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Abstract. We present curvature properties of pseudosymmetry type of some warped
products of semi-Riemannian spaces of constant curvature.

1. Introduction. The class of warped product manifolds, for short
warped products, is an extension of the class of products of semi-Riemannian
manifolds. Warped products play an important role in Riemannian geom-
etry (see e.g. [28], [29]) as well as in general relativity (see e.g. [2], [3],
[29]). Many well-known spacetimes of general relativity, i.e. solutions of
the Einstein equations, are warped products, e.g. the Schwarzschild space-
times, the Kottler spacetime, the Reissner-Nordstrom spacetime as well as
Robertson-Walker spacetimes. We recall that a warped product M x p M
of a 1-dimensional manifold (M, ), g;; = —1, and a 3-dimensional Rieman-
nian space (M ,g) of constant curvature, with a warping function F, is said
to be a Robertson—Walker spacetime (see e.g. [2], [3], [27], [29]). More gen-

erally, one also considers warped products M x g M of (M,g), dim M =1,
11 = —1, with a warping function F' and an (n — 1)-dimensional Rieman-
nian manifold (M ,g), n > 4. Such warped products are called generalized
Robertson—Walker spacetimes ([1], [21], [31]).

It is known that every Robertson—Walker spacetime is conformally flat.
These manifolds also satisfy another curvature condition: the tensors R - R
and Q(g, R) are linearly dependent at every point (see e.g. [9, Section 12.2]).
For precise definitions of the symbols used, we refer to Sections 2 and 3 of this
paper. In general, semi-Riemannian manifolds (M, g), n > 3, satisfying this
condition are called pseudosymmetric (]9, Section 3.1]) A manifold (M, g) is
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pseudosymmetric if and only if on Up = {:13 EM|R- ﬁG #0 at x}

we have
(1) R-R = LgQ(g,R),

where Lp is some function on Ug. It is clear that every semisymmetric man-
ifold (R - R = 0) is pseudosymmetric. The converse is not true (see e.g. [10],
[11]). It is well known that the class of semisymmetric manifolds includes the
set of locally symmetric manifolds (VR = 0) as a proper subset. Recently,
results on semisymmetric semi-Riemannian manifolds were obtained in [22]
and [25], among others.

A semi-Riemannian manifold (M, g), n > 3, is said to be Ricci-semi-
symmetric if R-S = 0 on M. The class of Ricci-semisymmetric manifolds
includes the set of Ricci-symmetric manifolds (V.S = 0) as a proper subset.
Every semisymmetric manifold is Ricci-semisymmetric. The converse is not
true. But under some additional assumptions the conditions R- R = 0 and
R-S = 0 are equivalent. For a review of recent results related to this subject
see [12] and [13] and the references therein.

(1) arose from the study of totally umbilical submanifolds of semisym-
metric manifolds (]9, Section 13]) as well as from considering geodesic map-
pings of semisymmetric manifolds (see e.g. [9, Section 10]). We mention that
the Schwarzschild spacetime, the Kottler spacetime as well as the Reissner—
Nordstrém spacetime are pseudosymmetric ([7], [20]).

In [5, Theorem 4.1] it was shown that on every 4-dimensional generalized
Robertson-Walker spacetime M xp N , the tensors R - R — Q(S, R) and

Q(g,C) are linearly dependent. This is equivalent on Uc C M x N to

where L is some function on Ug. The last relation is a condition of pseu-
dosymmetry type. We refer to [4] for a review of results on semi-Riemannian
manifolds satisfying such conditions. Generalized Robertson—Walker space-
times satisfying some curvature conditions of pseudosymmetry type were
considered in [6] and [17]. We also mention that the Vaidya spacetime sat-
isfies (2) (]26], see also Example 3.2(ii)).

