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THE AUSLANDER GENERATORS OF THE
EXTERIOR ALGEBRA IN TWO VARIABLES

BY

MAGDALINI LADA (Trondheim)

Abstract. We compute a complete set of nonisomorphic minimal Auslander genera-
tors for the exterior algebra in two variables.

Introduction. In 1971, Auslander introduced a new homological dimen-
sion for Artin algebras, called representation dimension, which was meant
to measure how far an algebra is from having finitely many isomorphism
classes of finitely generated indecomposable modules [I]. Quite a few years
later, there were several publications that motivated the further investiga-
tion of the representation dimension. Among those we have [6], where Iyama
proves that the representation dimension is always finite, [5], where Igusa
and Todorov prove that an Artin algebra with representation dimension less
than or equal to three satisfies the finitistic dimension conjecture, and [9],
where Rouquier uses the exterior algebras as examples of Artin algebras
with arbitrarily large representation dimension.

In the last years, there has been an increasing interest in the topic and
several researchers have worked on determining the representation dimension
of certain classes of algebras. This is usually done by constructing a module
which is a generator-cogenerator for the module category and is such that the
global dimension of its endomorphism ring is the smallest among the global
dimensions of the endomorphism rings of all modules that are generators-
cogenerators for the module category. Such a module is called an Auslander
generator and in general it is not easy to find.

Not much is known about the class of Auslander generators of an Artin
algebra. In [8], the author showed how we can construct, under certain
conditions, a new Auslander generator by mutating a given one. In this
paper, we compute all minimal Auslander generators for the exterior algebra
in two variables, up to isomorphism. This is, to our knowledge, the first
nontrivial example where a complete set of minimal Auslander generators
is computed.
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1. Background. Let A be an Artin algebra. We denote by mod A the
category of finitely generated left A-modules, and by a A-module we will
always mean a module in mod A. For a A-module M we denote by add M
the full subcategory of mod A consisting of the direct summands of copies
of M.

A A-module M is called a generator-cogenerator if all the indecompos-
able projective and the indecomposable injective A-modules are in add M.
The representation dimension of A, which we denote by repdim A, is defined
as follows:

repdim A = inf{gldim End 4 (M) | M generator-cogenerator for mod A}.

A basic A-module M is called an Auslander generator if gldim End, (M) =
repdim A. An Auslander generator is called minimal if for any direct sum-
mand N of M that does not contain any projective or injective A-modules,
we have gldim End (M /N) > gldim End,(M). Note that here, the factor
module M/N is the cokernel of the split monomorphism N — M.

The following result was proved in [3]. Recall that, for an Artin algebra A,
a node is a nonprojective, noninjective simple A-module S such that the
middle term of the almost split sequence starting at S is projective.

PROPOSITION 1.1. Let A and A’ be two Artin algebras with no nodes,
and o: mod A — mod A’ a stable equivalence. If the A-module A ® N is
an Auslander generator of A, then the A'-module A" ® aN is an Auslander
generator of A'.

As a straightforward consequence of Proposition we get the follow-
ing corollary. Note that 7 denotes the Auslander—Reiten translation and (2
denotes the syzygy functor.

COROLLARY 1.2. Let A be a selfinjective algebra with no nodes, and AON
an Auslander generator of A. Then the A-modules A & TN and A @ 2(N)
are also Auslander generators.

