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LIFTINGS OF 1-FORMS TO (J"T*)*

BY

WLODZIMIERZ M. MIKULSKI (Krakéw)

Abstract. Let J"T*M be the r-jet prolongation of the cotangent bundle of an n-
dimensional manifold M and let (J"T*M)* be the dual vector bundle. For natural num-
bers r and n, a complete classification of all linear natural operators lifting 1-forms from
M to 1-forms on (J"T*M)* is given.

0. Let J"T*M Dbe the r-jet prolongation of the cotangent bundle of an
n-manifold M and let (J"T*M)* be the dual vector bundle. In this note we
prove that for natural numbers r and n, the vector space over R of all natural
operators lifting 1-forms on M into 1-forms on (J"T*M)* is 2-dimensional
if » > 2orn =1 and 3-dimensional if r = 1 and n > 2. We construct
explicitly a basis of this vector space.

Various linear natural operators lifting 1-forms are used practically in
all papers in which problems of prolongation of geometric structures are
studied. That is why classifications of natural operators lifting forms to
some natural bundles have been studied (see [1]-[3], [5]-[9], etc.).

Throughout, the usual coordinates on R™ are denoted by z!, ..., 2", and
0; =0/0x,i=1,...,n.

All manifolds and maps are assumed to be of class C'*°.

1. The r-jet prolongation J"T*M of the cotangent bundle 7% M of an
n-manifold M is the vector bundle of all r-jets of 1-forms on M, i.e. J"T* M
= {jl(w) | wis a l-form on M, x € M}. It is a vector bundle over M with
respect to the source projection j!(w) — x.

Let TI'IM = (J"T*M)* be the dual vector bundle and 7 : T"'M — M
be its projection. Every embedding ¢ : M — N of n-manifolds induces a
vector bundle mapping Ty : TIMM — TUIN covering ¢ given by

(T1(0), j )W) = (6,55 (¢*w)),  we RYN), @ € TVIM, z € M.

Then T!"] is a vector natural bundle over n-manifolds.
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Let I’ be a natural bundle over n-manifolds. A linear natural operator
A T* ~ T*F is a system of R-linear maps A : 2(M) — QY(FM) for
every n-manifold M such that A(¢*w) = (Fy)*(A(w)) for every embedding
¢ : M — N of n-manifolds (cf. [4]).

ExaMPLE 1. Let F' be a natural bundle over n-manifolds. The vertical
lift of a 1-form w : TM — R to FM is the 1-form w¥ = woTnw : TFM — R,
where 7 : FM — M is the bundle projection. The family AV : T* ~s T*F
given by AV (w) = wV is a linear natural operator.

EXAMPLE 2. For every w € 2'(M) we define wl"l : TI'IM — R by
w(©) = (0,7 (w)), © € TY'M, z € M. The family Al : T* ~ T*TI)
given by Al"l(w) = d(w!") is a linear natural operator.

ExaMPLE 3. By an easy computation in coordinates one can show that
there exists a unique linear first order natural operator B : T* ~s JIT*
such that B(l)(fdg)(xO) = .]a%"o((f_ f($0))dg_ (g—g(:l?o))df), f?g M — Ra
x9 € M. For every w € 2'(M) we define w® : THM — R by wM(0) =
(0, BM(w)(2)), © € TMM, 2 € M. The family AD) : T* ~» T*T1 given
by A (w) = d(w™M) is a linear natural operator. (If n = 1, A =0.)

The set of all linear natural operators T ~~ T*F is a vector space over
R with respect to the obvious operations.
The main result in this note is the following classification theorem.

THEOREM 1. Let r and n be natural numbers.

(i) If r > 2 and n > 2, then every linear natural operator A : T* ~
T*T is a linear combination with real coefficients of A"} and AV.
(ii) If r =1 and n > 2, then every linear natural operator A : T* ~
T*TM is a linear combination with real coefficients of A1, AW and AV,
(iii) If n = 1 then every linear natural operator A : T* ~ T*TI" is a
linear combination with real coefficients of A"l and AV.

The proof of the theorem will occupy Sections 2-3.

2. First we assume that n > 2.
In [7], we proved the following reducibility lemma.

LEMMA 1. Let F be a natural bundle over n-manifolds. If A : T* ~» T*F
is a linear natural operator such that A(x?dz') =0, then A = 0.

By Lemma 1, every linear natural operator A : T* ~» T*T!"] is uniquely
determined by A(x2dz'). So, we shall study A(z2dx!).