Investigations of generalized Robertson—Walker spacetimes as well as of
other classes of spacetimes (see e.g. [23], [24], [30]) lead to the following ex-
tension of the notion of a Robertson—Walker spacetime. The warped product
M xg N of (M,g), dim M > 1, and (N,g), dim N > 1, n = dim M +dim N
> 4, is said to be a spacetime of Robertson—Walker type if it has signature
(1,n—1) and at least one of the manifolds (M,g) and (N, §) is of dimension
1 or 2 or a space of constant curvature. In Section 3 we present examples of
such spacetimes. Clearly, the metric of a Robertson—Walker spacetime has
signature (1, 3).
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In Section 4 we investigate pseudosymmetric warped products of semi-
Riemannian spaces of constant curvature. In particular, we obtain a curva-
ture characterization of some class of Robertson—Walker type spacetimes.
Finally, we present an example of a warped product of spaces of constant
curvature which can be locally realized as a hypersurface in a space of con-
stant curvature.

2. Preliminaries. Let (M,g) be an n-dimensional, n > 3, semi-Rie-
mannian connected manifold of class C*°. We denote by V, S and x the Levi-
Civita connection, Ricci tensor and scalar curvature of (M, g), respectively.
We define on M the endomorphisms X A4 Y, R(X,Y) and C(X,Y) by

(X AaY)Z =AY, Z)X — A(X, 2)Y,
R(X,Y)Z = VXVYZ - VYVXZ - V[X7y]Z,

C(X,Y)=R(X,Y) -

K
XN, SY +8X AN, Y ——XNAN, Y
n—2< g + g n—1 g )’

where A is a (0,2)-tensor on M, X,Y,Z € =Z(M), =Z(M) being the Lie

algebra of vector fields on M, and the Ricci operator S is defined by

9(X,8Y)=85(X,Y).

The Riemann curvature tensor R and the Weyl tensor C are defined by
R(X1, Xo, X3, X4) = g(R(X1, X2) X3, X4),
C(X1, Xo, X3, Xy) = g(C(X1, X2) X3, Xy).

Further, let 7(X,Y’) be a skew symmetric endomorphism of =(M). For it

we define a (0,4)-tensor 1" by T'(X1, X2, X3, X4) = g(7 (X1, X2) X3, X4).

A (0,4)-tensor T is said to be a generalized curvature tensor if
T(Xq, X2, X3, X4) = T(X3, Xu, X1, X2),
T(Xl, Xg, X3, X4) + T(XQ, Xg, Xl, X4) + T(Xg, Xl, XQ, X4) =0.
For a generalized curvature tensor 7', a symmetric (0, 2)-tensor field A and

a (0, k)-tensor field Th, k > 1, we define the (0, k + 2)-tensor fields 7" - 71,
Q(A,T) and A-T1 by

(T . Tl)(Xl, e ,Xk;X, Y) = (T(X, Y) . Tl)(Xl, .o Xk)

= TN (T(X,Y)X1, Xy ooy Xp) — oo = Ty(Xs -, X1, T(X, Y) X0,
QAT (X1, ., X1 X, Y) = (X AaY) - TV (X1, ..., Xp)

= —Tl((X NA Y)Xl,Xg,.. . ,Xk) — ... —Tl(Xl,. . .,Xk_l,(X NA Y)Xk),

(A-T)(X1,..., X3) = —Ti(AX1, Xoy oo, Xp) — . — T1(X1, Xo, . . AXp),

where the endomorphism A is defined by g(AX,Y) = A(X,Y). Setting in
the above formulas 7(X,Y) = R(X,Y) or C(X,Y), Th1 = R,C or S, and
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A = g or S we obtain the following tensors, among others: R- R, R - S,
Q(g, ), Q(g,C), Q(g, S) and Q(S, R).

Further, for (0,2)-tensors A and B their Kulkarni—-Nomizu product ANB
is given by

(AN B) (X1, X9 X,Y) = A(X1,Y)B(X2, X) + A(X2, X)B(X1,Y)
— A(X1, X)B(X5,Y) — A(X,Y)B(X1, X).

