COLLOQUIUM MATHEMATICUM

VOL. 110 2008 NO. 2

FULL GROUPS, FLIP CONJUGACY, AND ORBIT EQUIVALENCE
OF CANTOR MINIMAL SYSTEMS

BY

S. BEZUGLYT and K. MEDYNETS (Kharkov)

Abstract. We consider the full group [¢] and topological full group [[¢]] of a Cantor
minimal system (X, ¢). We prove that the commutator subgroups D([¢]) and D([[¢]]) are
simple and show that the groups D([¢]) and D([[¢]]) completely determine the class of
orbit equivalence and flip conjugacy of ¢, respectively. These results improve the classifi-
cation found in [GPS]. As a corollary of the technique used, we establish the fact that ¢
can be written as a product of three involutions from [p].

1. Introduction. One of the most remarkable results of ergodic theory
is Dye’s theorem which states that any two ergodic finite measure-preserving
automorphisms of a Lebesgue space are orbit equivalent and, as a corollary,
their full groups are isomorphic [D1]. Dye also proved that the full group is a
complete invariant of orbit equivalence for ergodic finite measure-preserving
actions of countable groups [D2]. Later, full groups have been studied in
numerous papers from different points of view. In particular, the analogues
of the theorems of Dye were established for infinite measure-preserving and
non-singular automorphisms of a standard measure space.

The ideas developed in ergodic theory have been successfully applied
to the study of orbit equivalence in Cantor and Borel dynamics. Giordano,
Putnam, and Skau considered the notions of the full group [p] and topo-
logical full group [[¢]] of a Cantor minimal system (X, ¢) and showed that
these groups completely determine the classes of orbit equivalence and flip
conjugacy of ¢ [GPS]. In other words, they proved that, for minimal home-
omorphisms ¢ and @9, any algebraic isomorphism of the full groups [¢1]
and [po] is spatially generated. Recently, Miller and Rosendal have shown
that Dye’s theorem holds in the context of Borel dynamics: two Borel aperi-
odic actions of countable groups are orbit equivalent if and only if their full
groups are isomorphic [MilRos]. We should also mention that there are sev-
eral papers where the algebraic and topological structures of the full groups
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of ergodic automorphisms have been studied. In particular, Eigen proved
that the full group of an ergodic finite measure-preserving automorphism is
simple, i.e. it has no proper normal subgroups [E1]. Notice that it is still an
open problem to show the simplicity of the full group [¢] generated by a min-
imal homeomorphism of a Cantor set. On the other hand, it is known that
the topological full group [[¢]] has a proper normal subgroup and so is not
simple.

The goal of this paper is to prove that the class of orbit equivalence and
flip conjugacy of a Cantor minimal system can be determined by proper
simple subgroups of the full group and topological full group. To do this,
we focus our study on the commutator subgroups D([¢]) and D([[¢]]) of [¢]
and [[¢]], respectively. First of all, we prove in Section 3 that the groups
D([¢]) and D([[¢]]) are simple (Theorem 3.4). Then we show that the com-
mutator subgroup D([[¢]]) is a complete invariant of flip conjugacy (Theo-
rem 5.13) and the group D([¢]) is a complete invariant of orbit equivalence
(Theorem 5.2). These results make more precise the characterization of or-
bit equivalence and flip conjugacy found in [GPS]. In particular, Theorem
5.13 contains a new proof of the fact that [[¢]] is a complete invariant of
flip conjugacy. To show that the group D([¢]) determines the class of orbit
equivalence, we follow the idea of the proof of Corollary 4.6 from [GPS]. The
key point of our approach is the fact that every involution with clopen sup-
port belongs to D([g]) (Corollary 4.8). In its turn, this result is based on the
fact that every homeomorphism from [¢], which is minimal on its support,
can be written as a product of five commutators from [¢] (Theorem 4.6).

In Section 4, we also answer the question of representation of a minimal
homeomorphism ¢ as a product of involutions from [¢]. We note that this
problem would be trivial if we knew that [¢] is a simple group. The problem
of writing every element of a transformation group as a product of invo-
lutions has been considered in measurable, Borel and Boolean dynamics.
Apparently, the first results appeared in the paper of Anderson [A], where
it was shown that every homeomorphism of a Cantor set is a product of six
involutions from H (X), the group of all homeomorphisms of a Cantor set X.
The technique used by Anderson also works for the group of non-singular
transformations of a Lebesgue space (this fact was mentioned in [E1]). In
[F], Fathi suggested a new approach to this problem which allowed him to
show that the group Aut(Y, ) of finite measure-preserving automorphisms
of a Lebesgue space (Y, ) is simple, and that every f € Aut(Y, p) is a prod-
uct of 10 involutions. His ideas were then used in [E1] to obtain a similar
result for the full group of an ergodic automorphism of a Lebesgue space.
Later, Ryzhikov improved Fathi’s theorem and showed that every ergodic
automorphism f € Aut(X, p) is, in fact, a product of three involutions from
its full group [R1]. We notice that here three is the least number possible.
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Miller showed that an automorphism f is the product of two involutions
from its full group if and only if f is dissipative [Mil]. We also mention [Fr],
[R2] and [ChPr| where these questions were studied for automorphisms of
complete Boolean algebras and homogeneous measure algebras. Developing
ideas of Fathi and Ryzhikov, we prove that every minimal homeomorphism ¢
of a Cantor set is the product of three involutions from [¢]| (Theorem 4.14).

2. Preliminaries. Let X denote a Cantor set, i.e. a 0-dimensional com-
pact metric space without isolated points. Denote by H(X) the group of
all homeomorphisms of X. For a homeomorphism ¢ € H(X) and a point
x € X, let Orby(z) = {¢"(x) : n € Z} denote the -orbit of x. The open
set supp(p) = {x € X : p(z) # x} is called the support of ¢.

A homeomorphism ¢ € H(X) is called periodic if for each x € X there
exists n > 0 such that ¢"(z) = z, and if the p-orbit of = is infinite for
all x, then ¢ is called aperiodic. A homeomorphism ¢ is called minimal
if the @-orbit of every point is dense in X. Let [p] denote the set of all
homeomorphisms f € H(X) such that f(z) € Orby(x) for all x € X. The
set [p] is called the full group of . If f € [p], then there is a function
ng : X — 7Z such that f(z) = ¢™@(z) for all # € X, which is called
the cocycle associated to f. The topological full group [[¢]] of ¢ is defined
as the set of all f € [p] such that ny is continuous. We refer the reader to
[GPS] and [GW] for an in-depth study of various properties of full groups
associated to a minimal homeomorphism of a Cantor set.