Proof. Since A is selfinjective, both of the functors 7 and (2 induce a
stable equivalence on mod A. =

2. The exterior algebra. In this section, A will denote the exterior
algebra in two variables. We begin by describing A as the path algebra of
a quiver modulo relations. Let Q be the quiver

o(_1_)8
and let kQ be the path algebra of ) over some algebraically closed field k.
Set A = kQ/I, where I is the ideal of kQ generated by {a? a8 + Ba, 3%},
Then the square of the radical of the quotient algebra A/Soc A is zero. It
is known that if the radical t4 of an Artin algebra A is such that v} = 0,
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then A is stably equivalent to the hereditary algebra given by the triangular

matrix
A
EA=< fea O )
ta  Alta

An explicit description of the functor giving this stable equivalence can be
found in [2], X.2]. It is not difficult to see that when A = A/Soc A, where A is
the exterior algebra in two variables, then 34 is isomorphic to the Kronecker
algebra. The indecomposable finitely generated modules over the Kronecker
algebra, as well as the morphisms between them, are described in [2, VIIL.7].
Moreover, the kernel of the functor that gives the stable equivalence between
A and ¥4 is described in |2, Lemma 2.3, X.2]. Using the above information
we have complete control of the indecomposable A-modules and the mor-
phisms between them. In particular, we see that the only extra morphisms
that exist between two indecomposable A-modules (that is, besides the mor-
phisms over the Kronecker algebra) are the morphisms that factor through
the simple A-module.

We can describe the AR-quiver of A as follows. For each p in P!(k) there
is a tube of rank one:

Ry(5) Ry(5) Ry(5)
S c/ N 7
Ry(4) Ry(4)

Ry(3) Rp(3) Ry(3)
S (/’ N c/"
Ry(2) Rp(2)

5l S 7 S
Ry(1) Ry(1) Rp(1)

For p = (1, A) the indecomposable module R(; )(n), which we will denote
by Rx(n), corresponds to the representation

2 k2 )7
where f) is given by the matrix ((I)Z 82) and fé‘ is given by the matrix

( JSZLA) 8: ). Here J,,()\) denotes the n x n Jordan block with eigenvalue A.
For p = (0,1), the indecomposable module R o)(n), which we will de-
note by R(n), corresponds to the representation
(120 )
fa g k‘ J fﬁ

where f, is given by the zero matrix 09, and fg is given by the matrix

(T 00)-
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Besides the tubes, there is one more component that contains the
projective-injective A-module A and the simple A-module S:

/1

/1 Soc A 7=1(A/Soc A)

/\/\/\/\

where by t we denote the radical of A. For simplicity, set Sa,, = (TrD)mS and
Som+1 = (TrD)™(A/Soc A), m € Z. For n > 0, the A-module S,, corresponds

to the representation
(p2n+1)
Ja ! n+11 gp
BT

where g, is given by the matrix

0, 0n><(n+1)
I, Onx(n—i—l)
O1xn 01><(n+1)

and gg is given by the matrix

0, 0n><(n+1)
O1xn O1x(nt1)
I, 0n><(n+1)

Dually, for n < 0, the A-module S,, corresponds to the representation

(241 h
ha n

(e Dns
where h, = g1 and hg = gg.

We already know by [I] that repdim A = 3 and that the A-module M =
A®Sy® A/Soc A is an Auslander generator. In the next proposition we give
an infinite set of nonisomorphic Auslander generators. Then we prove that

this set forms a complete set of nonisomorphic minimal Auslander generators
of A.

PrOPOSITION 2.1. With the above notation, let M, = A & S,, ® Spi1-
Then M, is a minimal Auslander generator for all n in Z.

Proof. For any integer m, we have by definition
Moy, = A® (7 H)™S @ (171)™(A/Soc A)
=A® (T H™(S @ A/Soc A),
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Moy = A® (171)™(A/Soc A) @ (r~H™TLs
=A® (T H™7IS @ (r7H™N(A/Soc A)
=Aa (T H" (S ® A/Soc A).

Hence, by Corollary we only need to show that My = A @ Sy & S1 =
A® S @ A/Soc A is a minimal Auslander generator. We already know by [I]
that My is an Auslander generator. As for the minimality, straightforward
computations show that

gldim End 4 (My/So) = gldim End 4(Mo/S1)
= gldim End 4 (Mo/(So & S1)) =00. =

REMARK. We note that for n > 0 the Auslander generators M, can
be obtained from M by iterated mutation, as described in [8, Section 4].
Dually, for n < 0, the Auslander generators M, can be obtained from M_;
by iterated mutation.