In particular, for a (0,2)-tensor A we define the (0,4)-tensor A by A =
AN A. The (0,4)-tensor G is defined by G = g. Let Ty and T be (0, k)-
tensors on M. According to [8] the tensors T} and Ty are pseudosymmet-
rically related to a generalized curvature tensor 7' and a symmetric (0, 2)-
tensor A if at every point of M the tensors T - T and Q(A,T») are linearly
dependent. In particular, when T} = T5, we say that the tensor T} is pseu-
dosymmetric with respect to the tensors T and A.

Let Thijk, Vhijk, and A;; be the local components of generalized curva-
ture tensors 7" and V' and a symmetric (0, 2)-tensor A on M, respectively,
where h,i,5,k,l,m € {1,...,n}. The local components (T - V')pnijkim and
Q(A, V)hijkim of the tensors T -V and Q(A, V) are

(T - V)nijkim = 9°(TpijiVarim + ThpjrVaitm + Thipk Vajim + ThijpVakim),
QA Vhijrim = AntVimijk + AiaVimjrk + AjtVaimk + Akt Vhijm
— A Viije — Aim Vi — Ajm Vaitk — Akm Viiji-

Let T be a generalized curvature tensor on a semi-Riemannian manifold
(M,g), n > 4. We denote by Ric(T'), Weyl(T') and k(T the Ricci tensor,
Weyl tensor and scalar curvature of 7', respectively. The subsets Ur, Urjc(r)
and Uyeyi(7) of M are defined in the same manner as the subsets Ug, Ug
and Uc of M, respectively. Let us consider generalized curvature tensors T’
having on U = URjce(1) N Uweyi(y € M a decomposition

L
(3) T:71A/\A+L2g/\A~I—L3G,

where L, Ly and L3 are some functions on U and A is a (0, 2)-symmetric
tensor on U; such tensors were investigated in [26].

PROPOSITION 2.1 ([22, Lemma 3.1]). Let B be a symmetric (0,2)-tensor
on a semi-Riemannian manifold (M,g), n > 3, and let Up be the set of
all points of M at which B is not proportional to g. If on Up we have
%B A B = Lag A B+ L3G then Ly = —L3 and rank(B — Lag) = 1 on Up.

PROPOSITION 2.2 ([26, Proposition 3.3]). Let (M,g), n > 4, be a semi-
Riemannian manifold admitting a generalized curvature tensor T having
on U = Ugic(ry N Uweyiry € M a decomposition of the form (3). Then
T-T—Q(Ric(T),T) = LQ(g, Weyl(T))) and L = (n—2)(L; L3 —L3) on U.
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We also have

THEOREM 2.1 ([15, Theorem 4.2]). If the curvature tensor R of a semi-
Riemannian manifold (M, g), n >4, has on U =UsNUc C M a decompo-
sition of the form (3) with A =S then on U we have

(40 R-R=LgQ(g9,R), Lr=(n—2)(L7'L3—Ls)—Li"Lo,
(5) R-R—Q(S,R) = (Lg+ L L2)Q(g,C).
In the same manner we can prove

PROPOSITION 2.3. Let (M,g), n > 4, be a semi-Riemannian mani-
fold admitting a generalized curvature tensor T' having on U = Ugie) N
Uweyi(ry € M a decomposition of the form (3) with A = Ric(T). Then
T-T=LrQ(g,T) and Ly = (n —2)(L7'L3 — L3) — LT Ly on U.

We also have the following converse statement.

COROLLARY 2.1 ([14, Corollary 6.1]). Let (M, g), n > 4, be a semi-Rie-
mannian manifold admitting a generalized curvature tensor T and suppose

T-T=Q(Ric(T),T)+ LQ(g9,Wey|(T')) and T -T = LrQ(g,T)

on U = Ugie(r) N Uweyiry € M. If at x € U the tensor Ric(T) has no
decomposition into a metrical part and a part of rank at most one then at x
we have

L
(6) T = 71 Ric(T) A Ric(T) + Lag A Rie(T) + LsG
for some L1, Lo, L3 € R.