Given a group G, denote by D(G) the subgroup generated by all elements
of the form [f,g] := fgf 'g™', f,g € G. The group D(G) is called the
commutator subgroup of G.

Let ¢ € H(X) and let A be a clopen set. A point € A is called recurrent
for ¢ if there is n > 0 such that ¢"(z) € A. Observe that if a clopen set
A consists of recurrent points, then the function ng : A — N given by
na(z) = min{n > 0: ¢"(x) € A} is well-defined and continuous. Then n 4 is
called the the first return function. Suppose that a clopen set A meets every
@-orbit and consists of recurrent points. Set Ay = {x € A : na(x) = k}.
Hence, X can be decomposed into clopen sets

This decomposition is called a Kakutani—Rokhlin (K-R) partition built over
the set A. By a p-tower, we mean a non-empty disjoint family £ = (A, 9 Ag,
"1 AL). The set Ay, is called the base of & and k is called the height
of &.
The following simple proposition explains the construction of the induced
map.
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PROPOSITION 2.1. Let ¢ € H(X) and suppose a clopen set A meets
every w-orbit. Then:

(1) A consists of recurrent points;

(2) the homeomorphism o, € H(X) given by pa(x) = ©"A@)(x) for
z €A and pa(z) =x for x € X \ A belongs to [[¢]];

(3) the homeomorphism g = gpglcp 1s periodic.

Proof. (1) Since A meets every @-orbit, we have X = J,., ¢'(4). By
compactness of X, we get X = |, ¢'(A) for some m. This implies that A
consists of recurrent points. The statement (2) is trivial and the proof of (3)
is straightforward. m

For a homeomorphism ¢, denote by M (¢) the set of all Borel probability
p-invariant measures on X. Clearly, if v € [p], then v oy = u for every
€ M(gp). The following theorem answers the question when two clopen
sets can be mapped onto each other by an element of the full group. This
result will be one of our main tools in the study of full groups.

THEOREM 2.2 ([GW]). Let (X, ) be a Cantor minimal system.

(1) If A, B are clopen subsets of X such that u(B) < u(A) for every
p € M(p), then there exists o € [[p]] with a(B) C A. Moreover,
a can be chosen such that o® = id and o|(B U «(B))¢ = id where
E¢:= X\ E.

(2) If A, B are clopen sets with p(A) = u(B) for all p € M(p), then
there exists a € [p] such that a(B) = A. Moreover, o can be chosen
such that o? =id, a has clopen support, and o|(B U a(B))¢ = id.

We will need a generalization of a theorem from [Ak].

PROPOSITION 2.3. Let (X, ) be a Cantor minimal system and let d be
a metric on X compatible with the topology.

(1) For any € > 0 there exists § > 0 such that if the d-diameter of a
clopen set A is less than 0, then u(A) < e for every p € M(p).
(2) If A is a clopen set, then inf{u(A) : p € M(p)} > 0.

Proof. (1) Assume the converse: there exists £g > 0 such that for every n
there exist a clopen set A,, with diam(A,,) < 1/n and a measure u, € M(p)
such that p,(An) > 9. By compactness of M(p) and X, we may assume
that p, — p € M(p) and there exists ¢ € X such that every neighborhood
of xg contains all but a finite number of the sets A,,.

Consider any clopen neighborhood O of xy. Then A,, C O and p,(0) >
tn(Ay) > o for sufficiently large n. As p, — p, we get u(O) > £o. Hence
p({zo}) > 0, a contradiction.

(2) This easily follows from the minimality of ¢ (see also [GW]). m
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From now on, the pair (X, ¢) will always denote a Cantor minimal
system.

3. Commutator subgroups. In this section, we show that, for a min-
imal homeomorphism ¢, the commutator subgroups D([¢]) and D([[¢]]) are
simple. In our proofs, we follow the arguments used in [F] and [E1].

The following simple statement describes the properties of periodic hom-

eomorphisms. More detailed descriptions of periodic homeomorphisms from
[[¢]] and [¢] can be found in [BDK].

LEMMA 3.1. Let f € H(X) and X, := {x € X : |Orbs(x)| = n} for
1<n<oo.

(1) If f € [[¢]] with ¢ a minimal homeomorphism, then X,, is clopen.
(2) If Xy, is clopen, then there exists a clopen set X0 such that X,, =
Uiy £4(X9), a disjoint union.

Proof. (1) Notice that X<, := {x € X : |Orby(z)| < n} is closed. Since
I € [l¢]], the associated cocycle ny is continuous. This implies that the set
X, is open for each 1 < n < co. Hence, X, is clopen.

(2) See Lemma 3.2 in [BDK]. u

The following lemma states that every homeomorphism from the full
group can be written as a product of homeomorphisms which have “small”
supports.

LEMMA 3.2. Let I' denote either [¢] or [[¢]]. Given 6 > 0 and g € T,
there exist g1,...,9m € I' and clopen sets Fn, ..., E, such that

(1) g=g1-. 9m;
(2) supp(gi) C E; and p(E;) < 6§ for all p € M(p) andi=1,...,m.

Proof. Suppose first that I" = [¢]. Using Proposition 2.3, take any de-
composition of X into disjoint clopen sets X = By U --- U B,, such that
pu(B;) < 6/2 for any p € M(p) andi=1,...,m.

Given f € [p], we have u(B\ f(B)) = u(f(B) \ B) for every u € M(p)
and every clopen set B. Therefore, by Theorem 2.2, there exists g1 € [¢] such
that g1|B1 = g|B1, g1(9(B1)\ B1) = B1\ g(B1), and supp(g1) € B1Ug(Bh).
Setting £y = By U g(B1), we obtain pu(supp(g1)) < p(Er) < 6 for all p €
M(ep).