The rest of the section is devoted to showing that the A-modules M,,,
for n in Z, are all the Auslander generators for A, up to isomorphism.

In the next proposition we compute the global dimension of the endo-
morphism ring of a generator of A, whose nonprojective summands belong
to some tube (not necessarily the same) of the AR-quiver of A.

PROPOSITION 2.2. Let M be a generator for mod A such that all its

nonprojective indecomposable summands are of the form Rpy(n) for some
p € PY(k) and some n € N. Then gldim End (M) = oco.

Proof. Let p € P1(k) be such that there is an indecomposable direct
summand of M isomorphic to R,(n). Choose n to be the largest natural
number such that R,(n) is isomorphic to a direct summand of M. We show
by induction that on the quiver of End (M )°P there is a loop at the vertex
corresponding to the simple module Sg, (), where by Sg (,,) we denote the
top of the indecomposable projective End 4 (M )°P-module Hom (M, Ry(n)).
In particular, we show that there is a morphism f,,: R,(n) — Ry,(n), which is
not the identity, that does not factor through any indecomposable summand
of M. Considering the previous representation of the module R,(n), the
morphism f, is given by the matrix

00 --- 00
Ay, = Do -
00 --- 00
10 -~ 00

If M has an indecomposable direct summand R,(m), then by the choice
of n, we have m < n and it is not hard to see, looking at all possible
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morphisms between R,(m) and Ry,(n), that in this case f, does not factor
through R,(m). For p different from ¢ and for any n and m, the only nonzero
morphims from R,(n) to Rq(m), and vice versa, factor through the simple
A-module S. Using this fact it is easy to see that f,, does not factor through
any other indecomposable summand of M of the form Ry(m), for any m
and g # p. We show by induction on n that f,, does not factor through A
either.

Let n = 1. It is not hard to see that the composition of any morphism
from Hom,(R,(1), A) with any morphism from Homx(A, Ry(1)) is zero. It
follows that fi: Ry(1) — Rp(1) does not factor through A. Assume that
fr: Rp(k) — Rp(k) does not factor through A. We have the following fac-
torization of f:

Ry(k) — Tt R, (k)

t T

Ry(k +1) 25 Ry (k +1)
where ¢ and 7 are the natural inclusion and natural projection respectively.
Thus, we see that if fyy; factors through A then so does fi. Hence f, does
not factor through A for any n in N. We have thus proven that the quiver
of End (M) has a loop at the vertex of the simple module corresponding to
Ry (n). This implies that gldim Ends (M) = co [4]. =

The above proposition shows that the set of the indecomposable nonpro-
jective summands of an Auslander generator of A must contain at least one
module isomorphic to S, for some n. Next, we consider the case where a
generator of A has exactly one indecomposable direct summand isomorphic
to S, for some integer n.

PROPOSITION 2.3. Let M be a generator for mod A that has exactly one

indecomposable direct summand isomorphic to Sy, for some integer n. Then
gldim End s (M) > 4.

Proof. Due to Corollary we can assume that S, = Sgp = S. More-
over, since gldimEnd,(A @ S) = oo, we can also assume that M has at
least one more nonprojective indecomposable direct summand besides S. Set
I' = Ends(M)°P. We will compute the projective dimension of the simple
I-module Sg that corresponds to S. Let pi, ..., pm in P(k) be such that
there is an indecomposable direct summand of M isomorphic to R, (n;).
We choose n; to be the largest natural number such that Ry, (n;) is isomor-
phic to a direct summand of M. Straightforward computations show that
gldimEnda(A @ S @ Ry(1)) = oo for any p in P(k), so we can assume in
addition that if m = 1, then n; > 1. Let g;: R,,(n;) — S be the morphism

%
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given by the matrix
Ay =(10 - 0).
We show that we then have an exact sequence