3. Warped products. Let now (M,g) and (]V, g), dim M = p, dim N =
n—p, 1 < p < n, be semi-Riemannian manifolds covered by systems of charts
{U; 2%} and {V;yo‘}, respectively. Let F : M — R* be a positive smooth
function on M. The warped product M xp N of (M,3) and (N,Zj) is the
product manifold M x N with the metric g = g Xp g defined by

gXpg=mg+ (Fom)m5g,

where 7 :N]\_4 x N — M and mo i M X N — N are the natural projections.
Let {U x Vil ... aP oPtl =yl .. 2™ = 4"P} be a product chart for
M x N. The local components of the metric g in this chart are: gpr = G,y
if h =aand k = b, gnk = Fgap if h = a and k = 3, and gpr = 0
otherwise, where a,b,c,... € {1,...,p}, o,3,7,... € {p+1,...,n} and
hyi,j, k... € {1,...,n}. We will denote by bars (resp., by tildes) tensors

formed from g (resp., g). It is known that the local components Fi’]‘- of the

Levi-Civita connection V of M x g N are:
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— ~ 1_ _
Fl;zc:Fgcv Fa :Fgw Fgﬁ:__gabega/B?

2
(7) ¥ 2FF55’ ab = Lap =0,
F,=0,F, 0,=0/0z"
The local components Ry of the curvature tensor R and the local compo-

nents Sy, of the Ricci tensor S of M x p N which may not vanish identically
are the following (see e.g. [11], [17]):

— 1 _
Rabcd = Rabcdv Rabcﬁ = _5 Tbcgaﬁv
(8)
~ A F ~
Raﬁvé = F(Raﬁws - ﬁ Gaﬂwd)v
n—p
2F

~ trT A F
Sa,@ = Soeﬂ - <_+(n b — 1) 41F1 )gaﬁv

Sab = gab - Tab7

9)

1
of Falbh,  A\F = AgF =g"F,F,

where T denotes the (0,2)-tensor with local components T, and tr7 =
trg T = §“bT '». The scalar curvature k of M x g N satisfies

o E_n—p o A F
(11) K=F+ 4 7 (trT—l—(n p—1) 4F>'

(10) T = Vi F, —

Let M xp N be the warped product of semi-Riemannian spaces of con-
stant curvature (M,g), p > 2, and (N, g),n—p>2 withT = = tr Tg on

U = UgNUq C M x N. Examples of such warped products are glven in [11]
and [20]. Under the above assumptions, (8), (9) and (11) turn into

(12) Rapea = 01Gaped; 01 = ﬁ7

(13) Ropeg = 02Gabeps 02 = —;;—?,

(14)  Rapys = 03Gapys, 03 = %(m — p)(f_ p=1) A41FF>7

(15) Sab = 11Yab, 1 = Z;F(QFH —(n—p)trT),

(16) Sas = 12908 ,Lng%(nﬁp—%—(n_p_l)ilF‘F)

(17) K= pp1+ (n —p)ue.
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Evidently, if (15) and (16) hold at every point of Ug C M x N then 1 — o #0
on Ug. Next, using (12)—(16), we get

. 2,&1 K
H1 + p2 K
1 = —
(18) Cabes <Q2 o T R 1)>Gabcﬁ,

i 2”2 K
Capys = <Q3 Th 2 2o 1))0‘1”5'

As a conclusion, the Weyl tensor C' of M x g N vanishes at a point if and

only if
1 K
= 2 —
a n—2<'u1 n—l)’

1 K
1 -
( 9) 02 n—_2 <M1+N2 " 1>,

B 1 9 K
QB—n_z K2 n_1)

It follows that o1 — 202 + o3 = 0 at every point at which the tglsorNC
vanishes. Thus if o1 — 202 + 03 #ZOat x € M x N then x € U0 C M x N.