Let ¢ = g7 'g. Clearly, supp(g}) € Bal---UB,y,. Find go € [p] such that
g2|B2 = ¢}|B2 and supp(g2) C Ba U ¢}(Bs2). Let E; = By U gj(Ba2). Then
1(E) < & for all u € M(yp). Next, consider g} := g, *¢. Clearly, supp(gy) C
BsU---UBy, and g = ¢19295. Repeating the above argument for each set B;,
we construct a family of homeomorphisms g; € [¢], i = 1,...,m, such that
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g =9g1---gm and supp(g;) C Bi U gi_,(Bi). Here gn = g;,_; = = g 1 Ta-

Setting E B; Ug._,(B;), we complete the proof for the case I" = [¢].
Suppose now that I" = [[¢]]. If g is periodic, then by Lemma 3.1 and

compactness of X, we can decompose X into a finite number of clopen sets

n;—1
x=JU g
iel j=0
where ¢"i(z) = x for each z € XZQ. By Proposition 2.3, we can divide each set
X? into clopen sets {AZ s m; J such that u(A; ;) < 6 for all p € M(p),
where A; ; = AO -U g”l_lAO Set g; jv = gx whenever z € A;; and
GijT =T elsewhere Cleau"ly7 every g;;j € [[¢]] and g is the product of the

commuting elements g; ;.

Consider the case when ¢ is not periodic. Choose an integer & > 0
such that 1/k < 6. As g € [[¢]], the set X5 :={z € X : |Orby(z)| > k}
is clopen. Using the arguments of [BDM, Proposition 3| (see also [M2,
Lemma 2.2]), we can show that there exists a clopen set B C X} such
that ¢g(B)NB = 0 for i = 0,...,k — 1 and B meets every g|Xsj-orbit.
It follows that u(B) < 1/k < ¢ for all p € M(p). By our choice of B, the
induced homeomorphism ¢p, defined as in Proposition 2.1, belongs to [[¢]].
Moreover, p(supp(gp)) < ¢ for all 4 € M(p). Observe that g1 = gglg is
periodic. We use the decomposition obtained for periodic homeomorphisms
to complete the proof. m

LEMMA 3.3. Suppose that G is a group and H is a normal subgroup
of G. If g1, ..., 9gn, h1,...,h;m € G are such that [g;, hjl, [g:, 9;], and [hi, hj]
belong to H for any i,j, then also [g1...gn,h1...hy] € H.

Proof. Note that

[9192, hi] = g1lg2, hilgy g1, hil,  [gj, haha] = [gj, balhalg;, halhy "

As H is a normal subgroup, [g1g2, hi] and [g;, h1ha] belong to H. Hence
(9192, hih2] € H. The proof can be completed by induction. We leave the
details to the reader. m

Now we are ready to show that the commutator subgroups D([¢]) and
D(][[p]]) are simple. We should also mention that the simplicity of D([[¢]])
was first established by Matui [Ma, Theorem 4.9.], but with a completely
different technique.

THEOREM 3.4. Let (X, ) be a Cantor minimal system.
(1) If H is a normal subgroup of [p] (or of D([¢])), then D([¢]) C H.

(2) If H is a normal subgroup of [[¢]] (or of D([[¢]])), then D([[¢]]) C H.
In particular, the groups D([p]) and D([[¢]]) are simple.
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Proof. First of all we notice that if 2u(B) < u(A) for any u € M(p) with
A and B clopen sets, then there exists a € D([[p]]) such that a(B) C
Indeed, by setting @« = id on A N B, we may assume that AN B =
Applying Theorem 2.2 twice, we find two involutions ai,as € [[¢]] such
that a1(B) C A, as(an(B)) € A\ ai1(B), and supp(a1) = B U ay(B),
supp(az) = a1(B) U as(ai(B)). Set a = ajaa. Then a(B) = a1(B) C A.
Since a9 = aafla_l we get a = ajag = [ag, ag).

We must show that [g,h] € H for any g,h € I', where I' denotes one
of the groups D([[¢]]), [[¢l]l, D([¢]), or [¢]. Take any non-trivial element
f € H. Then there exists a clopen set E C X such that f(E)NE = 0.
Proposition 2.3 implies that § = +inf{;(E) : p € M(p)} > 0.

By Lemma 3.2, write g and h as g = ¢g1...9, and h = hy...h,,, such
that (1) gi,h; € I' and (2) there exist clopen sets E;(g) and Ej(h) with
supp(gi) € Ei(g), supp(h;) C Ej(h) and p(Ei(g) U Ej(h)) < 6 for every
w € M(p) and every i, j. Due to Lemma 3.3, it is sufficient to prove that
[gi, hj] € H.

For convenience we omit the subscripts ¢ and j. Consider any homeo-
morphisms g, h € I" such that supp(g) Usupp(h) C F, where F is a clopen
set with p(F) < § for all p € M(p). As above find a homeomorphism
a € D([[¢]]) € I' with o(F') C E. Since H is a normal subgroup of I', the
element ¢ = o~ ! for is in H.

Since H is a normal subgroup, we have h = [h,q) = hgh~ ¢! € H.
Analogously, [g,h] € H. Since q(F) N F = (), we see that g~! and ¢gh~1q~!
commute. Then

9. 7] = g(hah™q™ ) g~ (qhq *h™")
=ghg 'qh~'q 'qhq 'h™" = [g,h] € H.

This completes the proof. m

REMARK 3.5. For a measure p € M(yp), set [[¢]lo = {7 € [[¢]] :
§x 1y dp = 0}. The definition of [[]]p does not depend on the choice of
[GPS, Section 5]. As proved in [GPS], the group [[¢]]o completely determines
the class of flip conjugacy of . Clearly, [[¢]]o is a proper normal subgroup of
[¢])- Therefore, by Theorern 3.4, D([[¢]]) < ([¢llo and D([]}) = D({[ello).
In [GPS] the authors asked if [[¢]]o is a simple group. This would show
that the class of flip conjugacy is determined by a countable simple group.
However, [[¢]]o is not simple, in general. Matui proved that the simplicity
of [[¢]]o is equivalent to the 2-divisibility of the dimension group K%(X, )
[Ma]. Nevertheless, in Section 5 we will show that D([[¢]]) is a complete
invariant for flip conjugacy.
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4. Product of involutions. In the section, we show that a minimal
homeomorphism ¢ of a Cantor set X and involutions from [¢] with clopen
supports belong to D([¢]). This will allow us to prove that the simple group
D([¢]) is a complete invariant for the class of orbit equivalence of ¢. As
a corollary of the technique used, we also find that ¢ can be written as a
product of three involutions from [p]. Our considerations are mainly based
on the ideas of Fathi [F].