Set S = {(a,j) = (a1,...,0p,7) € NU{O})" XN |0 < |af < 7,
j =1,....n}. On TVR" we have coordinates (2%, X(*9)), i = 1,...,n

9
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(o, j) € 5, given by
(1) 2'(0) =zj,  X*(0) = (6, j;,((x — x0)*da?)),
where 6 € TQL?R" and zo = (zf,...,z]) € R™.
LEMMA 2. Let A : T* ~ T*T! be a linear natural operator. Then
(2)  A(z?dz') = pa?dat + pp X O det + pgatde? 4+ py X O da?
+ psz2d X O e x (002 g x (00,1 g1 g x ((0),2)
+ pg XD g x (02 4 oqax(eat) 4y dx(en?)
for some p1, ..., o € R, wheree; = (0,...,1,...,0) € (NU{0})", 1 in the
ith position.

Proof. We can write

n
(3)  A@Pda’) =) fila®, X' + Y fiap @k, XOD)ax )
i=1 (a,4)ES
for some smooth maps fi, f(a,;). Using the invariance of A with respect to
the homotheties tidg~» and the linearity of A we obtain

(4) th(a,j)(ﬁk’ X(ﬁ,l)) _ t\a|+1f(a’j)(t$k7 t\,@\-}—lX(ﬁ,l))’
(5) £2f(2F, XODY = tf;(tak, ¢8I+ x B,

From (4) it follows that f(, ;) = 0 for (o, j) € S with || > 2, and f, ;) =
const for (a,j) € S with |a| = 1. Moreover, by the homogeneous function
theorem (see [4]), f((0),;) is a linear combination with real coefficients of
zF and X0 for k1 = 1,...,n and it is independent of the X ®) with
18] > 1.

From (5) and the homogeneous function theorem it follows that f; is a
linear combination with real coefficients of z¥ and X0 for k.1 =1,....,n
and it is independent of the X (*! for |3| > 1. Then, by the invariance of A
with respect to (tiz', ..., thz™), t = (t1,...,tn) € R, we get (2). m

We now study pq, ..., u10. We start with the case r = 1.

LEmMMA 3. Ifr =1, we have

2

x
(6) x(en2) o Pl = x(e12) 4 — X(erD)
(7) x(e2l) o Pl = x(e21) | - f2 1)((6171)7

(0.1) o 7llG = (1 — 1) X (1) _ xlen)
(8) X TG = (1-2Y)X x(enh),
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1
9 x0:2) ol = = x((0),2)
z? 1
7X((0)71) 7X(8172)
T a2 a2
222 1
—X(elvl) —X(e271)
HTErDE T a2

over U, where
1 2
G = (xl — 5(%1)2, #,mg, . ,$n>
s a local diffeomorphism defined on some open neighbourhood U of 0 € R".

Proof. We only prove formula (6). The proofs of (7)—(9) are similar.
Consider zg = (z},...,2§) € U and O € T&]R”. We see that
2

10 L (GY = G (x0))dG?) = 4L ( (2t — ad)dx® + Y0 (2! — gl)da! ,
o xo 0 1 xl 0
— Ty

where G = (G!,...,G"™). (We analyse the suitable partial derivatives at
xr = xp.)
Using (10) we get
X2 0 THE(O) = (THG(0), jgg(ay) (2" = G (w0))da?))
= (0,42, ((G" = G'(20))dG?))

$2
— <X<€172> + 7 X(€1’1)>(@). -

— 1

LEMMA 4. Let A be as in Lemma 2. If r = 1, then pus = ps = g =
ps = p7 =0, —pua + po + pr10 = 0 and pg — ps = 0.

Proof. Since

1 x2 -t
-1 _ (.1 142 3 n
G —($—§($),m,$,...,$>

preserves the germ at 0 of x2dx!, it also preserves the germ at 0 of
O*(A(x2dz")), where O : R® — TMR" is the zero section. Hence G~*
preserves the germ at 0 of pjx2dx' + psxr'dr?, ie. for the germs we have
the equality

pixldet + psatde?
1 2
= matde' + p3 (961 - —(w1)2) (—dx2 + 337)26[%1)

So usz = 0.
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Then using (2) and (6)—(9), we see that the equivariance of A(z%dz!) at
x = 0 with respect to G~ is equivalent to the following equality at = = 0:

o X @2 gzt 4, X OV g2 4 x (0:2) g x (0),1)
+ ps X @D gx(012) 4 yogxet) 4 dx (e
= (X2 4 x(er2) 4 xleaDygpt 4 (X (O — x(en)ygy?