EXAMPLE 3.1. (i) (see [23, (3.2)]) Let M C {(y,t) € R? : y > 0} be an
open connected nonempty subset of R? with the metric tensor g = dy —
sinh?ydt2. Define F(y,t) = sinh?ycosh®t. Further, let (N, ,9), dimN > 3,
be a Riemannian space of constant curvature. Then M x g Nisa spacetime
of Robertson-Walker type. We have Ty, = 2Fg,;. In view of Corollary 2.1
of [11], M x5 N is a pseudosymmetric manifold.

(i) (see [24, (2)]) Let M be an open connected nonempty subset of R?
with the metric tensor § = exp2f(—dy? + dt?), where f = f(y,t). De-
fine F(y,t) = exp2h, where h = h(y,t), and suppose f and h are smooth
functions on M. Further, let (N,§), dim N > 3, be a Riemannian space of
constant curvature. Then M x g N is a spacetime of Robertson—Walker type.

(iii) From formulas (2.1), (2.8) and (2.9) of [30] it follows that the space-
times considered in [30] are of Robertson—Walker type.

EXAMPLE 3.2. (i) Let M C {(u,r) € R? : r > 0} be an open connected
nonempty subset of R? with the metric tensor

(20) g = —2hdu® — 2dudr,

where h = h(u,r) is a smooth function on M. Consider the warped product
M x N with the 2-dimensional standard unit sphere (N, §) and a warping
function F' = F(u,r).
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(ii) According to [27, Section 13.4], the warped product in (i) with F'(r) =
r? is said to be the Kottler spacetime, resp., the Schwarzschild spacetime, if
2h(r) = 1—2m/r+1Ar? resp., 2h(r) = 1—2m/r, where m = const > 0 and
A = const # 0. It is well known that the Kottler spacetime is a non-Ricci flat
Einstein manifold. The Schwarzschild spacetime is a Ricci flat manifold. The
warped product M X N is said to be the Reissner—Nordstrom spacetime if
2h(r) = 1—2m/r +e%/r?, where m = const > 0 and e = const. It is known
that the spacetimes defined above are nonsemisymmetric pseudosymmetric
manifolds ([20]).

(iii) The warped product in (i) is called a Vaidya spacetime ([27, Section
13.4]) if 2h(u,r) = 1 — 2m(u)/r. The Ricci tensor S of a Vaidya spacetime
satisfies rank(S) < 1. We can check that a Vaidya spacetime is a nonpseu-
dosymmetric manifold satisfying (2) with L = —m(u)/r3 ([26]).

4. Some Robertson—Walker type spacetimes. In this section we
consider warped products M x r N such that on Ug C M x N the curvature
tensor R has the form

(21) R:%S/\S+L29/\S+L3G,

where L1, Lo and L3 are some functions on Ug. We note that L; is nonzero
at a point of Ug if and only if the Weyl tensor C' of M x g N is nonzero at
this point.

THEOREM 4.1. Let M x g N_be the warped product of semi-Riemannian
spaces of constant curvature (M,g), p > 2, and (N,g), n —p > 2, with
T= %trT@ on Ug. Define

Ly = p(or — 202 + 03),
(22) Ly = p((02 — 03)p1 + (02 — 01)p2),

Ly = (o1 — 20202 + 0357), 1= (p1 — p2) >,
where 01, 02, 03, 1 and po are defined by (12)—(16). Then (21) is satisfied
on Ug. Such a decomposition is unique on Ug N Uc.