9=(g1,--,9m)

0= Sm -1 = Rp (1) @+ @ Ry, (n) ———— 5 =0

We use induction on m. Let m = 1. We show by induction on n; that we
have an exact sequence

0 — Sp,—1 — Ry (n1) 25 S — 0.
For n; =1 it is obvious that the sequence
0—S—R,(1)L85—=0
is exact. Assume that for n; = k the sequence
0— Sy — Ry, (k) 28— 0

is exact and consider the following pushout diagram:

0— Sk-1

where the inclusion 4 is the irreducible morphism from R,, (k) to Ry, (k+1).
Since the rightmost vertical short exact sequence of the diagram is non-
split, the leftmost vertical short exact sequence is also nonsplit. We claim
Ker g1 ~ Si. First note that since all the morphisms involved in the above
diagram are graded, with respect to the grading induced by the radical lay-
ers, we can view the above diagram over the Kronecker algebra. If X is an
indecomposable direct summand of Ker g1, then as we see from the leftmost
vertical sequence of the diagram, there is a nonzero morphism from Sy,
which is a preprojective module, to X, and a nonzero morphism from X
to Ry, (1), which is a regular module. This means that X has to be either a
preprojective module S; with ¢ > k — 1 or a regular module from the same
tube as R, (1). Since the sequence 0 — S;_; — Kerg; — R, (1) — 0 does
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not split, it is easy to see, by counting the dimensions of the top and the
socle sequence, that X has to be isomorphic to Si. Hence Ker g; ~ Sj.
Next assume that for m = k > 1 there is an exact sequence

9=(91,--,9%)
0= S(Zle ni)—1 - Rpl (nl) - Rpk(nk) = 595 -0.

Let j € {1,...,k,k + 1} and consider the following commutative exact dia-
gram:

0 0
|
0 ——> St -1 > LA Ry () —> 8 —>0
i£j i#] ~
0 Ker g SR, () — > S —>0
Ry, (n;) Ry, (n;)
0 0

We view the above diagram over the Kronecker algebra H. Then, as we
see from the diagram, there is a nonzero morphism form Kerg to R, (n;)
for all j in {1,...,k, k + 1}. But since over the Kronecker algebra we have
Hompg (Ry(n), Rg(m)) = (0) for p # ¢ and any m and n, we conclude that
Ker g does not contain any summand isomorphic to R,(n) for any p and
n. Hence, Ker g only contains summands isomorphic to S, for some n >

(Zfﬂl n;) — 1. The only n such that S,, satisfies the dimension formulas for

#J
the top and the socle sequences of the sequence

0— S(Zk-H )1 Kerg — Ry (n;) — 0

i#£]

isn= (zk+11 n;) — 1. Thus, we have

Kerg ~ S(z;c;rll )1

Hence, we have shown that for any m > 0 we have an exact sequence

0— S(Zlmzlni)—l - Rpl(n1> ®---OR m(nm) M S — 0.

Recall that n; is chosen to be the largest natural number such that
R,,(n;) is isomorphic to a direct summand of M. Due to this fact it is not
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hard to see that the cokernel of the morphism
Hom, (M, g): Homp(M, Ry, (n1) @ --- @ Rp,, (ny,)) — Homu (M, S)

is the simple module Sg (see again [2, VIIL.7] for the structure of the Hom-
spaces between regular modules over the Kronecker algebra). Since the func-
tor Hom (M, —) is left exact, we have an exact sequence of I'-modules

0 — Homa(M, Siyom y—1) — Homa(M, Ry, (n1) & - & Rp,, (nm))

Homx (M,g)
—— > Homy (M, S) — Ss — 0.