REMARK 4.1. Suppose that g is a periodic homeomorphism from [g]
such that the space X can be decomposed into clopen sets
n;—1
x=U U
i€l j=0
with ¢"i(z) = x for all z € XZQ. We give two model situations when g can
be easily written as a commutator in [p]. Consider the following cases:
(1) Suppose that n; is odd for ¢ € I. Then g|X; is a commutator in [¢].
Indeed, let m = (n; — 1)/2 and define the homeomorphisms ¢; and go as

follows:
g9(z) if z € Uity g (X?),
gi(@) = ¢ g "(z) ifzeg™XP),
id elsewhere,
g9(z) if 2 € Uy, 2 g"(XD),
g2(x) = { g "(x) ifxe g (XD),
id elsewhere.

Then g = g1go. Since go = gy '~ for some ¢ € [p], we see that g =
9192 = [91,].

(2) Now suppose that n; is even and X? = X?(1) U X?(r) where X?(1)
and X?(r) are [p]-equivalent clopen sets, i.e. a(X?(1)) = X?(r) for some
a € [p]. Then g|X; can be written as a commutator in [p]. Indeed, put

i) = Uty /(X000 and 1) = UL X000, Defne L € [
as follows: 1| X;(l) = ¢|X;(l) and [ = id elsewhere; r|X;(r) = ¢|X;(l) and
r =id elsewhere. Note that g = lr. By Theorem 2.2, it is easy to see that
r = pl~1p~! for some 9 € [p]. Hence g = Ir = [1,)].

The proof of the fact that ¢ € D([p]) consists of a series of lemmas.

LEMMA 4.2. Suppose that f € [p] has clopen support and f|supp(f) is
minimal. Then for given 6 > 0 there exist f1,s,t € [p] such that
(1) f = fl[svt];
(2) supp(f1) is clopen, filsupp(f1) is minimal, and p(supp(f1)) < ¢ for
all pp € M(p);

(3) supp(s) Usupp(t) Usupp(fi) € supp(f).
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Proof. Take any clopen set A C supp(f) such that pu(A) < §/2 for all
€ M(p) and fi(A)NA=0fori=1,2,3.

Applying the first return function, construct the K-R partition = over A
(see Section 2 for the definition). Suppose that = = {&1,...,&, &, ..., &}
where the & are the f-towers with even heights and the 5} are f-towers
with odd heights. Let h(£) denote the height and B(§) denote the base of
an f-tower . Set

n
B=AUl f"2B().
i=1
Clearly, u(B) < § for all u € M(yp).

Define f; as the induced homeomorphism fp. Again using the first
return function, consider the K-R partition P over B. Note that P =
{€,...,¢,, &, &,... 65,2}, where the £’s are f-towers with odd heights
as above, 51»1 is the lower half of ;, and fiz is the upper half.

Define the periodic homeomorphism g as follows:

f(z) if 2 ¢ Ugep fMOH(B(E)),
fHOFY () if o e fMO1(B(E)) for some & € P.

Then f = fig. Since & has odd height, Remark 4.1 implies that g|¢] is
a commutator in [¢]. Consider g|(&} U €?), i = 1,...,n. By construction,
the bases B(¢}) and B(£?) are [p]-equivalent. Therefore, the application of
Remark 4.1(2) ensures that g = [s, t] for some s,¢ € [p]. Statements (2) and
(3) are obvious. m

g(x) =

REMARK 4.3. Clearly, we can construct f; in Lemma 4.2 such that
supp( f1) is always a proper subset of supp(f). Let now x( be a point from
supp(f) \ supp(f1). Then one can find a sequence {C}, },,>1 of mutually dis-
joint clopen sets such that (1) C; C supp(f); (2) C1 = supp(f1); (3) x0 € Chn
for n > 1; (4) diam(C,, U {zo}) — 0 as n — oo. Put §,, = inf{u(Cy) : p €
M(p)}. By Proposition 2.3, every §, > 0.

LEMMA 4.4. Suppose that fi and a sequence {Cy,} are as in Remark 4.3.
Then there exists two sequences {fi}i>1 and {g;}i>1 of homeomorphisms
from [p] such that for every i > 1,

supp(/fi) € C;
gi = [}, t}][si, t;] for some s;,t;, sk, t: € (@] with supp(s;) Usupp(t;) U

supp(s;) Usupp(t;) C C; U Citq.

[

(1) supp(f;) is clopen and f; is minimal on it;
(2) fi = fi+19:;

(3)

(4)

3
4

1771

Proof. We will explain only the first step of the construction: given
fl,Cl, and CQ, we will ﬁnd fg,gl.
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By Lemma 4.2, there exist homeomorphisms f,s,t € [¢] with clopen
supports in C; such that f; = f[s,¢] and u(supp(f)) < 2 for all u € M(p).
It follows from Theorem 2.2 that there exists a homeomorphism t' € [¢]
with clopen support in C; UCy such that ¢ (supp(f)) C Ca. Set fo =t/ ft'~1.
Then the support of fs is a clopen subset of Cy and f2 € [¢] is minimal on

supp(fa2). Thus,
1

[ = f[s’t] = f2[t,af_ ][Svt]'
Setting g1 = [t/, f_l][s, t], we complete the proof. m

LEMMA 4.5. Let fi be as in Lemma 4.2. Then fi1 € D([p]) and f1 is a
product of four commutators from [p].

Proof. Let {f;i}i>1 and {gi}i>1 be the sequences of homeomorphisms
constructed in Lemma 4.4. Recall that g; = [s},t}][s;,t;] and supp(s;) U
supp(t;) Usupp(s;) Usupp(t;) € C; U Ciyq. Note that the homeomorphisms
{92k+1} k>0 have mutually disjoint supports. So do {gox } x>1. Define the maps

gOdd a‘nd geven as fOllOWS:

gi(z) whenever = € supp(g;) for odd 7',
oad(T) =
x elsewhere,

gi(x) whenever x € supp(g;) for even ¢,
geven(x) =
x elsewhere.

