(X) − X‖1 = 0.The family of all Markov semigroups T on C1 is denoted by M.There are several natural topologies used in studying the geometry ofthe set M (and its subsets). First of all we have the uniform topology inher-ited from the operator norm topology on the Bana
h spa
e L(C1, C1) of allbounded linear operators on C1. Namely the metri


˜̺(T, U) =

∞∑

m=1

1

2m

sup0≤t≤m ‖Tt↾C1,H
− Ut↾C1,H

‖

1 + sup0≤t≤m ‖Tt↾C1,H
− Ut↾C1,H

‖(used in [15℄) and an equivalent one,
̺(T, U) =

∞∑

m=1

1

2m+1
sup

0≤t≤m
‖Tt↾C1,H

− Ut↾C1,H
‖ (if we are confined to M)introdu
e on M a 
omplete metri
 stru
ture (again the norm in L(C1, C1) isdenoted simply by ‖·‖). The Baire properties of M for this metri
 have beenstudied in [15℄. We re
all that a semigroup T ∈ M is said to be (uniform)mixing if there exists a state X∗ ∈ S su
h that limt→∞ ‖Tt−QX∗

‖ = 0, where
QX∗

(X) = tr(X)X∗. It has been proved in [15℄ (see also [5℄ and [20℄) that theset M1 of all uniform mixing semigroups is a ̺-open and dense subset of M.If we additionally require that the limit proje
tion is on a stri
tly positivestate (i.e. 〈X∗x, x〉 > 0 for all x 6= 0) or equivalently that X∗ is one-to-onethen we get a set M1,+ whi
h is a dense Gδ for ̺. In this paper we dis
ussthe mixing property for the so-
alled strong operator topology.
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Definition 4. Given a ‖ · ‖1-dense sequen
e X1, X2, . . . in S we de�neon M the metri


̺s(T, U) =
∞∑

m=1
l=1

1

2m+l+2
sup

0≤t≤m
‖Tt(Xl) − Ut(Xl)‖1.

Clearly (M, ̺s) is a Polish metri
 spa
e (i.e. 
omplete, separable) and ̺ isstronger than ̺s (simply ̺s(T, U) ≤ ̺(T, U)). Of 
ourse the topology de�nedby ̺s on M does not depend on the spe
i�
 family of states X1, X2, . . . andit is the strong operator topology.Definition 5. We say that a Markov semigroup T is almost mixing forthe strong operator topology if for ea
h pair of states X, Y ∈ S we have
lim
t→∞

‖Tt(X) − Tt(Y )‖1 = 0.The set of all su
h semigroups is denoted by Mams.It well known (see [1, p. 59℄) that semigroups of endomorphisms Tt =
αt a
ting on a von Neumann algebra M are almost mixing if and only if⋂

t≥0 αt(M) = C · 1 and in this 
ase they are 
alled pure. For 
lassi
al
ontra
tion semigroups pure Markov operators are sometimes 
alled exa
t(
orresponding results for 
ontra
tion semigroups on general Bana
h spa
eswere obtained mu
h earlier by Y. Derrienni
 in [9℄). We 
ontinue by showingTheorem 1. Mams is a dense Gδ subset of M for the metri
 ̺s.Proof. It follows from [15, Theorem 1℄ that Mams is ̺s-dense in M. Sin
eall states belong to C1,H , it follows that T ∈ Mams if and only if
∀j∈N ∀k,m∈N ∀N∈N ∃t≥N ‖Tt(Xk) − Tt(Xm)‖1 < 1/j(we re
all that Tt are 
ontra
tions on C1,H). It remains to observe that thesets

{T ∈ M : ‖Tt(Xk) − Tt(Xm)‖1 < 1/j}are ̺s-open.As in [5℄, we introdu
eDefinition 6. A semigroup T ∈ M is 
alled strong mixing if there existsa state X∗ ∈ S su
h that for every X ∈ S,
lim
t→∞

‖Tt(X) − X∗‖1 = 0.The set of all strong mixing Markov semigroups is denoted by Mms.We noti
e that X∗ is invariant for all Tt (in [1℄ the invariant X∗ are 
alledabsorbing). Clearly a pure semigroup of endomorphisms αt = Tt possessingan absorbing state is exa
tly strong mixing (see [1, p. 61℄).
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In what follows we will show that the strong mixing semigroups are mea-ger in M. For this we 
onsider the set
M0,w∗ = {T ∈ M : ∀Z∈C0

lim
t→∞

tr(Tt(X)Z) = 0}.Lemma 1. M0,w∗ is ̺s-dense in M.Proof. It follows from the 
lassi
al theory of one-parameter semigroupsthat for ea
h X ∈ C1 we have
Tt(X) = lim

h→0+
T

(h)
t (X),where

T
(h)
t (X) = etAh(X) = e−t/h

∞∑

k=0

(t/h)k

k!
T k

h (X) and Ah =
Th − Id

h
.The above 
onvergen
e is uniform on 
ompa
t subsets of R+ (see [10℄for all details). We denote by Th = {T