Proof. First of all we note that

o1 = piL1 + 2u Lo + L,
(23) 02 = papieLy + (p1 + p2) Lo + Ls,
03 = pu3L1 + 2u2Lo + Ls.
Now using (12)-(16) and (23) we can easily check that R — %S NS —

LygNS—L3G =0 on Ug. Lemma 3.2 of [16] implies that the decomposition
(21) is unique. But this completes the proof.
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Let M xp N be the warped product of semi-Riemannian spaces of con-
stant curvature (M,g), p > 2, and (N,g), n — p > 2, such that

1
(24) 5T =-FLrg+w@w

on Ug C M x ]V, where v and Lgr are some functions on Ug and w is a
covector field on Ug. Now from (8), (9) and (11) we obtain (12), (14), (16)
and

(25) Rabcﬁ = (LRgbc - %wbwc> Japs,
R
(26) Sab = t19ap — (0 — p) %wawba M1 = ; + (n —p)Lg.

PROPOSITION 4.1. Let M X g N be the warped product of semi-Rieman-
nian spaces of constant curvature (M,g), p > 2, and (N,§), n—p > 2, such
that (24) holds on Ug, with v and w nonzero at every point of Ug. Then
(21) is satisfied on Ug if and only if on Ug we have

p1 = p2, Lo=—p1ly, 01 = Ls,
02 =piLy, pLgp=—piLi+Ls, o03=p1Lg.

Proof. Applying (12), (14), (16), (25) and (26) to (21) we find that (21)
holds on Ug if and only if on Ug we have

(27)

v
(01 — 3Ly — 1 Lo — L3)Gapea = —(n — p) I3 (Lo + p1Ly)
X (JadWpWe + GheWaWq — JacWpWd — GodWaWe),

(28) (02 — papaly — p1Lo — poLo — L3)Gapes
=—(n—p) % (2L + L2)wawpgags,
(03 — p3L1 — 2u2Ls — L3)Gapsy = 0.
From this we obtain our assertion easily.

As an immediate consequence of the above result and Lemma 3.1 of [16]
we have the following

THEOREM 4.2. Let M x N be the warped product of semi-Riemannian
spaces of constant curvature (M,g), p > 2, and (N,q), n—p > 2, such that
(24) holds on Ug, with v and w nonzero at every point of Ug. In addition,
suppose that py = pe # 0 and 1L = o3 on Ug. Define

(29) Ly =p; (01 — pLr), Lo=—pi' (o1 —mLr), Ls=o1.
Then (21) is satisfied on Ug. Such a decomposition is unique on Us N Uc.

From Proposition 2.3 we obtain
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COROLLARY 4.1. If M xp N is the warped product of semi-Riemannian
manifolds of constant curvature (M,g), p > 2, and (N,g), n —p > 2,
satisfying (21) on Us N Uc, then on Us N Uc we have (4), (5) and

0103 — Q%
01 — 202+ 03

Applying (8) and (9) in (21) we find
1/k_ n—p K_ n—p

“(Eg - T)A(Eg- T
)

Lo K_ n—p ) 1( I3 )-
= Zon(fg-" Py ()G
ng <p g 2F Li\(p—1)p 3

In view of the last relation, we now consider on Ug N Ug the following three
cases:

(30) Ly—L7'13 =

2FF

(31) ®) T= p(n %p) g
(b) L3 = M7
_ 2F(R—pA) _ B
) (a) T= FCEDE g, AeR-{0},
(b) L= ﬁ ~A2L; — 2ALo,
Fo_N=Pr)_
3) (a) rank <p gE 5F T) 1,
(b) Lz= - Dp + L'

We note that (33) is an immediate consequence of Proposition 2.1.

PROPOSITION 4.2. Let ]\_4><F]V_be a warped product of semi-Riemannian
manifolds of constant curvature (M,q), p > 2, and (N,g), n —p > 2, satis-
fying (21) on Usg.