It follows from the choice of the sets C; and the property diam(Cy U {zo})
— 0 that goqq and geven are homeomorphisms.

We see goaq = [Sgdda tgdd] [Sodda todd] and geven = [ngem téven] [Sevena teven]
where the homeomorphisms s/ 44, Shvens thads teven Sodds Sevens and todd, teven
are defined similarly to goqq and geven-

By definition of g;, we have g; = f; +11 fi- Since all the f;’s have disjoint
supports, we can formally write down the infinite products

Goaa = (f3 " PO ) g fs) o= (P (s i et
Geven = (f3 ) (5 ) (F fo) oo = (fs M fs H f ) (fefafs ).
Therefore, f1 = goddgeven = [Sgdd,tgdd] [Soddvtodd] [ngenﬂtéven] [Sevemteven]- =

THEOREM 4.6. Let (X,¢) be a Cantor minimal system. Suppose that
a homeomorphism f € [¢| has clopen support and is minimal on it. Then
f € D([¢]) and f is a product of five commutators from []. In particular,

¢ € D([¢])-
Proof. This follows immediately from Lemmas 4.2 and 4.5. =

REMARK 4.7. Let P;(X) denote the set of all Borel probability measures
on X. For any g € Homeo(X), € > 0, and any p1,..., 4, € P1(X), define
U(g;p1s-- - pnse) = {h € Homeo(X) : pi({z € X : h(z) # g(x)}) < €
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for i = 1,...,n}. Let 7 denote the topology on Homeo(X) generated by
the base sets of the form U(g; p11, ..., tin; €). This topology was defined and
studied in [BDK]. In particular, it was shown that the topological group [¢]
is closed in Homeo(X) with respect to 7. On the other hand, the topological
full group [[¢]] is T-dense in [¢] ([BK]; see also [M1] for another proof).

Developing the ideas used in this section, one can show that [[¢]] C
D([¢]). Hence, Theorem 3.4 implies that the full group of a Cantor minimal
system has no 7-closed normal subgroups.

Now, we present several immediate corollaries of Theorem 4.6.

COROLLARY 4.8. Suppose ¢ is a minimal homeomorphism and g € [¢]
s an involution with clopen support. Then g is a product of ten commutators
in [¢].

Proof. By Lemma 3.1, there exists a clopen set A C supp(g) such that
supp(g) is a disjoint union of A and g(A). Define f; as the induced map ¢4
and let fo = f1g. Clearly, fi and f> have clopen supports and are minimal
on their supports. Then Theorem 4.6 asserts that g = f| 1 £, is a product of
ten commutators from [p]. m

It follows from Theorems 4.6 and 3.4 that ¢ € H for any normal subgroup
H of [p]. In particular, this fact allows us to show that ¢ is a product of
involutions. The following result gives the number of involutions needed to
represent . The proof is based on Theorem 3.4.

COROLLARY 4.9. A minimal homeomorphism ¢ is a product of 18 in-
volutions from [p] which have clopen supports.

Proof. Let w be any involution from [p] with clopen support. Choose any
clopen set E such that w(E) N E = (). Set § = inf{u(E) : p € M(p)} > 0.
Take any clopen set A" with pu(A") < ¢ for all p € M(p). Let 4 be the
induced homeomorphism of ¢ where A is a proper clopen subset of A’. It
follows from Proposition 2.1 that g = goglgp is a periodic homeomorphism
from [[p]]. Tt is not hard to see that g = st, where s and ¢ are involutions
from [[¢]] (see, for example, [Mil, Proposition 4.1]). Applying Lemma 4.5 to
va (= f1), we find that pa4 = [s1,t1]...[s4,ts], where supp(s;) U supp(t;)
C A" and s;,t; € [p] for each i =1,...,4.

We claim that if some homeomorphisms h and g are supported on A’,
then [h,g] is a product of four conjugates of w. Indeed, by Theorem 2.2,
find a € [¢] such that a(A’) C E. Set ¢ = o twa. Clearly, q(A") N A" = .
Observe that ghg~! commutes with h and g. Hence

[h, g] = hgh™'g™" = h(gh™ ¢ ")(ghg " )gh™g™"
= h(qgh~'q Hg(qghg )L g™
= (hgh™) (") (gqg™ ) (ghg*htg™h).



420 S. BEZUGLYI AND K. MEDYNETS

This implies that [k, g] is the product of four conjugates of w. Therefore,
w4 is a product of 16 conjugates of w and ¢ = @ag is a product of 18
involutions. =

We can refine Corollary 4.9 and show that ¢ can be written, in fact, as a
product of three involutions with clopen supports from [p]. In our proof we
follow the arguments from [R1]. Recall that everywhere below, ¢ denotes a
minimal homeomorphism.

DEFINITION 4.10. We say that a homeomorphism g € [p] is an n-cycle on
disjoint clopen sets Fy, E1, ..., E,—1 if: (1) g(E;) = Ei4q fori =0,...,n—2
and g(Ep—1) = Ep; (2) g(x) =z forallz € X \ (EpU---UE,_1).

LEMMA 4.11. Let g € [¢] be an 18-cycle on disjoint clopen sets Ey, E1, . . .
..., E17 such that g18|E0 1s a minimal homeomorphism. Then there exists
an involution d € [p] with clopen support such that the homeomorphism gd
is an 18-cycle on Ey, ..., E17, and (gd)'® = id.

Proof. By Corollary 4.9, there are involutions hy, ..., hi7 from [p] with
clopen supports such that g'8|Ey = hg ... hi7 and supp(h;) C Ep.
Set di, = gFhi'g™* and d = dod; ...d17. Then d is an involution with
clopen support and
(94)"®|Eo = (gdi7) .. . (gd1)(gdo) | Eo
= (99""hi7 97 ) (99" 15 9') - . (99%hs g7 2)(99hT g™ ") (gho )| Eo
= g"®hy7 .. hy' By =id.
Since gd is an 18-cycle on Ej, ..., E17, we conclude that (gd)'® =id. =

REMARK 4.12. Since the homeomorphism gd has period 18 on its sup-
port, i.e. for all z € supp(gd) one has (gd)!(x) = x iff i = 18k for k € Z, there
are two involutions s,t € [p] such that gd = st. Furthermore, supp(s) C
FEiU---UEq7.