Note that the I'-modules Homy(M,Rp, (n1) & --- & R m(nm)) and
Hom (M, S) are projective, hence Hom 4 (M, Siy-m | 1)—1) 2%(8s). Since
we have assumed that if m = 1, then ny > 1, We find that S(Zm ni)—1
is not in add M, hence pd; Ss > 2. To compute the rest of the prOJectlve
resolution of Sg, we need to find an add M-approximation of the A-module

S n-1
Let

p: P — Sxm 1

be the projective cover of S(lel ng)—1 and

Ar Soc(Som n-1) = S no)-1
be the natural inclusion. Then it is easy to verify that the morphism
(pA)
P@SOC(S(Zm ng)— 1) I S( moong)—1
is the minimal add M-approximation of S(Zﬁl n;)—1- Moreover, straightfor-
ward computation shows that

Ker(p A) >~ 5_(som )11

Hence, we have an exact sequence

0 — Hom (M, S,(Zgl ni)+1) — Homy (M, P & SOC(S(ZT;I ni)fl))

Homa B A, Hom a(M, S, ny-1) — 0.

Since S_(ym )41 Is not in addM, it follows that the I-module
Homa(M,S_(s>m  5,)41), which is isomorphic to 23.(8Ss), is not projective.
Hence pd; Sg > 4, which implies that gldim I" > 4. Thus, gldim End (M)
>4. m

So, according to Propositions 2.2] and 2.3] the set of nonprojective inde-
composable summands of an Auslander generator M of A must contain at
least two modules from the component of the AR-quiver that contains A.
We show that if M is in addition minimal, then M ~ M,, for some integer n.
We need the following lemma.
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LEMMA 2.4. For any positive integers n and k, there exists a short exact
sequence

I=n
0— Sﬁ(n+k+1) — SE T S, =0,

(n+k)
where the morphism f_ 11y has the following property: if X is an indecom-
posable A-module which is not isomorphic to S_(,44 for i =0,...,k — 1,

then any morphism f: X — S_;, factors through f_ (1)

Proof. We prove the claim using induction on k. Let k& = 1. Then the
almost split sequence

0= S_(ni) = 52 uyn) = Son = 0

has the desired properties, so we can choose f_(,1) to be the minimal right
almost split morphism ending at S_,,. Assume that for k£ = [ there exists a
short exact sequence
1 g 1+1 f—('rH»l)
0— Sf(n+l+1) — S—(n+l) EEE— S—n - O,
with the property described in the statement of the lemma. Let
I+1 2(1+1) € ql+1
0— ST i) — S—(n+l+1) = Sy — 0
be the direct sum of [ 4+ 1 copies of the almost split sequence ending at

2(1+1)
(nti41) S—(n+l+1) such that
€oh = g. Viewing these morphisms over the Kronecker algebra H, and using
the fact that dimy Hompy (S_(n4i41), S—(nti141)) = 1, we conclude that h is

a split monomorphism. Hence, we obtain the following pullback diagram:

S_(n+1)- Then there exists a morphism h: St

0 0
Sl Sl
—(n+1+1) —(n+141)
h g
+1 2(141) e +1
00— ity =S sy — = Oy — 0
f- )
+1 2 f—er
0—— Sf(n+l+2) - S—(n+l+1) S—n 0
0 0

It is easy to verify, from the above commutative diagram, that the morphism
J—(n+141) has the desired factorization property. m
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We are now ready to prove that the A-modules M,, = A® S, & S,11, for
n in Z, form a complete set of nonisomorphic minimal Auslander generators

of A.

THEOREM 2.5. Let M be a minimal Auslander generator of A. Then M
is isomorphic to M, = A @ S,, & Sp+1 for some integer n.

Proof. Let
M=AdM & - O M,,

where M; is indecomposable nonprojective for i = 1,. .., s. In view of Propo-
sitions and the set of the indecomposable nonprojective direct sum-
mands of M must contain at least two modules from the component of the
AR-quiver of A that contains A. So we can assume that M; ~ S, and
My ~ S, where n and m are such that n < m, and if one of the modules
M;, for i =3, ..., s, is isomorphic to .S;, then [ < n. Let ¢ be an integer such
that m — 2¢ < —1 and consider the module

M=A®7r (M & & M,).