(h)
t : t ≥ 0} the (Markov) semigroupwith generator Ah. Given ε > 0 and M > log2(16/ε) we �x h > 0 su
h that

sup0≤t≤M ‖Tt − T
(h)
t ‖ ≤ ε/8. In parti
ular,

̺s(T, Th) ≤ ̺(T, Th) <
ε

8
+

1

2M
<

ε

4
.We �nd K ≥ 1 su
h that ∑∞

k=K+1 (t/h)k/k! < ε/16 for all t ∈ [0, M ]. Itfollows from Lemma 3.3 in [5℄ that for a �nite family of states X1, . . . , XL,where L > log2(8/ε) is �xed, there exists a Markov operator T̃ su
h that
sup{‖T̃ k(Xl) − T k

h (Xl)‖1 : 1 ≤ l ≤ L, 1 ≤ k ≤ K} < ε/8and limk→∞ tr(ZT̃ k(X)) = 0 for any state X ∈ S and any 
ompa
t operator
Z ∈ C0. Let T̃ be the Markov semigroup de�ned by the generator (T̃ − Id)/h.For all 0 ≤ t ≤ M and 1 ≤ l ≤ L we obtain

‖T̃t(Xl) − T
(h)
t (Xl)‖1 = e−t/h

∥∥∥∥
∞∑

k=0

(t/h)k

k!
(T̃ k(Xl) − T k

h (Xl))

∥∥∥∥
1

≤ e−t/h
K∑

k=1

(t/h)k

k!

ε

8
+ e−t/h

∞∑

k=K+1

(t/h)k · 2

k!

≤
ε

8
+ 2

∞∑

k=K+1

(t/h)k

k!
≤

ε

8
+

ε

8
=

ε

4
.It follows that

̺s(T
h, T̃) ≤

ε

4
+

∞∑

m=M+1

1

2m
+

∞∑

l=L+1

1

2l
=

ε

4
+

1

2M
+

1

2L
.
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Now,

̺s(T, T̃) ≤ ̺s(T, Th) + ̺s(T
h, T̃) <

ε

4
+

ε

4
+

1

2M
+

1

2L
< ε.It remains to show that T̃ ∈ M0,w∗ . For this let Z ∈ C0, X ∈ C1 be arbitrary.Sin
e the Poisson 
onvolution semigroup of measures

µt(k) = e−t/h (t/h)k

k!tends weakly to δ∞ as t → ∞, we obtain
lim
t→∞

tr(ZT̃t(X)) = lim
t→∞

tr

(
Ze−t/h

∞∑

k=0

(t/h)k

k!
T̃ k(X)

)

= lim
t→∞

e−t/h
∞∑

k=0

(t/h)k

k!
tr(ZT̃ k(X)) = 0.De�ne

Minv = {T ∈ M : ∃X∈S ∀t∈R+
Tt(X) = X},

M̃0,w∗ = {T ∈ M : ∀l∈N ∀Z∈C0
∀X∈S ∀n∈N ∃t≥n tr(ZTt(X)) < 1/l}.Finite interse
tions of the sets Uε,Z,X,t = {T : tr(ZTt(X)) < ε} ⊂ M,where ε > 0, Z ∈ C0, X ∈ C1, and t ≥ 0, form a base of the so-
alled weak∗operator topology (w∗.o.t.) on M. Of 
ourse w∗.o.t. is weaker than the metri
topology generated by ̺s. Sin
e the Bana
h spa
es C0, C1 are separable, wemay 
hoose 
ountable dense sequen
es Z1, Z2, . . . ∈ C0 and X1, X2, . . . ∈ S.It follows that̃

M0,w∗ =
∞⋂

l=1

∞⋂

i=1

∞⋂

j=1

∞⋂

n=1

⋃

t>n

{T : tr(ZiTt(Xj)) < 1/l}is a w∗.o.t. Gδ subset of M. Applying Lemma 1 we obtainTheorem 2. M̃0,w∗ is a ̺s-dense and w∗.o.t. Gδ subset of M.It is not hard to noti
e that Mms ⊆ Minv = (M̃0,w∗)c. Hen
e Theorem 2impliesCorollary 1. In the strong operator topology (i.e. for the metri
 ̺s)the set Mms is a meager subset of M.
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