LEMMA 4.13. Given n > 1, there exists a clopen set A such that

(1) A, 0(A),...,o" " Y(A) are disjoint;

(2) 9(B) C A, where B = X \ U7} ¢/(4).

Proof. Let E be a clopen set such that ¢ (EYNE = fori=1,...,n%
Construct a K-R partition over E, i.e. E = |J, Ey, where B, = {z € E :
©*(x) € Eand ¢/(z) ¢ E for 0 < j < k}. Observe that E, = () for all
k< n2.

(1) If k=nl+r, 0 <r <n, then we set

r—1 -1
Ay = U (,O(n+1)i(Ek) U U @ni+r_1(Ek)-

i=0 i=r
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This means that we choose r times every (n + 1)th set from the family
{Ey, 0(Ey), ..., " 1(E)} starting from the first one and then we take every
nth set.
(2) If kK = nl, then we set
-1
A = ¢"(Br).
i=0
Denoting A = {J,, A, we get the result. m

THEOREM 4.14. Let (X, ¢) be a Cantor minimal system. Then there
exist involutions iy,12,13 € [p] with clopen supports such that ¢ = iyigis.

Proof. Find a clopen set A satisfying the conditions of Lemma 4.13 for
n =18. Let B = X\UgO ©'(A). Clearly, p(B)NB = (). Define an involution
b as follows: b|B = |B and b|¢(B) = ¢~ !|p(B). It follows that g = by is
an 18-cycle on the clopen sets Ag, ..., Aj7 where A; = ¢*(A).

By Lemma 4.11, we can find an involution d with clopen support such
that (gd)'® = id. It follows from Remark 4.12 that there exist involutions s
and ¢ such that gd = st. This implies that ¢ = b~!std~! is the product of
four involutions. As mentioned in Remark 4.12, supp(s) C A; U--- U Ayy.
Hence supp(s) N supp(h) = 0. It follows that w = b~ 's is an involution.
This proves that ¢ = wtd~! is the product of three involutions with clopen
supports. =

5. Flip conjugacy and orbit equivalence. In the section, we show
that the classes of orbit equivalence and flip conjugacy of a Cantor minimal
system are completely determined by simple groups.

DEFINITION 5.1.

(1) Cantor minimal systems (X1, 1) and (X2, p2) are called orbit equiv-
alent if there exists a homeomorphism F' : X; — X, such that
F(Orby, (x)) = Orby, (F(x)) for all x € X;.

(2) (X1,p1) and (Xg, p2) are called flip conjugate if there exists a hom-
eomorphism F': X; — X9 such that F' oy o F~1is equal to either

—1
P2 O g .
The following theorem can be deduced from [GPS].

THEOREM 5.2. Let (X1,p1) and (X2,92) be Cantor minimal systems.
The homeomorphisms 1 and @2 are orbit equivalent if and only if D([¢1])
and D([p2]) are isomorphic as algebraic groups.

Proof. The theorem can be proved in the same way as Corollary 4.6 from
[GPS]. We notice only that according to Corollary 4.8 every involution with
clopen support belongs to the commutator subgroup. We also recall that
v € D([¢]) (see Theorem 4.6). =



422 S. BEZUGLYI AND K. MEDYNETS

Now, we start studying the class of flip conjugacy of a Cantor minimal
system in terms of topological full groups. In our arguments, we mainly
follow the proof of Theorem 384D from [Fr|. This theorem was used to show
that certain transformation groups of complete Boolean algebras have no
outer automorphisms (see also [E2]).

Let I" denote one of the following groups: (1) the topological full group
[[¢]]; (2) the group [[¢]]o defined in Remark 3.5; (3) the commutator sub-
group D([[¢]]) of [[¢]]. Notice that we have the following inclusions:

(5.1) D([lel]) < llello & [[#]]

We will show that every group from (5.1) is a complete invariant of
flip conjugacy of ¢. The proposed proof works for any of these groups I,
because the only group property we exploit is the existence of many “small
involutions” in the following sense.

LEMMA 5.3. Fach group I' has many involutions, in the sense that for
any clopen set A and any xo € A, there exists h € I' such that hxg # xo,
h? = 1 and supp(h) C A. Moreover, for every n > 0, there evists h € I’
such that h is supported by A, xo € supp(h) and h|supp(h) has period n.

Proof. By (5.1), it suffices to establish the result for D([[¢]]) only. Let
us find integers 0 = myp < m; < -+ < may_1 such that ¢™i(xo) € A for
i =0,...,2n—1. Take a clopen neighborhood V' of xg such that ¢ (V) C A
and "™ (V)N (V) =0 foralli,j=0,...,2n— 1,4 # j.

Define a homeomorphism [ € [[¢]] as follows: [(x) = @™+ ™i(x) if
x € emi(V) fori =0,1,...,n =2, l(z) = ¢ " 1(z) if x € "1 (V),
and I(z) = z elsewhere. Similarly, define a homeomorphism r € [[¢]]:

[
r(z) = @M TMi(z) if @ € @M(V) for i = n,n+1,....2n =2, r(z) =
@~ (Man—1=mn) (2} if ¢ € p"2n=1(V), and 7(z) = z elsewhere.
It is not hard to see that there exists a € [[¢]] such that [ = ara™!.
Therefore, h = Ir~' € D([[¢]]) and h has period n on its support ¢ (V) U
UM 1(V), m

As a corollary of the lemma, we obtain the following result.

COROLLARY 5.4. The family {supp(g) : g € I" and h®> = 1} of clopen
sets generates the clopen topology of X.

We will need some notions of the theory of Boolean algebras. We refer
the reader to the book [Fr| for a comprehensive coverage of the theory of
Boolean algebras and their automorphisms.

Let X be a Cantor set. Recall that an open set A is called regular open

if A =int(A). Denote the family of all regular open sets by RO(X). Notice
that the family CO(X) of all clopen sets is contained in RO(X).
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Let A be a Boolean algebra and H C A. Define sup(H) to be the smallest
element of A that contains all elements of H. If sup(H) exists for any family
‘H C A, then the Boolean algebra A is called complete.