4 p(X(©2) L x(en2) | xlea )y x (0D gzl 4 gx (0D _ gxlenD)
+ Ms(X((O)’l) — xuy(x (0.2 gyt 4 gx(©0:2) 4 x(0),1) g2

+dx 0?2 pox2 gyl pox(enbgg? ¢ gx (el 4 ox (el gply

+ pg(dX 2D 4 X (1D qe?) 4o (dX €02 4 x e g2y,

Analysing the coefficients of X (€12 dz! we get ps = 0. Then analysing
the coefficients of X (¢1:1)dx? we obtain — g + o + p10 = 0. Next, analysing
the coefficients of X(¢1:2dX((0):1) we have pg = 0. Finally, considering the
coefficients of X (¢1:1)dX((0):2) we derive ug = 0.

Hence, using (2) and (6)-(9) again, we see that the equivariance of
d(A(z?dz")) at z = 0 with respect to G~! is equivalent to the following
equality at x = O:
prda?® A dat + pgdX OV A da? + psda? A dX O 4 ppdat A dX (02

= prda® Adat + pg (=X @O Dzt 4 gx (O _ gxlenDy A dg?

+ psdz? A (—X((O)’l)dxl +ax (0.1 _ dX(elvl))
+ H7d$1 A (X((O)Q)dxl +ax(0.2) L x((0),1) 702 4 gx(e1,2)
+2X 12 el pox (e ge? ¢ gxlea) 4 ox (el gply,

Analysing the coefficients of dz! A dX(¢12) we get p7 = 0. Finally,
analysing the coefficients of X (D dz! A da? we obtain g — 5 = 0. =

Now, let r = 2.

LEMMA 5. If r =2, we have

ZL‘2

(11) x(e2l) o TRl = x(e21) | —1X(51’1)
1—z ’

1 1 x?
12 X(5172) T[2] — X(5172) _—X((270¢"'70)72) —X(elvl)
(12) o TG ToT o T
3 x? 1
2 x ((2,0,...,0),1) x ((1,1,0,...,0),1)
+2(1—x1)2 L ’

(13) x(O:b, TR G = (1 —2hx (O _ x(en1)
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over U, where
1 x?
G = <.’E1 — —(.151)2, m,wg, . ,xn
is as in Lemma 3.

Proof. The proof is similar to that of Lemma 3. =

LEMMA 6. Let A be as in Lemma 2. If r = 2, then us = po = pug = pg =
pr = p1o =0, —pra + pg = 0 and pg — ps = 0.

Proof. We have the natural inclusion 712! : TIAT — TRIM for any n-
manifold M. This inclusion is dual to the jet projection J2T*M — JYT*M.
Using T2 we pull-back A. In this way we obtain a linear natural operator
(12 A - 7% ~ T*TW, Applying Lemma 4 to (I112)* A we obtain ps =
po = p6 = prs = pi7 = 0, —pa + po + p1o = 0 and pg — ps = 0.

It remains to prove that p19o = 0. Using (2) and (11)-(13), we see that
the equivariance of A(z2dx!) at z = 0 with respect to G~1 is equivalent to
the following equality at = O:

,U4X((O)’1)d332 + Nng(ez,l) + MlOdX(el’Q)
— ,U4(X((O)’1) _ X(el’l))dac2 + Mg(dX(e2’1) + X(el,l)dﬁ)

+ o (dX(elm n %X«zo,...,om)dxl n %dX((2,07...70),2) L xlen) gg?

+ §X((270’70)71)d1‘2 + X((lvlaov"'vo)vl)dxl + dX((lvlvov-"70)71)> .
2

Analysing the coefficients of dX ((1:1:0-:00.1) we get 19 = 0. =
Now, let r > 3.

LEMMA 7. Let A be as in Lemma 2. If v > 3, then pus = pe = ug =
ps = p7 = prio =0, —pa + pg =0 and pg — ps = 0.