(i) If (31) holds at x € Ug then at x we have k # 0 and

(34) R'R:_MQ(.%R)’
 n-p 1/ (n-2Ym-1F
(35) Ll‘n—p—lrs(” - 1p m)’

n—1 &K

(36) L= =0Ty
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(i) If (32) holds at x € Ug then at x we have kK —nA # 0 and

(37) R-R= 25 Q. R),
I e (=
O )
(39) L=t _1m)2 ()\(21)/\ k)
)
(iii) If (33) holds at z € U then at z we have

L
R-R=0, R= 715AS, rank(T) =1, Lo=Ls=F%=0.
Proof. (i) From (31)(a) we have
(40) o7 =
n—p
Next, applying (31)(a) and (40) to (8), (9) and (11) we find

41 Roapy = — abYap>
(41) Bb = i = p) Jabdas
K
42 = -
( ) (a) Sad 07 (b) Saﬁ n_pgaﬁ)
1/ _ AF
(43) K—F(K—Fﬂ—(n—p—l)(n—p) 4F>'

We note that k is nonzero at z. Indeed, x = 0 implies S = 0, i.e. x € M —Ug,
a contradiction. Further, we set

1 K

(44) H—2T+FLRg, Lp= p p—_
Evidently, H = 0. Now, in view of Theorem 2.1 of [11], (34) holds at z.
Next, combining (40)—(43) with (22), we obtain (36). Similarly, using (22)
and (40)—(43) we get (35).

(ii) From (32) we have
(45) ey = 2EEZPY

n—p

Substituting (32)(a) and (45) into (8), (9) and (11) we find
R —pA

(46) Raa,@b = - ) Gab9a3,

p(n—p
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K — pA
(47) (a) Sad = )‘gad’ (b) Sozﬁ = P 9ap;
n—p
1/ _ A F
(48) f<a—F(/{—F!@-i-lp)\F—(n—p—l)(n—p) 4F>'

We note that x — n is nonzero at x. Indeed, x — nA = 0 implies S = ~g,
i.e. x € M — Ug, a contradiction. Further, we set
PA—FK
p(n—p)’
Evidently, H = 0. Now, in view of Theorem 2.1 of [11], (37) holds at z.
Next, putting (45)—(48) into (22), we obtain (39). Similarly, using (22) and
(45)—(48) we get (38).

(iii) From (4), by (33)(b), we obtain

1
(49) H= T+FLgg, Lr=

(n — Q)E Lo
50 Lp=_—~_=/""_ 22
Further, from (33)(a) at = we have

1 Fr

51 —“TT=———7g+pfww, FekR,
51) 2° pln-p)
where w is a covector at x. Next, we set

1
(52) H =T+ FLgg.
Applying (50) and (51) in (52) we find

(n—p—1)(n-1& L2> _

53 H=— + — |Fg+ fw @ w.
(59 < p(p—1)(n—p) ;)"

From Theorem 2.2 of [11] it follows that rank(H) < 1. Hence, in view of our
assumptions, rank(H) = 1. Thus at = we have

Ly,  (n—-p-1)(n-1FK

Ly plp=1(n—-p)
Inserting now (54) in (50) we get

(54)

R
55 Lp=——"7—.
(%) p(n —p)
We also have the following relation ([11, Corollary 2.1]):
2Fk
(56) pp=1) (GavHed = GacHba) = TacHpa — TapHea.
Since H = fw ® w, (56) turns into
2FRr

(57)

p(p—1) (WeGab = WoGac) = wpTac = weTap,
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where wy, are the local components of the covector w. This, by (51), yields

(58) E(wcyab - wbyac) =0,

and, in consequence, & = 0 at x. Thus (55) yields Lr =0 and R- R =0. In
addition, from (57) we get rank(7") = 1. Further, by (54), Ly = 0. Similarly,
(33)(b) gives Lg = 0. Now (21) reduces at x to R = %S/\S. Our proposition
is thus proved.

REMARK 4.1. Necessary and sufficient conditions for a warped product
to satisfy R = %S’ A S were found in [25, Proposition 2.2].