THEOREM 5.5 (Theorem 314P of [Fr]). RO(X) is a complete Boolean
algebra with Boolean operations given by

AVB=int(AUB), AANB=ANB, A\gox)B=A\B
and with suprema given by sup(H) = int(|JH).
REMARK 5.6. Notice that finite set-theoretical unions of clopen sets co-
incide with the Boolean ones.

LeEmMA 5.7. If A,B € RO(X) and A ¢ B, then A\ B contains a clopen
set.

Proof. Let C = AN B. If C = (), then the result is clear. Assume that
C # () and A\ C = A\ B has no internal points. Then A C C. This implies
that A = C, a contradiction. =

Now we are ready to start the proof of the main result of this section.
Recall that for a Cantor minimal system (X, ), I" stands for one of the
groups: [[¢o]], [[¢]]o, or D([[¢]])-

THEOREM 5.8. Let (X1,p1) and (X2,92) be Cantor minimal systems.
If a: I1 — I is a group isomorphism, then « is spatial, i.e. there exists a
homeomorphism @ : X1 — Xo such that a(g) = aga~*' for any g € I.

Proof. The idea of the proof is the following: we study the local subgroup
I'y:={ge€':gx=uxforall x € X\A}, where a clopen set A is the support
of an involution from I', and describe I'4 in group terms. This description
allows us to construct an automorphism @ : RO(X;) — RO(X2) of Boolean
algebras of regular open sets, which also sends clopen sets onto clopen sets.
This automorphism gives rise to the spatial realization of a. For convenience,
we will omit the index 7 in the notation of Cantor minimal system (X, ;)
and the group I;. We split the proof of the theorem into two lemmas.

DEFINITION 5.9. Let m € I' be any involution. Set
Cr={g9g€rl:gr=mng},
the centralizer of 7 in I;
Ur={g9€Cr:g?>=1and g(hgh™') = (hgh™!)g for all h € Cy},
the involutions from C; which commute with all their conjugates in Cy;
Ve={9g€Tl:gh=hgforalheU,},
the centralizer of U, in I
Se={g" 19 € Vaks
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and
Wr={g€I':gh=hgforall hecS;},

the centralizer of S in I

Clearly, for any involution 7, supp() is a clopen set and a(Wr) = W)
where « is as in Theorem 5.8.

LEMMA 5.10. Let m € I' be an involution. Then Wr = I ipp(r)-

Proof. To prove the result, we will in turn study the properties of C;,
Ury Vi, Sy, and W

(1) g(supp(m)) = supp(m) for all ¢ € Cr. < It is easy to see that
supp(grg™!) = g(supp(w)). Since gmg~' = m, one has g(supp(n)) =
supp(m). >

(2-1) supp(g) C supp(n) for all g € Ur. < Assume the converse. Then
there exists a clopen set A C X \ supp(w) such that gAN A = (). By Lemma
5.3, find a homeomorphism h € I" with support in A such that for a clopen

set V C A one has h(V) NV =0, i = 1,2. Note that h € C. Then
g(hgh™") (V) = g*h™ (V) = 1 (V),
(hgh™")g(V) = hg®(V) = (V).
The choice of h guarantees that g(hgh™') # (hgh™!)g. Hence g ¢ U, which
is a contradiction. >
(2-ii) If a clopen set A is m-invariant, then m4 € U, where the homeo-
morphism 74 coincides with 7 on A and is equal to id elsewhere.
(3-1) Vi C Cx, because w € Uy.
(3-ii) If g € Vi, then g(B) € BUn(B) for all clopen sets B C supp(w).
<1 Assume the converse, i.e. g(B) is not in By = B U 7(B) for some set B.
Note that w(By) = By. As B C By, we have C = ¢(By) \ By # 0. Since
wg(Bo) = gm(By) = g(By), we obtain
m(C) = m(g9(Bo) \ Bo) = mg(Bo) \ m(Bo) = g(Bo) \ Bo = C.
Since g € Vi C Cr, we see that supp(7) is g-invariant and C' C supp(w). As

7 is an involution, C' = C’ U C” for some clopen set C’ with C” = =(C").
Note that g(C) N C = (). Therefore

mcg(C') = g(C') # g(C") = gme(C).
Thus, g does not commute with 7w € U, a contradiction. >
(3-iii) If g € V;, then g?(B) = B for any clopen B C supp(7). < Assume
the converse, i.e. there is a clopen set B C supp(r) such that g?(B)NB = (.

We can also assume that g(B) N B = (. We know that g(B) C B U m(B).
This implies that g(B) C 7(B). By the same argument applied to g(B), we
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obtain ¢g?(B) C 72(B) = B.If g?(B) # B, then u(B) = 0 for any p € M(yp),
which contradicts the minimality of ¢. Therefore, ¢(B) = B. >

(4-1) If g € S, then supp(g) C X \supp(w). < This follows from (3-iii). >

(4-ii) For any clopen set C' C X \ supp(m), there is an involution h € S;
supported on C. <t By Lemma 5.3, there exists a periodic homeomorphism g
of order 4 with support in C. Property (2-1) implies that g € V. Therefore,

2
g € Sy. >

(5) Wa = yupp(r)- < It follows from (4-i) that Iyppry C Wi To get

the reverse inclusion, we consider any g € W, and suppose that there exists
a clopen set B C X \ supp(w) such that g(B) N B = ). By (4-ii), find an
involution h from S, with support in B. Take any clopen set C' C B with
h(C) N C = (. Therefore,

hg(C) = g(C) # gh(C).
This implies that gh # hg, a contradiction. Thus, Wr = Ipp(r)- >
This completes the proof of the lemma. m

The following lemma gives the spatial realization of the group isomor-
phism «.

LEMMA 5.11. Let (X5, i), Li, o be as in Theorem 5.8. The map A :
RO(X1) — RO(X32) given by

A(A) = \/{supp(a(ﬂ)) cme I, 7™ =1 and supp(r) C A}
is a Boolean algebra isomorphism. Furthermore, A(CO(X1)) = CO(X3).
Proof. (1) Note that if g, 7 € I and 72 = 1, then

supp(g) € supp(m) < supp(a(g)) < supp(a(m)).
< By Lemma 5.10 (5), we see that supp(g) C supp(n) iff g € Wy iff a(g) €
Wy iff supp(a(g)) € supp(a(r)). >

(2) It easily follows from the definition of A that A is order-preserving,
ie. if AC B with A, B € RO(X1), then A(A) C A(B).