Proof. We have the natural inclusion I71 : TRINM — TUIM for any n-
manifold M. This inclusion is dual to the jet projection J"T*M — J2T*M.
Using 1"} we pull-back A. In this way we obtain a linear natural opera-
tor (IP")*A . T* ~ T*T12. Applying Lemma 6 to (I'*")*A we end the
proof. m

Proof of Theorem 1 for n > 2. By Lemmas 1 and 4 we see that the
vector space of all natural operators T* ~» T*T has dimension < 3 if
r =1 and n > 2. On the other hand, the operators AV, Al and AM are
linearly independent. (For, d(AY (z%dz")) = dz? Adz' # 0, d(AN (22dzt)) =
d(AD (z2d2t)) = 0, Al(dz') = dX(OD £ 0 and AM(dz!) = 0.) These
facts complete the proof of Theorem 1 for n > 2 and r = 1.
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By Lemmas 1, 6 and 7 we see that the vector space of all natural opera-
tors T* ~» T*T!"] has dimension < 2 if r > 2 and n > 2. On the other hand,
the operators AV and A"l are linearly independent. (For, d(AY (z2dzt)) # 0
and d(Al"(z2dz')) = 0.) These facts complete the proof of Theorem 1 for
n>2andr>2. m

3. Now, we prove Theorem 1 for n = 1.
In [7], we proved the following reducibility lemma.

LEMMA 8. Let F be a natural bundle over 1-manifolds. If A : T* ~ T*F
is a linear natural operator such that A(dz') =0, then A =0.

We set S = {(a,1) | @ =0,...,7}. On TI"IR' we have the coordinates
(z', X(@D) (a,1) € S, given by

#'(0) =ag, X OD(O) = (0, j;, ((z" — w5)*da)),
where © € TQK)]Rl and zg = x} € RL.
LEMMA 9. Let A : T* ~ T*Tl"] be a linear natural operator. Then
A(dz) = pydat + podX O
for some p1, o € R.
Proof. We use similar methods to those in the proof of Lemma 2. m

Proof of Theorem 1 forn = 1. By Lemmas 8 and 9 we see that the vector
space of all natural operators T* ~» T*T!"! has dimension < 2 if n = 1. On
the other hand, the operators AV and Al"l are linearly independent. These
facts complete the proof of Theorem 1 forn=1. =

4. As an application of Theorem 1 we get a classification of all linear
natural transformations B : J"T* — J"T* over n-manifolds.

ExXAMPLE 4. For any n-manifold M we have the identity map id :
J"T*M — J"T*M. Thus we have the identity natural transformation id :
J"T* — J"T* over n-manifolds.

EXAMPLE 5. The first order linear natural operator B : T* ~s JIT*
from Example 3 defines the corresponding linear natural transformation
BW . J'T* — J'T* over n-manifolds such that BM (jl(w)) = BM (w)(x),
weNRHM), e M.

COROLLARY 1. Let r and n be natural numbers.

(i) If r > 2 and n > 2, then every linear natural transformation B :
J'T* — J'T* is a constant multiple of the identity natural transformation.
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(ii) If r = 1 and n > 2, then every linear natural transformation B :
JIT* — J'T* is a linear combination with real coefficients of id and BM.

(iii) If n = 1 then every linear natural transformation B : J"T* — J"T*
s a constant multiple of the identity natural transformation.

Proof. We prove only (i). The proofs of (ii) and (iii) are similar.

Let B : J"T* — J"T* be a linear natural transformation over n-mani-
folds. Then we have a linear natural operator AB! : T* ~s T*TI"] defined
as follows. Given w € 2'(M) we define wlBl : TIM — R by wlBl(O) =
(0, B(j%(w))), © € TI'M, x € M. We put AB)(w) = d(w!B).

By Theorem 1(i) there are a,b € R such that d(w!?l) = awV +bd(w!") for
every w € 2'(M). Taking the differential of both sides we get ad(wV) = 0,
i.e. a = 0 because d((z2dz')V) # 0. Hence w!B! = bwl"l 4+ C(w) for some

C(w) € R. Evaluating both sides at @ =0 € T M we get C(w) = 0. Hence
B=1bid. =

REMARK. There is a linear first order natural operator B : T* ~
JAT* with B (fdg) (o) = ji, (f = f(20))dg—(g—g(x0))df), f,g: M — R,
xg € M (see Example 3). Corollary 1 shows that this construction cannot
be generalized to higher orders. Namely, from Corollary 1 it follows that if
r > 2, then there is no linear rth order natural operator B(") : T* ~s J7T*
with BT (fdg)(xo) = j,((f = f(x0))dg — (9 — g(x0))df), frg : M — R,
xg € M.
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