By Corollary we see that M is also a minimal Auslander generator.
Moreover,

{ ~ L ~ ~ .
7'My >~ 7"Sp >~ Sp—2i, TMQ T n = On—2i-

Set m — 2i = m/ and n — 2¢ = n’. Then n’ < m’ < —1. In order to prove
the claim of the theorem, we compute a projective resolution of the simple
End (M )Op module Sy that corresponds to A. We show that pd S4 < 3 if
and only if m’ =n/ + 1. .

We first need to compute an add M-approximation of rad A = S_;. Let

OHS;/(T1+1)4’S mlflSl*)O
be the short exact sequence that we get from Lemma for n = —1 and
k = —m' 4+ 1. Then, by the choice of m/, the morphism f,, is a right

add M-approximation of S_;. Hence, applying the functor Hom (M, —) to
the short exact sequence above, we get the short exact sequence

0 — Homa(M, S ™ ™)) = Hom, (M, ;') — Homs(M,S_1) —

But S_1 = t4 and the natural inclusion 7: S_1 — A is the right almost split
morphism ending at A, so we have a short exact sequence

OHHomA(]\Al/ S_ )HHomA(M A) — Sy — 0.

Moreover, A and Spy are in add M, which implies that HomA(M A) and
HomA(M S ") are projective End 4(M )Op modules. Hence,

Hom (M, S ™) = @ iy (S):
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Now, assume that 5,,/_; is not in add M. We will show that this assump-
tion leads to a contradiction. To continue the projective resolution of Sy,
we need to compute a right add M-approximation of .S,,,_1. Let

gment gt It g g
be the short exact sequence that we get from Lemma forn=—(m'—1)
and k = m’ —n' — 1. Then, by the choice of m’ and n’, the morphism
fnr is a right add M-approximation of S,,y_1. Hence, applying the functor

Hom/ (M, —), we get the short exact sequence
0 — Homy (M, Sm,_”/_l) — Hom (M, Sm,_”,) — Hom (M, Sppr—1) — 0.

Since S, is in add M, the End (M )Op module Hom 4 (M ,SZ,LL”/) is projec-
tive. Hence,

—1\—(m/+1 3
Hom (M, 87 =~ =(m'+1) — = 2} o iy (S)-
Since M is an Auslander generator, we find that gldim End A(M)°P = 3,
SO pdEndA(]\/[)Op Sa < 3. Hence, Hom (M ,SZ?_I” _1) (m'+1) is projective,

which implies that S,s_1 is in add M. But then M contains as direct sum-
mands the modules S,/_1, S,y and S,,/, which contradicts the minimality
of M , since the module M,,_1 = A& S,y_1 & S, is already an Auslander
generator. N N

Hence, the A-module S,,/_1 is in add M, and since M is a minimal Aus-
lander generator, we have m’ =n’/ + 1,

MZA@Sn/@Sn/JrlZMn/’

and then
M~A&S,®Sp1~M, =

We end the paper with a remark on the number of nonprojective in-
decomposable direct summands of the minimal Auslander generators of A.
In [I0], Rouquier proved that for a selfinjective algebra A with repdim A = 3,
the number m of nonprojective indecomposable direct summands of an Aus-
lander generator M is at least half of the number of isomorphism classes of
simple A-modules n. In [3], Dugas improved this result by showing that
m > (2/3)n, and if, in addition, A is weakly symmetric or of Loewy length
three, then m > n. In the case of the exterior algebra A in two variables
that we studied here, we have m = 2, that is, twice the number of simple
A-modules, for all minimal Auslander generators. This fact might suggest
that the bounds given by Dugas can be further improved. Moreover, a natu-
ral question is whether the number of nonprojective indecomposable direct
summands is the same for all minimal Auslander generators, for any Artin
algebra.
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