EXAMPLE 4.1. Let (M,g), p = dimM > 2, be the manifold defined
in Example 2.1 of [10] and let F' be the function on M defined by (9) of
[10]. Further, let (N,§), n—p = dim N > 2, be a semi-Riemannian space of
constant curvature /. We consider the warped product M x FN (see Example

3.2 of [10]). It satisfies the following relations, among others (see formulas
(15)—(17) of [10]):

Rabcd = QlGabccb Raaﬁb = QQGaa,Bbv Raﬁfy& = QBGaB'y§7

(59)
o1=k o=k(1—cr), o03=(1-c1)T*—2ker +k,
I K 1
60 k=-————>0,1= , T=—=, ¢,c1 €R.
OO == n-p-Dn-n | VE 7

In the following we will assume that [ > ¢; and ¢ # 0. This, together with
the formulas (21) and (25) of [10], implies that Us N Uc = M x N. Further,
T = —2k(1 — ¢7)Fg, whence

(61) T = —-2FLRy, LR:k‘(l—CT).

From Theorem 4.1 it follows that the curvature tensor R of M X g N has a
decomposition of the form (21), with L;, Ly and L3 defined by (22). From
Proposition 2.3, by making use of (4), (5), (30), (60) and (61), we obtain
(62) R-R=k(1-cr)Qg, R),

kc?

_01>Q(g,0)-

(63) R-R—Q(S,R):—(n—Q)k:(l—l

We now prove that M xp N can be (locally) realized as a hypersurface
in a semi-Riemannian space of constant curvature. We set

1 kc? , k2 ket
64 ——=k(1- = =y — —
( ) n(n+1) < Z—Cl>7 lu’l l_cl’ H2 /"Ll 'LL17

which yields

(65) pipe = pi —ker,  py = pi — 2ker + (1 - er)r.
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Further, we define on M x N a symmetric (0,2)-tensor H by

(66) Hab = H19ab, Hyo = 07 Ha[)’ = H2Gag-
Now, using (59), (60) and (64)—(66) we get
k‘2 2 L
G =+ —)\G
abcd ( — Cl TZ n 1)> abed (Ml + n(n + 1)> abed
1 Iz
— - (HANH _r
2 A )abcd + (TL + 1) Gabcdy

I
Ruopa = (k — 1) GoBd = — ) Gaa
sd = (k + pip2 — p1)Gaapd <M1M2 + n(n+ 1)> Bd

i
P @ ’
n(n+1) aad

Raﬁ'yé = ((l — Cl)T — 2ker + /C)Gag,y(; = (k + QQ )Gaﬁ'yé
2 H "

= —— | G, =—(HAH), ———— Gagrs-

(Mz Tt 1)> 818 =5 ( Japys + nln+1) ot

Other local components of R, H A H and G are zero. Thus R = %H ANH+

n(n+1)G In addition, using (7) and (66) we can check that H is a Codazzi

tensor. Therefore M xr N can be realized locally as a hypersurface in a
semi-Riemannian space of constant curvature.
We finish the paper with some corrections to [10]. Namely, formula (34)
of [10] should have the form
(67) Q(S, R)aabcdﬁ = _(SdaRﬁabc + SdaROcﬁbc + SdbRaaﬁc + Schaabﬁ
- S,BaRdabc - SﬁaRadbc - SﬁbRaadc - SﬁcRaabd)
= SdbRaa,Bc - Schaaﬁb + SﬁaRdabc
= k72 (ke — (n = p)ke® + (n — p — 1) (I = ¢1))gapGabed-
We note that the definitions of R - R, Q(S,R) and Q(g,C) and of other
similar tensors in [10] and in the present paper differ in sign. Using [10,
(26), (27), (32), (33), (35)] and (67) we obtain (63). Therefore assertion
(v) of Theorem 4.1 of [10] should read: (v) R- R — Q(S,R) and Q(g,C)
are linearly dependent on N. This statement, together with Example 4.1,
leads to the corrected version of the second part of Corollary 4.1 of [10]: the
warped product SP(1/vVk) xp S* P(1/V1), p>2,n—p>2,k>0,1>0,
can be locally realized as a hypersurface in a space of constant curvature.
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