(3) Let m € I} be such that 72 = 1 and A € RO(X7). If supp(rn) ¢ A,
then supp(a(m)) ¢ A(A). < Take a non-empty clopen set V' C supp(w) \ A
and a homeomorphism h € I of order 4 with support in V' (see Lemma 5.7).
As supp(h) C supp(w), we have supp(a(h)) C supp(a(r)) (see (1)). On
the other hand, if 7’ is an involution with support in A, then h € V.
and h? € Sy (see (2-i) of Lemma 5.10 and the definition of V;/). Thus,
a(h?) € Sy and supp(a(h?)) N supp(e(n’)) = O (see (4-i) of Lemma
5.10). As 7’ is arbitrary, Corollary 5.4 implies that supp(a(h?)) N A(A) = 0.
Hence, supp(a(n)) \ A(A) D supp(a(h?)) # 0. >
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(4) Define the map A* : RO(X3) — RO(X1) as follows:
A*(B) = \/{supp(a_l(w)) :m eIy, 72 =1 and supp(n) C B}.

(5) A*A(A) = A for every A € RO(X;) and AA*(B) = B for every
B € RO(X3). < By Lemma 5.4, the set A can be covered with clopen sets
{C},} which are supports of involutions from I';. Take an involution 7= whose
support is Cy. As C,, C A, a(m) is an involution with support in A(A).
Hence C,, = supp(a~ta(r)) is contained in A*A(A). Since C), is arbitrary,
we get A C A*A(A).

If 7 € Iy is an involution with support in A(A), then a~!(7) is an
involution whose support is in A (see (3)). Since 7 is arbitrary, A*A(A) C A,
which shows that A*A(A) = A. Analogously, one can show that AA*(B) = B
for all B € RO(X3). >

(6) Since A*A(A) = A, it follows that for any A, B € RO(X;), A(A) C
A(B) iff A C B. Moreover, A is a bijection of RO(X;) and RO(X3).

(7) A: RO(X1) — RO(X3) is a Boolean algebra isomorphism and A* is
its inverse. To see this, we refer the reader to Theorem 312L of [Fr|, which
asserts that property (6) implies that A is a Boolean algebra isomorphism.

It remains only to prove that A sends clopen sets onto clopen sets.

(8) If m € I' is an involution, then A(supp(7)) = supp(a(m)). < Indeed,
by definition of A, supp(a(7)) C A(supp(7)). On the other hand,

supp(a(m)) = AA™ (supp(a(m))) 2 A(supp(a™'a(r))) = A(supp(r)). >
(9) A(CO(X1)) = CO(X32). < We note that if A is the support of an
involution from I, then we see from (8) that A(A) € CO(X3). Now if A is
an arbitrary clopen set, then, by Corollary 5.4, A is a finite union of supports
of involutions. Since A is a Boolean algebra isomorphism and finite unions of

clopen sets in RO(X3) coincide with the set-theoretical unions, we conclude
that A(A) € CO(Xy). >

(10) For any B € RO(X3) and g € I, we have a(g)(B) = AgA~(B).
< Assume the converse, i.e. h = a(g) 'AgA* is not the identity automor-
phism of RO(X32). Notice that h also preserves CO(X3). Then there exists
a clopen set V' such that h(V)NV = (. Let 7 be an involution from I, with
support in V. Then a~!(7) is supported by A~1(V). Hence, ga(m) tg~1! is
supported by g(A~%(V)) and a(ga(7)g™!) = a(g)ra~(g) is supported
by AgA=1(V). On the other hand, a(g)mra~!(g) is supported by a(g)(V).

Furthermore, we deduce that a(g)(V) N AgA=1(V) # 0. Tt follows that
V Nna t(g)AgA=(V) # 0, which is a contradiction. >

Let us continue the proof of Theorem 5.8. Since A is an isomorphism of
CO(X1) and CO(X3), it can be extended to a homeomorphism & : X1 — Xo.
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Moreover, it follows from (10) that a(g)(z) = aga~!(x) for any g € Il and
x € Xo. This completes the proof of the theorem. m

To establish the fact that the group I' is a complete invariant of flip
conjugacy, we need to prove the following lemma. The proof we present here
is analogous to Proposition 5.8 from [GPS].

LEMMA 5.12. For a Cantor minimal system (X, ), let I' denote any of
the groups from (5.1). Then the topological full group of I' is equal to [[p]].

Proof. 1t is sufficient to show that ¢ belongs to the topological full
group of D([[¢]]). For every x € X find a clopen neighborhood V, such
that ¢’ (V) NV, = 0 for j = 1,2. Define a homeomorphism h,, as follows:

<p(y), reVyU @(Vm)a
ha(y) =4 "7 )
e (y), =€ (V)
It is not hard to see that h, € D([[¢]]) (this follows from the proof of
Lemma 5.3).

By compactness of X, there exist x1,...,x, € X such that X = U?Zl Vi
Set

Uy =V, ngVIQ\Ul,...,Un:Vxn\(Ulu---uUn_l).

Then {Uy, ..., U,} forms a clopen partition of X. Then ¢(z) = hy, (z) when-
ever x € U;. This completes the proof. =

THEOREM 5.13. Let (X1,¢1) and (X2, ¢2) be Cantor minimal systems.
Then @1 and o are flip conjugate if and only if one of the following state-
ments holds:

(1) D([[¢al]) = D([[w2]]);
(2) [leallo = [le2]lo;
(3) [lea]] = [le2l]-

Proof. Notice that the cases (2) and (3) are already proved in [GPS].
Here we present a unified proof for all three cases. Let I; denote one of the
following groups: [[iil], ([eillos D([il]), i = 1,2

It is clear that the map implementing the flip conjugacy of ¢ and 9
can be lifted to an isomorphism between I and 5.

Conversely, by Theorem 5.8 every isomorphism between I and I3 is
spatial. By Lemma 5.12, this spatial isomorphism can be extended to an
isomorphism of [[¢1]] and [[¢2]]. Then it follows from Corollary 2.7 of [BoTo]
that 1 and @9 are flip conjugate. m
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